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What is 
EDM?
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[1]

EDM aligned with spin ⇒ Spin Tracking



But what is a "spin tune"?
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For a single particle, the 

angular change in the 

horizontal spin orientation in 

its rest frame for every 

radian covered by the 

particle in the ring is called 

the “spin tune”.

𝜃
𝜙

𝜈𝑠 =
𝜃

𝜙



EDM Measurement with the Frozen Spin method
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@ Frozen Spin: 𝝂𝒔 = 𝟎



“Frozen spin” 
dynamics

From the BMT 

equation, for a pure 

magnetic ring: 𝝂𝒔 = 𝜸𝑮

For combined EM ring:

𝝂𝒔 = 𝜸𝑮 −
𝒓 𝑮 + 𝟏

𝜸 𝜷 + 𝒓
; 𝒓 =

𝑬

𝒄𝑩

At frozen spin, 𝝂𝒔 = 𝟎.
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The 
Prototype 
EDM Ring

Diameter ≈ 29 𝑚

Bending Radius: 8 .86 𝑚

Design momentum for frozen-

spin: 294 .057 Τ𝑀𝑒𝑉 𝑐

Electric Field: 7 Τ𝑀𝑉 𝑚

Magnetic Field: 32 .7 𝑚𝑇

Non-Simultaneous ↻  and ↺  beams



The Hybrid 
EDM Ring

Diameter ≈ 255 𝑚

Bending Radius: 95.49 𝑚

Design momentum for frozen-

spin: ≈ 700 Τ𝑀𝑒𝑉 𝑐

Electric Field: 4.4 Τ𝑀𝑉 𝑚

Magnetic Field: 0 𝑚𝑇

Simultaneous ↻  and ↺  beams



Spin Tune Model
A  D A T A - D R I V E N  A P P R O A C H



Parameter Space

10

[4]

2°

Working 
Point

𝜉𝑥

𝜉𝑦

Data Point

Quadrupole Settings Sextupole SettingsChoice of 
Lattice

𝜂11°
𝑄𝑥

𝑄𝑦

𝜂0

𝑄: Betatron tune
𝜉: Chromaticity
𝜂: Phase-slip Factor

Linear MapNon-Linear Map



The empirical spin tune model
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𝜈𝑠 = 𝜎0𝛿 + 𝑎𝑖𝜖
𝑖 + 𝑉𝑖𝑗𝜖

𝑖𝜉𝑗

Spin tune of single 
particle

3 × 3 Matrix of 
Lattice properties

(coefficients)

Vector of 2° optical 
properties (chromaticity

and phase slip)

Vector of 
phase-space 
properties 

(emittances)

𝑉𝑖𝑗 =

𝑉11 𝑉12 𝑉13
𝑉21 𝑉22 𝑉23
𝑉31 𝑉32 𝑉33

𝜉𝑗 =
𝜉𝑥
𝜉𝑦
𝜂1

Natural offset vector
(coefficients)

𝑎𝑖 = 𝑎1 𝑎2 𝑎3

Momentum offset

1° spin-tune factor

ϵ𝑖 =

ϵ𝑥
ϵ𝑦

𝛿2



Testing the accuracy of spin tune model (Prototype)
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𝜈𝑠 = 𝜎0𝛿 + 𝑎𝑖𝜖
𝑖 + 𝑉𝑖𝑗𝜖

𝑖𝜉𝑗

𝜉𝑥 , 𝜉𝑦 , 𝜂1 ∈ 1.0,−1.0

𝜈𝑠



Testing the accuracy of spin tune model (Hybrid)
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𝜈𝑠 = 𝜎0𝛿 + 𝑎𝑖𝜖
𝑖 + 𝑉𝑖𝑗𝜖

𝑖𝜉𝑗

𝜉𝑥 , 𝜉𝑦 , 𝜂1 ∈ −4.0,4.0

Std dev:≈ 10−6



Empirical Spin Model
(Time-averaged for longitudinal bunching)
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𝜈𝑠 = 𝑎𝑖 𝜖
𝑖 + 𝑀𝑖𝑗 𝜖

𝑖𝜉𝑗

Time-averaged spin 
tune of single particle

3 × 3 Matrix of 
Lattice properties

(coefficients)

Vector of 2° optical 
properties (chromaticity

and phase slip)

Vector of 
time-averaged 
phase-space 
properties 

(emittances)

Natural offset vector
(coefficients)

𝜖 𝑖 =

ϵ𝑥
ϵ𝑦

ൗ𝛿𝑎
2

2

𝜉𝑗 =
𝜉𝑥
𝜉𝑦
𝜂1

Δ𝑇

𝑇
= 0



Testing the accuracy of phase slip model (RF on)
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𝜈𝑠 = 𝑎𝑖 𝜖
𝑖 +𝑀𝑖𝑗 𝜖

𝑖𝜉𝑗

𝜈𝑠

𝜉𝑥 , 𝜉𝑦 , 𝜂1 ∈ −4.0,4.0

Std dev:≈ 10−9



Testing the accuracy of phase slip model (RF on)
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𝜈𝑠 = 𝑎𝑖 𝜖
𝑖 +𝑀𝑖𝑗 𝜖

𝑖𝜉𝑗

𝜉𝑥 , 𝜉𝑦 , 𝜂1 ∈ −4.0,4.0

Std dev:≈ 10−9



Spin Coherence 
Time
B E H A V I O R  O F  A N  E N S E M B L E  O F  

P A R T I C L E S  I N  A  F R O Z E N - S P I N  R I N G



What is Spin 
Coherence 
Time

Time taken for the 

polarisation vector 𝑷 𝒕  of 

an ensemble of particles to 

reduce to Τ𝟏 𝒆 of its initial 

value due to decoherence.

