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Summary:

Electric dipole moments (EDMs) break parity (P ) and time-reversal (T ) sym-
metry and thus, by the CPT theorem, CP -symmetry. Once measured, they
will be unambiguous signs of new physics since CP violation from the complex
phase of the Cabibbo-Kobayashi-Maskawa matrix in the Standard Model predicts
EDMs that are experimentally inaccessible in the foreseeable future. The θ-term
of Quantum Chromodynamics (QCD) and extensions of the Standard Model such
as supersymmetry and multi-Higgs scenarios comprise P - and T -violating inter-
actions which are capable of inducing significantly larger EDMs. The extensions
of the Standard Model give rise to a set of effective non-renormalizable operators
of canonical dimension six at energies Λhad & 1 GeV when the heavy degrees
of freedom are integrated out. The effective dimension-six operators are known
as the quark EDM, the quark-chromo EDM, four-quark left-right operator, the
gluon-chromo EDM and the four-quark operator.

Starting from the QCD θ-term and this set of P - and T -violating effective
dimension-six operators, we present a scheme to derive the induced effective La-
grangians at energies below ΛQCD ∼ 200 MeV within the framework of Chiral
Perturbation Theory (ChPT) for two quark flavors in the formulation of Gasser
and Leutwyler. The differences among the sources of P and T violation manifest
themselves at energies below ΛQCD in specific hierarchies of coupling constants
of P - and T -violating vertices. We compute the relevant coupling constants of
P - and T -violating hadronic vertices which are induced by the QCD θ-term with
well-defined uncertainties as functions of the physical parameter θ̄. The relevant
coupling constants induced by the effective dimension-six operators are given as
functions of yet unknown Low Energy Constants (LECs) which can not be deter-
mined within the framework of ChPT itself. Since the required supplementary
input from e.g. Lattice QCD is not yet available, we present Naive Dimensional
Analysis (NDA) estimates of the coupling constants. These estimates prove to
be sufficient to reveal certain hierarchies of coupling constants.

The different hierarchies of coupling constants translate into different hier-
archies of the nuclear contributions to the EDMs of light nuclei. We calculate
within the framework of ChPT the two-nucleon contributions to the EDM of the
deuteron up to and including next-to-next-to leading order and the two-nucleon
contributions to the EDMs of the helion (3He nucleus) and the triton (3H nucleus)
up to and including next-to-leading order. These computations comprise thor-
ough investigations of the uncertainties of the results from the P - and T -violating
component as well as the P - and T -conserving component of the nuclear potential.
We present quantitative predictions of the nuclear contributions to the EDMs of
the deuteron, the helion and the triton induced by the QCD θ-term as func-
tions of θ̄ with well-defined uncertainties. The EDM predictions for the effective
dimension-six sources are given as function of the yet unknown LECs with NDA
estimates.



We present several strategies to falsify the QCD θ-term as a relevant source
of P and T violation by a suitable combination of measurements of several light
nuclei and, if needed, supplementary lattice QCD input. If the QCD θ-term fails
these tests, one or several of the effective dimension-six sources encoding physics
beyond the Standard Model are most likely the source(s) of P and T violation.
We demonstrate how particular effective dimension-six sources can be tested by
EDM measurements of light nuclei with eventually supplementary Lattice QCD
input.
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Chapter 1

Introduction

1.1 Motivation

The Standard Model (SM) has proven to be a highly accurate theory of ele-
mentary particles and their interactions. However, there are some observations
which are apparently irreconcilable with this otherwise successful theory. Among
them is the significant excess of matter over antimatter in the universe. WMAP
and COBE measured a baryon-antibaryon asymmetry parameter at the photon
freeze-out point of [1]:

AB = (nB − nB̄)/nγ = (6.079± 0.090) · 10−10 , (1.1)

where nB,B̄ denote the number densities of baryons and antibaryons, respectively,
and nγ the number density of photons in the cosmic background radiation. The
SM prediction of the baryon-antibaryon asymmetry AB ∼ 10−18 [2] on the other
hand deviates from this measurement by approximately eight orders of magni-
tude. If one assumes that the baryon-antibaryon asymmetry was absent shortly
after the origin of the universe (after the inflationary epoch), it had to be gener-
ated dynamically. This observation implies the existence of a mechanism which
is responsible for profoundly different production rates of matter and antimat-
ter. According to A. Sakharov [3], such a mechanism generating baryons has to
simultaneously obey the following three conditions:

1. Any difference in the abundances of baryons and antibaryons implies the
existence of interactions which violate baryon number conservation.

2. If the theory is invariant under charge conjugation C, each baryon number
violating transition would be compensated for by its charge conjugated one.
Therefore, different production rates of baryons and antibaryons require the
violation of the charge conjugation symmetry. Furthermore, the theory can
not be invariant under the combination of charge conjugation and the parity
transformation P . As pointed out in [4], CP conservation yields – after

1



2 CHAPTER 1. INTRODUCTION

integration over phase space and summation over all spin configurations
– equal transition rates of baryon-number violating transitions and their
charge conjugated transitions. CP conservation would, therefore, also imply
a vanishing dynamically generated baryon-antibaryon asymmetry.

