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1.1 Introduction

• 2d CFT

• Classically integrable

• Well-defined scattering

• similarity to other integrable CFTs

Figure 1: “Witten’s cigar”
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2.1 The Lagrangian

We start with the Lagrangian

ℒ︀ = 𝑘
2
𝜕𝑢𝜕𝑢̅∗ + 𝜕𝑢∗𝜕𝑢̅

1 + 𝑢𝑢∗

• 𝑢 is complex valued 𝑢(𝑥, 𝑥)̅ = 𝑢1 + 𝑖𝑢2, 𝑢∗(𝑥, 𝑥)̅ = 𝑢1 − 𝑖𝑢2
• 𝑘 is a positive real number

• 𝜕 = 𝜕
𝜕𝑥 , 𝜕 ̅ =

𝜕
𝜕𝑥̅ .

This can be interpreted as a Sigma model with metric

𝑑𝑠 = 𝑘
2
𝑑𝑢𝑑𝑢∗

1 + 𝑢𝑢∗
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2.2 Equations of motion

The equations of motion are:

𝜕𝜕𝑢̅ = 𝑢∗ 𝜕𝑢𝜕𝑢̅
1 + 𝑢𝑢∗

and its compplex conjugate. similar to E.O.M. of the 𝑂(3) sigma model

𝜕𝜕𝑢̅ = 2𝑢∗ 𝜕𝑢𝜕𝑢̅
1 + 𝑢𝑢∗
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3.1 Stress-Energy tensor

2d CFT ⟹ off-diagonal Stress-energy tensor

𝑇++ = 𝑇−− = 0

𝑇−+ =
𝜕𝑢𝜕𝑢∗

1 + 𝑢𝑢∗
𝑇+− =

𝜕𝑢̅𝜕𝑢̅∗

1 + 𝑢𝑢∗

with chirality conditions

𝜕𝑇̅−+ = 0 𝜕𝑇+− = 0
⇓

𝑇−+ ≡ 𝑇(𝑥) 𝑇+− ≡ 𝑇̅(𝑥)̅
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3.2 Additional Chiral structure

𝑆 = 𝜕
2𝑢
𝜕𝑢

− 𝑢𝜕𝑢∗

1 + 𝑢𝑢∗
𝑆̅ = 𝜕

2̅𝑢
𝜕𝑢̅

− 𝑢𝜕𝑢̅∗

1 + 𝑢𝑢∗

From the equations of motion we have

𝜕𝑆̅ = 0 𝜕𝑆̅ = 0

provides integrability of the model by rewriting E.O.M as

𝜕2𝑢 = 𝑆𝜕𝑢 + 𝑇𝑢 𝜕 2̅𝑢 = 𝑆𝜕̅𝑢̅ + 𝑇̅𝑢
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3.3 Integrability in general

• Hamiltonian Reduction

• Chirality conditions

• Zero Curvature Representation(Lax pair)

General solution

𝑢 = Ψ1(𝑥)Ψ̅1(𝑥)̅ + Ψ2(𝑥)Ψ̅2(𝑥)̅ = 𝑒2𝑖𝜇0𝜏⟨𝒕𝑓𝐿(𝑥)𝑓𝑅(𝑥)̅⟩

Monodromies

• Hyperbolic ⟶ Scatterings

• Elliptic ⟶ Bound states

• Parabolic

Saba Kalandarishvili (with Jorjadze) Witten’s Black Hole model 10 / 28
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4.1 the 𝑂(3) sigma model

The 𝑂(3) sigma model Lagrangian

ℒ︀ = 2𝜕𝒒𝜕𝒒̅ + 1
2
𝜆(𝑞2 − 1)

⇓

𝜕𝜕𝒒̅ − (𝜕𝒒 · 𝜕𝒒̅)𝒒 = 0

stereographic projection with 𝑢 = 𝑢1 + 𝑖𝑢2

𝑞1 = 2𝑢1
1 + 𝑢𝑢∗

𝑞2 = 2𝑢2
1 + 𝑢𝑢∗

𝑞3 = 1 − 2
1 + 𝑢𝑢∗
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4.2 Stereographic projection

In stereographic projection coordinates (𝑞1, 𝑞2, 𝑞3) → (𝑢1, 𝑢2)

ℒ︀ = 4𝜕𝑢𝜕𝑢̅
∗ + 𝜕𝑢∗𝜕𝑢̅

(1 + 𝑢𝑢∗)2

⇒ 𝜕𝜕𝑢̅ = 2𝑢∗ 𝜕𝑢𝜕𝑢̅
1 + 𝑢𝑢∗

𝜕𝜕𝑢̅∗ = 2𝑢𝜕𝑢
∗𝜕𝑢̅∗

1 + 𝑢𝑢∗
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4.3 Pohlmeyer reduction

The 𝑂(3) model ⟶ sine-Gordon equation

𝜕𝜕𝜑̅ = sin(𝜑)

this is done by Pohlmeyer reduction.