For the required precision 

in EDM measurement, we 

require 𝝉 ≥ 1000s at a 

frozen-spin storage ring.

4/2/2024 18

𝑃 0 =
0
0
1

𝑃 𝑡 ≠ 𝑃 0

Ԧ𝑠𝑖

𝑃 𝑡 =
1

𝑁
෍

𝜇=0

𝑁

Ƹ𝑠𝜇 𝑡

𝑃 𝜏 =
1

𝑒
𝑃 0



Optimization of Spin Coherence Time
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Spin tune of single particle:

𝝂𝒔 = 𝒂 𝒊 𝝐
𝒊 + 𝑴 𝒊𝒋 𝝐

𝒊𝝃 𝒋

Ԧ𝑃 𝑡

𝑃 𝑡 =
1

𝑁
෍

𝜇=0

𝑁

Ƹ𝑠𝜇 𝑡

𝝐𝒙, 𝝐𝒚, 𝜹 distribution: Gaussian

# of particles: 1024

𝝃𝒙 ∈ −𝟓, 𝟑

𝝃𝒚 ∈ −𝟓, 𝟑



Optimization of Spin Coherence Time: Brute-force Search
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𝑄𝑥 𝑄𝑦 𝜅𝐹 𝜅𝐷 𝜉𝑥
𝑜 𝜉𝑦

𝑜 𝛼1
𝑜 𝜏𝑚𝑜𝑑𝑒𝑙 𝜏𝑙𝑜𝑤 ∆1000

𝜉

1.855 0.723 0.062 -0.165 -1.845 -2.831 0.2997 1801 1173 0.010

1.855 0.823 0.068 -0.188 -1.635 -3.469 0.1365 2834 2769 0.022

1.855 0.923 0.072 -0.209 -1.480 -4.009 -0.0282 667 666

1.855 1.023 0.075 -0.228 -1.351 -4.527 -0.0451 3470 2413 0.025

1.855 1.095 0.077 -0.242 -1.271 -4.904 -0.0756 1473 1472 0.020

1.855 1.123 0.077 -0.247 -1.253 -5.036 -0.156 877 1614 0.016

1.855 1.223 0.079 -0.264 -1.167 -5.626 -0.211 3721 3237 0.013

1.823 0.723 0.036 -0.140 -1.483 -1.353 0.0543 677 676

1.823 0.823 0.055 -0.177 -1.465 -2.389 0.0132 6105 4154 0.016

1.823 0.923 0.062 -0.201 -1.337 -2.983 -0.0573 5647 3870 0.019

1.823 1.023 0.066 -0.223 -1.221 -3.489 -0.1584 1439 1347 0.015

1.823 1.123 0.070 -0.243 -1.124 -4.006 -0.2142 4449 4420 0.022

1.823 1.223 0.072 -0.261 -1.038 -4.508 -0.2572 2575 2571 0.019



Optimization using the spin tune model

Factoring out the phase-space term:

𝜈𝑠 = 𝜖 𝑖 𝑎 𝑖 + 𝑀𝑖𝑗 𝜉
𝑗

Therefore, the condit ion for high spin coherence t ime:

𝑎 𝑖 + 𝑀𝑖𝑗 𝜉
𝑗 = 0

. . .where the spin tune of a part icle regardless of its 

phase-space properties  vanishes.

This would occur at:

𝜉 𝑗 = − 𝑀−1 𝑗𝑖𝑎 𝑖
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Spin tune of single particle:

𝝂𝒔 = 𝒂 𝒊 𝝐
𝒊 + 𝑴 𝒊𝒋 𝝐

𝒊𝝃 𝒋

Ԧ𝑃 𝑡

𝑃 𝑡 =
1

𝑁
෍

𝜇=0

𝑁

Ƹ𝑠𝜇 𝑡



Results of an attempt at model-based optimization

Brute-force Prediction of spin tune model
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𝑃 𝑡 𝑃 𝑡

𝜏 > 2000 𝑠 𝜏 = 91 𝑠

𝝐𝒙, 𝝐𝒚, 𝜹 distribution: Gaussian

# of particles: 1024

𝜉𝑗 =
−1.351
−4.527
1.136

𝜉𝑗 =
−1.597
−4.306
1.012



Summary
A N D  F U T U R E  W O R K



Conclusions
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o Spin tune model accurate for spin tracking of single 

particles.

o Also works for the Hybrid r ing (Latt ice independence?)

o Can be used to optimize the spin coherence time, if at 

least three sextupole families are present.

o . . .however, not very accurate (yet).

o Work on this is currently ongoing.



Thank you for 
your attention...
Q U E S T I O N S A N D  S U G G E S T I O N S A R E  

W E L C O M E . . .
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