3. According to the CPT theorem, all Lorentz invariant and local quantum
field theories with a hermitian Hamiltonian are invariant under a simulta-
neous application of charge conjugation, the parity transformation and the
time reversal transformation T . Since a physical system in thermal equi-
librium is time independent, the CPT theorem requires the theory to be
symmetric under CP , which contradicts the previous condition. The dy-
namical generation of the baryon-antibaryon asymmetry had to take place
outside of thermal equilibrium.

Any theory describing physics beyond the Standard Model (BSM) has therefore to
comprise CP -violating interactions which are capable of accounting for a signifi-
cantly larger baryon-antibaryon asymmetry than the Standard Model prediction.

This conclusion has triggered the development of new low-energy experimen-
tal concepts to assess physics beyond the Standard Model [5]. Electric dipole
moments (EDMs) of atoms, nucleons and nuclei are commonly regarded as some
of the most promising signals of CP -violation and their upper bounds have gained
remarkable accuracy since the null measurement of the neutron EDM by Purcell
and Ramsey in 1957 [6]. This approach to assessing new physics constitutes a
complimentary approach to high-energy collider experiments that is also likely to
require significantly less financial means.

The EDM is defined as the displacement of positive and negative electric
charges (ρ: distribution of electric charges):

~d =

∫
d3rρ(~r)~r , (1.2)

which is a polar three-vector. For an elementary non-degenerate massive spin-1/2

particle in its rest frame, the only three-vector is given by the particle spin ~S and
the EDM has to be proportional to ~S, which is an axial vector: ~d = d ~S. This
is equally true for the magnetic dipole moment of the particle: ~µ = µ ~S. The
Hamiltonian in the non-relativistic limit of a spin-1/2 particle in a electromagnetic
field is then given by

H = −µ~B · ~S − d ~E · ~S , (1.3)

where ~B is the magnetic field and ~E is the electric field. Whereas the magnetic
field and the particle spin have both P eigenvalue +1, the electric field has P
eigenvalue −1. The respective T eigenvalues are of opposite sign, which demon-
strates that the EDM of an elementary particle violates parity and time-reversal
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invariance simultaneously1:

H = −µ~B · ~S − d ~E · ~S P−→ − µ~B · ~S + d ~E · ~S , (1.4)

H = −µ~B · ~S − d ~E · ~S T−→ − µ~B · ~S + d ~E · ~S . (1.5)

Utilizing the CPT theorem, the simultaneous violation of P and T invariance
implies the simultaneous violation of CP and CT invariance. For a composite
particle such as a nucleus, the elementary particle spin in the above equation has
to be replaced by the total angular momentum ~J of the composite system.

The complex phase of the Cabibbo-Kobayashi-Maskawa (CKM) matrix is the
conventional source of CP violation within the SM, which only starts to con-
tribute to EDMs at the three-loop level and thus gives only very small EDMs [5].
The SM predictions for the EDMs induced by the complex phase of the CKM
matrix of the neutron and the electron, for instance, amount to dn ∼ 10−31 e cm
and de ∼ 10−38 e cm, respectively [5]2. The θ-term of quantum chromodynamics
(QCD) [9] and extensions of the SM such as supersymmetry [10] and many-Higgs
scenarios [11] (subsequently referred to as new physics) might yield profoundly
larger values.

As emphasized in [5], there are three major3 categories of intrinsic EDM mea-
surements: the EDMs of paramagnetic atoms and molecules, the EDMs of dia-
magnetic atoms and the EDMs of hadrons and light ions. In paramagnetic atoms
or molecules where the total electron angular momentum does not vanish because
of an unpaired electron, the permanent EDM is due to the EDM of the valence
electron and to P - and T -violating electron-nucleus interactions. The permanent
EDM of a diamagnetic system with vanishing electron total angular momentum
is caused by P - and T -violating nuclear interactions [13]. If the nucleus itself has
non-vanishing angular momentum, the well-known Schiff theorem states that for
non-relativistic systems composed of point-like, charged particles in an external
electric field the shielding is complete. The violation of the Schiff theorem due
to finite sizes of nuclei and relativistic effects gives rise to EDMs of diamagnetic
atoms with non-zero nuclear spin.

Until now, there have not been any non-zero measurements of the EDMs of
paramagnetic atoms, diamagnetic atoms, the electron or the neutron. The upper
bound on the EDM of the neutron is currently at dn < 2.9 · 10−26 e cm [14].
The upper bound on the EDM of the proton, dp < 7.9 · 10−25 e cm, has been
inferred from a measurement of the diamagnetic 199Hg atom [15], and the one

1Since an induced EDM is proportional to the square of the electric field E2 (quadratic Stark
effect), it does not signal P and T violation.

2The nucleon EDMs from the loop-less SM mechanism of [7, 8] are estimated to be of com-
parable sizes.

3Since the current upper bound of the muon EDM ∼ 10−19 e cm [12] does not compete with
the experimental upper bounds of the EDMs of the proton, neutron and electron (see below),
this category of EDM measurements is disregarded in this thesis.
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of the electron, |de| < 1.05 · 10−27 e cm, from a measurement of the dipolar
YbF molecule [16, 17]. The ACME collaboration recently further reduced the
upper bound on the electron EDM by a measurement of the EDM of ThO to
|de| < 8.7 · 10−29 e cm [18]. These upper bounds have to be put into relation
to the above SM model predictions. The EDMs of composite particles such as
hadrons are expected to be intrinsically larger than the EDMs of elementary
particles, e.g. the electron, due to their finite sizes. The current upper bound
of the neutron EDM is therefore closer to its SM prediction than the current
upper bound of the electron EDM to the SM electron EDM prediction. These
null measurements already provide valuable insights into new physics since they
impose strong constraints on parameters in BSM theories.