From chirality conditions

𝜕𝑇̅−+ = 0 𝜕𝑇+− = 0 ⇒ 𝑇−+ ≡ 𝑇(𝑥) 𝑇+− ≡ 𝑇̅(𝑥)̅

set 𝑇 = 𝑇̅ = 1 using a conformal transformation, leaving

𝜕𝒒 · 𝜕𝒒̅ = 4𝜕𝑢𝜕𝑢̅
∗ + 𝜕𝑢∗𝜕𝑢̅

(1 + 𝑢𝑢∗)2
= cos(𝜑)
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4.4 The problem with the original approach

In the 𝑂(3) reduction we get

𝜕𝒒 · 𝜕𝒒̅ = 4𝜕𝑢𝜕𝑢̅
∗ + 𝜕𝑢∗𝜕𝑢̅

(1 + 𝑢𝑢∗)2
= cos(𝜑)

which is helpful in the starting coordinates, because

𝜕𝜕𝒒̅ − (𝜕𝒒 · 𝜕𝒒̅)𝒒 = 0 ⇒ 𝜕𝜕𝒒̅ − cos(𝜑)𝒒 = 0

but for the stereographic projection coordinates

ℒ︀ = 4𝜕𝑢𝜕𝑢̅
∗ + 𝜕𝑢∗𝜕𝑢̅

(1 + 𝑢𝑢∗)2
= cos(𝜑)

which does not show up explicitly in the E.O.M.
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4.5 A more modern approach

• A group theoretic approach

• relies on reducing the Lax equations

𝜕Ψ = 𝑈(𝜆)Ψ, 𝜕Ψ̅ = 𝑉 (𝜆)Ψ

for an auxiliary field Ψ where 𝑈, 𝑉 ∈ 𝔰𝔩(2, ℝ)
• the consistency condition(ZCR)

𝜕𝑈̅ − 𝜕𝑉 + [𝑈, 𝑉 ] = 0

gives the reduced equation

• has been done with multiple sigma models, including 𝑂(3)
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4.6 Lax pair reduction of 𝑂(3)

For 𝐶𝑃(𝑁) = 𝑆𝑈(𝑁 + 1)/𝑈(1) and thus 𝑂(3) ≅ 𝐶𝑃(1), this is done by taking

𝑈 = 𝜆𝐴 + 𝐶
𝑉 = Λ−1𝐵 +𝐷

𝐴,𝐵 ∈ 𝔭 are elements of the orthogonal complement of the lie algebra 𝔤 ≡ 𝔲(𝑁) ⊕ 𝔲(1). 
with 𝔠𝔭(𝑛) = 𝔭 ⊕ 𝔤 reduce the system into the form

𝑈 = 𝜁𝐴 + 𝐶
𝑉 = 𝜁−1𝐵
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4.6 Lax pair reduction of 𝑂(3)

This Reduction gives us the system

𝑈 = 𝜆( 0−1
1
0) +

𝑖
2
(𝜕𝜑0

0
−𝜕𝜑) 𝑉 = 𝜆−1( 0

−𝑒−𝑖𝜑
𝑒𝑖𝜑
0 )

which is exactly the sine-Gordon system. The initial Lax system can be annalized.
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4.7 Why go through all this?

• Find an exactly integrable solution

• Study similarity to Liouville: Liouville → particle in exponential field

• Finding exact 𝑆-matrix in QFT
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4.8 Appendix 1

The energy-momentum components for 𝑂(3) are

𝑇++ = 4
𝜕𝑢𝜕𝑢∗

(1 + 𝑢𝑢∗)2
⇒ 𝜕𝑇̅++ = 0

𝑇−− = 4
𝜕𝑢̅𝜕𝑢̅∗

(1 + 𝑢𝑢∗)2
⇒ 𝜕𝑇−− = 0

𝑇+− = 𝑇−+ = 0.