Another conceptual approach entails the high-precision measurements of the
electric dipole moments of the proton and other light nuclei in storage rings
[19–23]. Light nuclei are electrically charged systems that can not be stored in
traps while exposed to an electric field. The Storage Ring EDM collaboration and
the JEDI (Jülich Electric Dipole moment Investigations) collaboration propose
direct measurements of the EDMs of the proton and of light nuclei in dedicated
storage rings and aim to increase the sensitivity of EDM measurements to the
region of dp ∼ 10−29 e cm. The underlying principle of this kind of measurement
is the following [24]: since the EDM of a particle is proportional to its spin (or
total angular momentum for a composite particle as a nucleus), any exposure to
an electric field results in a change of the spin with respect to the time t by

d~S

dt
= ~d× ~E∗ , (1.6)

where ~E∗ is the electric field in the rest frame of the particle. In a storage ring
with a radial electric field in the ring plane, the EDM of an initially longitudinally
polarized particle causes a precession of the spin (or total angular momentum)
around the beam axis out of the beam plane. Such a spin precession can be
detected by using polarimeters. This class of proposed experiments is the primary
motivation of this work.

1.2 Objective

In recent years various theoretical studies have focused on the calculation of
EDMs of light nuclei [25–33]. These studies have largely been triggered by the
above mentioned plans for experiments to measure EDMs of light nuclei in dedi-
cated storage rings. These calculations revealed that different P - and T -violating
mechanisms contribute to the EDMs of different probes at different strengths.
A single successful measurement of an EDM of a nucleon would signal P and T
violation beyond the CKM mechanism of the SM, but would not suffice to isolate
the specific P - and T -violating mechanism. Therefore, non-zero measurements as
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Figure 1.1: P - and T -violating dimension-six sources at different energy scales.
A P - and T -violating vertex is depicted by a solid black box.

well as controlled calculations of the EDMs of nucleons and of light nuclei, e.g. of
the deuteron (2H nucleus), the helion (3He nucleus) and the triton (3H nucleus),
are necessary to reveal additional information on new physics.

Within the SM, the source of P and T violation which is of interest for our
analysis is the previously mentioned QCD θ-term. The topologically non-trivial
structure of the QCD vacuum gives rise to a P - and T -violating term param-
eterized by the dimensionless constant θ which has to be added to the QCD
Lagrangian. It can be rotated into a complex phase of the quark mass matrix
by an axial U(1) transformation which vanishes if one of the quarks is massless.
However, there is no evidence of a vanishing quark mass for any quark flavor [34].
The QCD θ-term is then a P - and T -violating quark operator of canonical di-
mension four.

In order to establish the connection between the high-energy sector of BSM
physics at an energy scale ΛBSM and operators at the significantly lower hadronic
energy scale ΛQCD ∼ 200 MeV, a two-step effective field theory approach is em-
ployed. The concept of effective field theories entails the following: when passing
from high energies at a scale Λhigh to energies below a certain low-energy scale
Λlow, the heavy degrees of freedom with masses above Λlow have to be systemat-
ically integrated out from the underlying theory to obtain the set of low-energy
operators. The resulting theory with low-energy degrees of freedom at the energy
scale Λlow, the effective field theory, is then essentially an expansion in powers
of 1/Λhigh. The heavy degrees of freedom manifest themselves as (1/Λhigh)n cor-
rections (with n being a positive integer) to the leading terms composed of the
remaining light degrees of freedom.
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The first step entails the evolution of operators from extensions of the SM
at a characteristic energy scale ΛBSM to the energy scale Λhad & 1 GeV, which
has been performed in [5, 10, 35–40]. Since the SM successfully describes the
physics at Λhad, any extension of the SM has to exhibit the same gauge symmetry
and contain the degrees of freedom of the SM. After integrating out all heavy
degrees of freedom from extensions of the SM with mass of ∼ ΛBSM and also
the heavy SM degrees of freedom (W±, Z0, Higgs), the set of effective operators
at the energy scale Λhad is obtained. These effective operators are composed
of the light SM degrees of freedom, i.e. the up quark, the down quark, the
gluons and the photon4. By compiling the list of all leading P - and T -violating
operators at the energy scale Λhad, any bias favoring one particular extension of
the SM is avoided. This procedure gives rise to five non-renormalizable operators
of canonical dimension six (subsequently referred to as effective dimension-six
sources or operators) known as the quark-chromo EDM (qCEDM), the four-
quark left-right operator (4qLR-op), the quark EDM (qEDM), the gluon-chromo
EDM (gCEDM) and the four-quark operator (4q-op). These effective dimension-
six operators and the corresponding operators with heavy SM degrees of freedom
from which they originate are depicted in fig. 1.1. Since the qEDM and the
qCEDM both have an isospin-conserving and an isospin-violating component and
since the 4q-op contains two components with different color structures, there are
actually eight independent effective dimension-six sources which, together with
the QCD θ-term, serve as the starting point of the analysis presented in this
thesis.

The second step entails the transition from operators at the energy scale
Λhad & 1 GeV to operators at the energy scale ΛQCD ∼ 200 GeV. The descrip-
tion of physics at and below ΛQCD requires the employment of non-perturbative
techniques. The analysis presented in this thesis is based on two-flavor Chiral
Perturbation Theory (ChPT), which is the effective field theory of QCD and as
such preserves its symmetries, but is formulated in the language of hadrons. It
admits a consistent expansion of hadronic operators in the pion mass Mπ over
Λχ ∼ 1 GeV. Instead of quarks and gluons, the effective degrees of freedom are
now hadrons, namely pions and nucleons.

P and T violation induced by the QCD θ-term and the effective dimension-
six sources within the Weinberg formulation of ChPT (see e.g. chapter 19 of [41]
and appendix C) have recently been studied in [39, 42]. The first objective of
this thesis is to refine these studies within the Gasser-Leutwyler formulation of
ChPT [43,44]. The link between operators at the energy scale Λhad and operators
at energies below ΛQCD is mainly established by the transformation properties of
operators under chiral SU(2)L×SU(2)R rotations. The study of the P - and T -
violating hadronic operators at the energy scale ΛQCD induced by particular P -

4Since the aim of this thesis is to investigate the EDMs of light nuclei in the ground state,
strange quarks and all other heavier quarks can be neglected.
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and T -violating operators requires a detailed investigation of the representation
theory of the group of chiral transformations SU(2)L×SU(2)R.

The QCD θ-term expressed as a complex phase of the quark mass matrix
is part of the same isospin multiplet as the isospin-violating component of the
quark mass matrix and can thus be treated within standard ChPT. Therefore,
the leading P - and T -violating πNN vertices induced by the θ-term arise from
terms in the effective Lagrangian whose low-energy constants (LECs) are related
to quantitatively known observables such as the quark mass induced contribution
to the neutron-proton mass difference, the πN sigma term and the quark mass
induced component of the squared mass splitting between charged and neutral
pions. This allows for a computation of the leading P - and T -violating coupling
constants as functions of the physical parameter θ̄.

The effective dimension-six operators transform as elements of new and sep-
arate isospin multiplets, which requires an amendment of standard ChPT, that
is accompanied by the introduction of new unknown LECs. The P - and T -
conserving isospin multiplet partners of the effective dimension-six sources also
yield minor contributions to previously mentioned P - and T -conserving observ-
ables, such as the quark mass induced contribution to the neutron-proton mass
difference. It is therefore impossible to disentangle the different P - and T -
conserving operators and to infer the sizes of the new LECs from hadronic ob-
servables.

This implies that there is no means available within the framework of effec-
tive field theory alone to assess the sizes of the coupling constants of leading P -
and T -violating vertices which are induced by the effective dimension-six sources.
Supplementary input from other non-perturbative techniques are required in or-
der to obtain values for these coupling constants. Among these non-perturbative
techniques, Lattice QCD has the most accurate predictive capacity. Since Lattice
QCD is not expected to produce any results for the new LECs soon, one has at
least for now to resort to Naive Dimensional Analysis (NDA) to obtain order of
magnitude estimates for the coupling constants.

The computation of the EDM of a single nucleon has been the subject of vari-
ous publications [45–51]. The θ-term starts to contribute at the one-loop level, at
the same order as unknown counter terms which absorb the loop divergences. The
predictive capacity of ChPT is therefore limited without any quantitative knowl-
edge of the unknown counter terms. A quantitative assessment of the counter
terms requires the employment of e.g. Lattice QCD. The currently available
Lattice QCD data produced by several groups are still for large unphysical pion
masses [52, 53]. An interpolation of the available Lattice QCD predictions for
the EDMs of single nucleons to physical pion masses in order to quantify the
counter terms (as done in [51]) yields still too large uncertainties5. As pointed

5More recent Lattice QCD predictions for the single-nucleon EDMs indicate that the uncer-
tainties of the Lattice QCD input which underlies [51] is significantly understated. A revision
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out in [25], the study of EDMs of light nuclei might evade this problem since
the θ-term induces tree-level nuclear contributions to the EDMs of a light nuclei
at leading order. This implies a potentially significant enhancement of nuclear
contributions compared to the single-nucleon contributions.

Therefore, the second objective of this thesis is to compute the EDMs of the
deuteron, the helion and the triton on the basis of the previously obtained sets
of P - and T -violating hadronic operators within the framework of (amended)
ChPT. The first nucleus under investigation is the two-nucleon (NN) system of
the deuteron. The previous studies presented in [25,27,29,30,33] focused on the
leading-order nuclear contribution to the deuteron EDM according to the power
counting presented in this thesis. For a computation with controlled uncertainties,
also subleading nuclear contributions have to be taken into consideration and the
uncertainty originating from the P - and T -conserving component of the nuclear
potential has to be investigated.