coordinate transformation invariance is preserved so we can set

𝑇++ = 𝑇−− = 1

assign 𝜌 ≡ 1 + 𝑢𝑢∗ and write

4𝜕𝑢𝜕𝑢∗ = 4𝜕𝑢̅𝜕𝑢̅∗ = 𝜌2
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4.8 Appendix 1

introduce the field 𝜑 as

𝑒𝑖𝜑 = 4𝜕𝑢̅𝜕𝑢
∗

𝜌2
, 𝑒−𝑖𝜑 = 4𝜕𝑢𝜕𝑢̅

∗

𝜌2

𝑒𝑖𝜑𝑒−𝑖𝜑 = 1, 𝑒𝑖𝜑 + 𝑒−𝑖𝜑 = 2 cos𝜑 = ℒ︀

By substituting 𝜌2 from the stress-energy conditions we get

𝑒𝑖𝜑 = 𝜕𝑢̅
𝜕𝑢
= 𝜕𝑢

∗

𝜕𝑢̅∗

𝑒−𝑖𝜑 = 𝜕𝑢̅
∗

𝜕𝑢∗
= 𝜕𝑢
𝜕𝑢̅

After taking the logarithm we get the expression for phi and study the dynamics:
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4.8 Appendix 1

𝜑 = ln 𝜕𝑢̅ − ln 𝜕𝑢

𝜕𝜕𝜑̅ = 𝜕𝜕̅ ln 𝜕𝑢̅ − 𝜕𝜕 ̅ ln 𝜕𝑢

To find the derivatives of the logarithms rewrite the equations of motion

𝜕(̅ln 𝜕𝑢) = 2𝑢
∗

𝜌
𝜕𝑢̅

𝜕(ln 𝜕𝑢̅) = 2𝑢
∗

𝜌
𝜕𝑢
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4.8 Appendix 1

After differentiating the terms and simplifying

𝜕𝜕̅ ln 𝜕𝑢̅ = 2𝜕𝑢̅𝜕𝑢
∗ − 𝑢𝑢∗𝜕𝑢
𝜌2

𝜕𝜕 ̅ ln 𝜕𝑢 = 2𝜕𝑢𝜕𝑢̅
∗ − 𝑢𝑢∗𝜕𝑢̅
𝜌2

substitute back into the equation for 𝜕𝜕𝜑̅ and simplify

𝜕𝜕𝜑̅ = −2𝜕𝑢𝜕𝑢̅
∗ − 𝜕𝑢̅𝜕𝑢∗

𝜌2
= −𝑒

𝑖𝜑 − 𝑒−𝑖𝜑

2
= − sin𝜑
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4.9 Appendix 2

In lax pair reduction

𝐴 = ( 0
−𝜑

𝜑†
0 ) 𝐵 = ( 0

−𝜓
𝜓†
0 ) 𝐶 = (−tr(𝑋)0

0
𝑋)

with 𝜑 and 𝜓 vectors, 𝑋† = −𝑋 and 𝐷 is analogous to 𝐶

• require 𝜑𝜑† = 𝜓𝜓† = 1
• choose a moving orthonormal frame1

• gauge transforming the matrices

⟹𝑈 = 𝜆𝐴+ 𝐶
𝑉 = 𝜆−1𝐵

1in our case 𝑔 = (𝑍, 𝑌 ), where 𝑍 is the physical field of the model and 𝑌  is a complex matrix
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4.9 Appendix 2

𝐴 =
(

 0
⋮
−1

⋯
⋰
⋯

1
⋮
0)

 𝐵 = ( 0

−𝜓
𝜓
0) 𝐶 =

(




𝑐1
0
⋮
0
0

0
0

0
−𝑐2

⋯
⋯
⋮
⋯
⋯

0
0

0
−𝑐𝑛

0
𝑐2
⋮
𝑐𝑁
−𝑐1)







where

𝑐1 =
𝜓𝑁+1𝜕𝜓𝑁+1 +∑

𝑁
𝑖=2 𝜕𝜓𝑖 · 𝜓𝑖̅

3|𝜓𝑁+1|2 − 1

𝑐𝑖 =
𝜕𝜓𝑖
𝜓𝑁+1

+ 𝜓𝑖
𝜓𝑁+1

𝑐1

for general 𝐶𝑃(𝑁)
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4.9 Appendix 2

For 𝑁 = 1 we get the result for the ℂ𝑃 1 model

𝑈 = 𝜆( 0−1
1
0) + (

𝑐1
0

0
−𝑐1

) 𝑉 = 𝜆−1( 0
−𝜓2

𝜓2
0 )

where 𝑐1 =
𝜓2𝜕𝜓2̅
2|𝜓2|

2 . take 𝜓2 = 𝑒−𝑖𝜑 ⇒ 𝑐1 = 𝑖
2𝜕𝜑

the system becomes

𝑈 = 𝜆( 0−1
1
0) +

𝑖
2
(𝜕𝜑0

0
−𝜕𝜑) 𝑉 = 𝜆−1( 0

−𝑒−𝑖𝜑
𝑒𝑖𝜑
0 )
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