The computation is then extended to the significantly more complicated three-
nucleon (3N) systems of the helion and the triton. The isospin selection rules
of the deuteron channel impose strict constraints on P - and T -violating nuclear
operators to yield non-vanishing contributions. Since these constraints are absent
in the helion and triton channels, these 3N systems provide additional information
on the underlying P - and T -violating mechanism. This thesis presents a more
refined analysis of the nuclear contributions to the helion and triton EDMs than
the previous ones published in [28,30,33]. In particular, it includes an assessment
of the above mentioned uncertainties due to the different realizations of the P -
and T -conserving component of the nuclear potential. The computation of the
EDMs of the helion and triton required an extensive development of parallel
software designed to run on the supercomputers JUROPA and JUQUEEN of the
Forschungszentrum Jülich.

Several schemes to infer the source(s) of P and T violation from a combination
of EDM measurements of light nuclei and (eventually) supplementary Lattice
QCD input are presented as the main result of this thesis. The quantitative
knowledge of the dominating coupling constants in the θ-term case translates
into quantitative predictions with well-defined uncertainties for the nuclear EDM
contributions. The NDA assessment of the coupling constants of leading P - and
T -violating vertices induced by the effective dimension-six sources still allows
for qualitative statements on the origin of P and T violation on the basis of
larger experimental input (more measurements of nucleons and light nuclei EDMs
compared to the θ-term case).

of the interpolation in [51] on the basis of [53] for still large but smaller unphysical pion masses
is in the pipeline (private communication with the authors of [51]).
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1.3 Outline

This thesis is organized as follows:
Chapter 2: in this chapter, the foundations of QCD needed in the subsequent

analysis are briefly presented and the origin of the QCD θ-term in topologically
non-trivial field configurations is explained.

Chapter 3: P and T violation from physics within and beyond the SM is
discussed in chapter three, where the approach of refs. [10,35–40] to describe the
manifestation of high-energy BSM physics at significantly lower energy scales is
presented. The evolution of P - and T -violating BSM operators to the energy
scale Λhad ∼ 1 GeV itself proceeds in two substeps: the first step is to compile
the list of all independent P - and T -violating operators composed of the SM
degrees of freedom above the electroweak spontaneous symmetry breaking (SSB)
scale. The second entails integrating out all SM degrees of freedom with masses
above Λχ ∼ GeV, i.e. the Higgs, W± bosons, the Z0 boson and heavy quarks.
The evolution of operators yields the previously mentioned P - and T -violating
effective dimension-six operators (qCEDM , 4qLR-op, qEDM , gCEDM , 4q-op).
The QCD θ-term and these effective dimension-six sources serve as the basis of
the subsequent analysis of the EDMs of light nuclei.

Chapter 4: a brief introduction into Chiral Perturbation Theory (ChPT) is
provided which contains all major aspects required for the computation of the
EDMs of light nuclei. The set of P - and T -violating vertices induced by the
θ-term and the hierarchy of their coupling constants (as well as their explicit cal-
culation whenever possible) is derived within the framework of standard ChPT.
The incorporation of the effective dimension-six operators into a chiral effective
field theory framework (referred to as amended ChPT below) is presented, which
also comprises a detailed study of the representation theory of the chiral group
SU(2)L×SU(2)R. A method to identify the altered ground state of QCD and like-
wise (amended) ChPT in the presence of P - and T -violating terms is explained
and applied to the sets of P - and T -violating operators induced by the θ-term and
the effective dimension-six sources. Technical details are explained and derived
in the appendices A, B, D and I. The connection between the Gasser-Leutwyler
formulation and the Weinberg formulation of SU(2) ChPT is explained in ap-
pendix C.

Chapter 5: equipped with the results of chapter 4, the computation of the
NN contributions to the EDM of the deuteron induced by the θ-term within
standard ChPT is presented in two different ways: the first way entails a largely
analytical calculation by utilizing a parametrization of the CD-Bonn [54] potential
and the separable rank-two PEST potential [55] to take P - and T -conserving
interactions in the intermediate state into account. Since not all realizations
of the P - and T -conserving component of the nuclear potential are expressible
in terms of separable potentials, the second way is a complementary numerical
computation in which the phenomenological Argonne v18 potential [56] and ChPT
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potentials [57] are also considered. The discussion is subsequently extended to
the deuteron EDM induced by the effective dimension-six sources. The solutions
to some fundamental integrals which occurred during the analytic calculation
are listed in appendix E. Some matrix elements of NN potential and transition
current operators needed for the numerical computation are given in appendix F.
Furthermore, a very efficient technique to calculate matrix elements of spin and
isospin operators is briefly explained in appendix H.

Chapter 6: the complete numerical computation of the nuclear contributions
to the EDMs of the helion and the triton induced by the θ-term is presented
within the framework of ChPT. The CD-Bonn potential, the Argonne v18 po-
tential and ChPT potentials are utilized for the P - and T -conserving component
of the 3N potential. The discussion is then extended to the helion and triton
EDMs induced by the effective dimension-six sources within the framework of
amended ChPT. Several schemes of inferring the source(s) of P and T violation
from a combination of measurements of light nuclei and (eventually) supplemen-
tary lattice QCD computations are presented as the main result of this thesis.
The partial wave decompositions of some NN potential and transition current
operators required by the numerical computation are listed in appendix F.

Chapter 7: the main conclusions of this thesis are briefly summarized and an
outlook on pending work is given.

1.4 Conventions

• Electric charge of the electron6 : e < 0

• Fine structure constant: αem = e2/(4π) ≈ 1/137.036 [34]

• Pion decay constant: Fπ = 92.2 MeV [34]

• Pion mass: Mπ = (Mπ0 + 2Mπ±)/3 = 138.04 MeV [34]

• Nucleon mass: mN = (mn +mp)/2 = 938.92 MeV [34]

• Epsilon-tensor: ε123 = 1

• Pauli matrices:

σ1, τ1 =

(
0 1
1 0

)
, σ2, τ2 =

(
0 −i
i 0

)
, σ2, τ2 =

(
1 0
0 −1

)
• Minkowski metric: gµν = diag(1,−1,−1,−1)

• Four-vector: vµ = gµνvν

6Convention consistent with appendix A of [58].
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• Dirac matrices: {γµ, γν} = 2gµν1, γ5 = iγ0γ1γ2γ3

• Levi-Civita tensor: ε0123 = −ε0123 = 1

• Euclidean Levi-Civita tensor: ε1234
E = 1

• The Einstein summation convention is always assumed unless stated other-
wise



Chapter 2

Quantum chromodynamics

Quantum chromodynamics (QCD) is the accepted quantum field theory of the
strong interaction. It is a color SU(3) Yang-Mills theory for Nf quark flavors.
Since the focus of this thesis is on the two lightest quarks, the up quark and the
down quark, all heavier quarks are neglected below. A quark field is therefore a
spin-1/2 Dirac spinor, a color SU(3) triplet and a quark flavor SU(2) doublet.
The flavor symmetric QCD Lagrangian for massless up and down quarks and
gluons is given by:

LχQCD = i
∑
f,j,k

q̄f,j γ
µ (Dµ)jk qf,k −

1

4
Ga
µνG

a,µν , (2.1)

(j, k = 1, 2, 3, 4, f = 1, 2, a = 1, ..., 8) with the SU(3) covariant derivative:

(Dµ)ij = δij∂µ − igs(tac)ijAaµ , (2.2)

where gs is the strong coupling constant, Aaµ are the gluon fields and tac are the
generators of SU(3) with Tr(tac t

b
c) = δab/2. The gluon field strength tensor Ga

µν

is defined by Ga
µν = ∂µA

a
ν − ∂νA

a
µ + gsf

abcAaµA
b
ν , where fabc are the structure

constants of the Lie algebra of SU(3).
The quark fields can be decomposed into their right- and left-handed compo-

nents by utilizing the projection operator PL,R = (1± γ5)/2:

qR =
1

2
(1+ γ5)q , qL =

1

2
(1− γ5)q . (2.3)

The Lagrangian LχQCD is invariant under chiral SU(2)L×SU(2)R transformations:

q(x) 7→ exp(iτkα
k
R)PR q(x) + exp(iτkα

k
L)PL q(x) , (2.4)

where τk are the Pauli matrices which act on the flavor space. LχQCD is also
invariant under the U(1)R×U(1)L transformations:

q(x) 7→ exp(iαR)PR q(x) + exp(iαL)PL q(x) , (2.5)

The chiral-symmetry-conserving QCD Lagrangian LχQCD is therefore invariant un-
der the group of SU(2)L×SU(2)R×U(1)L×U(1)R ∼ U(2)L×U(2)R transformations.

12
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2.1 Gauge anomalies in QCD

Although the group of axial U(1) transformations, U(1)A, is a symmetry group
of LχQCD, it is not a symmetry group of the generating functional of QCD:

WQCD =

∫
Dq̄DqDAaµ exp

(
i

∫
d4xLχQCD

)
. (2.6)

A continuos symmetry group of the classical action S is also a symmetry group
of the quantum field theory if and only if the generating functional WQCD is
invariant under this group of transformations. The fermion measure Dq̄Dq of
WQCD transforms non-trivially under the group of axial transformations UA(1).
The divergence of the Noether current associated with UA(1) does not vanish:

Jµ5 (x) = q̄(x)γµγ5q(x) , ∂µJ
µ
5 (x) = A(x) , (2.7)

where A is the UA(1) gauge anomaly.
The anomaly A is most conveniently calculated in Euclidean space-time

[41, 59]. The presentation below follows the lines of these two references. The
transition from Minkowski space to Euclidean space-time is facilitated by the
Wick rotation:

x0 = −ix4 , ∂0 = i∂4 , Ak0 = iAk4 , (2.8)

where Akµ are the color SU(3) gauge fields. The euclidean gamma matrices are
defined by

γ̃4 := iγ0, γ̃j := γj , j ∈ {1, 2, 3} , (2.9)

such that {γ̃j, γ̃k} = −2δjk1 for j, k ∈ {1, 2, 3, 4}. The tilde is omitted for
convenience below. The hermitian Dirac operator in Euclidean space-time is
given by

/D = (∂4 − igsAk4tkc ) γ4 + (∂j − igsAkj tkc ) γj , j = 1, 2, 3 , (2.10)

where tkc are the generators of the color SU(3) gauge group with normalization
Tr(tkc t

l
c) = δkl/2. The Euclidean Dirac operator /D then has a complete set of

orthonormal spinor eigenfunctions:

/D φn(x) = λn φn(x) , (2.11)

with λn ∈ R which obey∫
d4xE φn(x)†φn′(x) = δnn′ ,

∑
n

φn(x)φ†n(y) = δ(4)(x− y)1 . (2.12)

This enables us to express the fermion fields q and q̄ in terms of these eigenfunc-
tions:

q(x) =
∑
n

anφn(x) , q̄(x) =
∑
n

φn(x)† b̄n , (2.13)
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where an and bn are Grassmann variables. The fermion measure is then given by

Dq̄(x)Dq(x) = Πn,m db̄n dam . (2.14)

For a general local transformation in flavor space

U(x) = exp(iγ5 t
k αk(x)) = 1+ iγ5 tk αk(x) + · · · , (2.15)

with tk = (1, τ1, τ2, τ3) and k = 0, 1, 2, 3, the quark fields transform according to

q(x) =
∑
n

an φn(x) 7→
∑
n,m

∫
d4yE φn(y)† U(y)φm(y) am φn(x) . (2.16)

Let the Jacobian J be defined by

Jmn =

∫
d4xE φ

†
m(x)U(x)φn(x) =

∫
d4xE φ

†
m(x)[1+ iγ5tkαk(x) + · · · ]φn(x) ,

(2.17)
For the Grassmann variables an, the change of the integration measure is then
given by Πn da

′
n = det(J)−1 Πn dan and for the complete functional measure of

eq. (2.14) by
Πm,ndb̄mdan 7→ Πm,n det(J)−2db̄mdan . (2.18)

Utilizing det(J) = exp(Tr(ln(J))) and ln(1+ε) = ε+O(ε2), the complete Jacobian
can be rewritten as

det(J)−2 = exp

[
−2iTrc,f

(∫
d4xE

∑
m

φ†m(x)γ5tkαk(x)φm(x)

)]
+ · · · , (2.19)

where the subindices c and f indicate that the trace is to be taken over the color
and the flavor space. The integrand in the argument of the exponential,

Ak(x) := −2 Trc,f

(∑
m

φ†m(x)γ5tkφm(x)

)
, (2.20)

is singular and has to be regularized by a monotonically decreasing smooth reg-
ulator function g (e.g. g(s) = exp(−s2)):

g : R+
0 → [0, 1], g(0) = 1, lim

s→0
g′(s) s = 0, lim

s→∞
g(s) = lim

s→∞
g′(s) s = 0 . (2.21)

By exploiting eq. (2.11) and eq. (2.12), the anomalous term Ak(x) then becomes

Ak(x) = −2 lim
M→∞

Trc,f

(∑
m

φ†m(x)γ5tkg

(
λ2
m

M2

)
φm(x)

)

= −2 lim
M→∞

lim
y→x

Trc,f

(
γ5tkg

(
/D

2
x

M2

)
δ(4)(x− y)

)
, (2.22)



2.1. GAUGE ANOMALIES IN QCD 15

with |λn| �M ∀n for some scale M . The Fourier transformation of the δ-function
leads to

Ak(x) = −2 lim
M→∞

lim
x→y

∫
d4kE
(2π)4

Trc,f

(
γ5tkg

(
/D

2
x

M2

))
exp(ik · (x− y))

= −2 lim
M→∞

M4

∫
d4kE
(2π)4

Trc,f
(
γ5tkg

(
[ /ik + /Dx/M ]2

))
, (2.23)

where the substitution k → kM has been made.In the limit M → ∞, a non-
vanishing term in the expansion of g has to be at most of order 1/M4. It also has
to be the product of at least four gamma matrices in order to survive the Dirac
trace. Ak(x) therefore equals:

Ak(x) = −
∫

d4kE
(2π)4

Trc,f

(
γ5tk /D

4
x

) ∂2g(k2)

(∂k2)2
. (2.24)

Due to the above stated properties of the regulator function g, the integral reduces
to ∫

d4kE
(2π)4

∂2g(k2)

(∂k2)2
=

1

16π2

∫ ∞
0

dk2 k2∂
2g(k2)

(∂k2)2
=

1

16π2
. (2.25)

By utilizing

/D
2
x = −D2

x −
1

4
[γi, γj]igst

l
cG

l
ij(x) and Tr(γ5[γi, γj][γr, γs]) = 16 εEijrs , (2.26)

the anomalous term Ak(x) becomes:

Ak(x) =
g2
s

32π2
εEijrsG

l
ij(x)Gl

rs(x)Trf (t
k) , (2.27)

since Trc(t
l
ct
m
c ) = (1/2) δlm. The analogous expression in Minkowski space is of

opposite sign, i.e.

Ak(x) = − g2
s

32π2
εµνρσGl

µν(x)Gl
ρσ(x)Trf (t

k) . (2.28)

When tk → 1, A(x) is called the Chern-Pontryagin density.
An infinitesimal local transformation thus shifts the fermion measure in

eq. (2.6) by

Dq̄Dq 7→ Dq̄Dq exp

(
i

∫
d4xαk(x)Ak(x)

)
+O((αk(x))2) . (2.29)

Although Ak(x) can be expressed as a divergence,

1

2
εµνρσGl

µν(x)Gl
ρσ(x) = ∂µ2 εµνρσ

(
Aaν∂ρA

a
σ +

gs
3
fabcAaνA

b
ρA

c
σ

)
≡ ∂µK

µ , (2.30)
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the integral over Ak(x) in eq. (2.29) does not vanish due to topologically non-
trivial solutions for Akµ as demonstrated below. The above calculation proves
that the fermion measure is not invariant under transformations with generators
that have a non vanishing trace. This gives rise to the U(1)A anomaly:

∂µJ
µ
5 = − g2

s

16π2
εµνρσGl

µν(x)Gl
ρσ(x) . (2.31)

The conserved current associated with U(1)A of the classical action is not a con-
served current of the quantum field theory.

The SU(2)L×SU(2)R symmetry is explicitly broken by the non-zero masses
of the up and the down quark and by the different electric charges of the quarks.
The complete QCD Lagrangian is thus given by

LQCD = LχQCD + L/χQCD , (2.32)

L/χQCD = q̄γµeQAµq − q̄Mq , (2.33)

where Q is the two-flavor quark electric charge matrix,M is the two-flavor quark
mass matrix, Aµ is the electromagnetic field and e < 0 is the electric charge of
the electron. The matrices Q and M are defined by

Q =
1

6
1+

1

2
τ3 , M =

mu +md

2
1+

mu −md

2
τ3 , (2.34)

where mu, md are the masses of the up and the down quark, respectively.
As pointed out by Gasser and Leutyler [43, 44, 60], a quantum field theory is

not completely determined by the global chiral SU(2)L× SU(2)R symmetries of
the classical action. In the absence of anomalies, the set of all Green functions
and chiral Ward identities can be incorporated into a generating functional by
rendering it invariant under local chiral transformations. The Green functions
and Ward identities of particular (composite) operators can then be studied by
regarding these operators as additional currents J j,µ(x) in the Lagrangian which
couple to external fields f jµ(x). This method is briefly explained in appendix A.
Therefore, the Lagrangian is amended by the sum over the products of these
currents and source fields,

S →
∫
d4x

(
LχQCD +

∑
j

f jµ(x) J j,µ(x)

)
, (2.35)

where ∑
j

f jµ J
j,µ = q̄ γµ(vµj τj + aµj τjγ

5) q + q̄ γµv(s)
µ q

−q̄ (s01+ sjτj − iγ5p01− iγ5pjτj) q . (2.36)
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The source fields aµj , v
µ
j , v

(s)
µ , sj, s0, pj, p0 transform as basis states of particular

irreducible representations of O(4) (of which SU(2)L×SU(2)R is a double cover-
ing group as explained in appendix B) complementary to their associated quark
bilinears, such that all terms f jµ J

j,µ are locally SU(2)L×SUR(2) invariant. The
two-flavor QCD Lagrangian is thus amended by

LQCD = LχQCD + L/χQCD =LχQCD + q̄ γµ(vµi τi + aµi τiγ
5) q + q̄ γµv(s)

µ q

− q̄ (s01+ siτi − iγ5p01− iγ5piτi ) q , (2.37)

where the source fields (aµj = rµj −lµj , vµj = rµj +lµj , v
(s)
µ = r

(s)
µ +l

(s)
µ ) are transformed

under local SU(2)L×SU(2)R×U(1)V transformations by (see eq. (2.3),eq. (2.4)
and eq. (2.5)):

rµi τi 7→ Rrµi τiR
† + iR ∂µR† , (2.38)

lµi τi 7→ L lµi τiL
† + iL ∂µL† , (2.39)

r(s)
µ 7→ Rr(s)

µ R† + iR ∂µR
† , (2.40)

l(s)µ 7→ L l(s)µ L† + iL ∂µL
† , (2.41)

(siτi + ipiτi) 7→ R (siτi + ipiτi)L
† , (2.42)

(siτi − ipiτi) 7→ R (siτi − ipiτi)L† , (2.43)

(s0 + ip0) 7→ R (s0 + ip0)L† , (2.44)

(s0 − ip0) 7→ R (s0 − ip0)L† . (2.45)

The complete generating functional of QCD is then given by

WQCD =

∫
Dq̄DqDAkµ exp

(
i

∫
d4xLχQCD + L/χQCD(s0, si, p0, pi, v

(s),µ, vµi , a
µ
i )

)
,

(2.46)
and Green functions involving products of currents are obtained by differentiating
the generating functional with respect to the corresponding source field:

〈0|J j1µ1(x1) · · · J jnµn(xn)|0〉

=
1

WQCD[0]

1

i

δ

δf j1µ1(x1)
· · · 1

i

δ

δf jnµn(xn)
WQCD

[
f j1µ1 , · · · , f jnµn

] ∣∣∣∣
{fjkµk}=0

. (2.47)

We will resort to the following notation for the source fields in the subsequent
discussion:

vµ := vµi τi , aµ := aµi τi , s := s01+ siτi , p := p01+ piτi . (2.48)

2.2 The QCD θ-term

As mentioned in section 2.1, the U(1)A anomaly eq. (2.31) does not vanish al-
though it can be expressed as a divergence due to the existence of topologically
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non-trivial field configurations of the gauge fields associated with a particular
gauge group SU(N). These field configurations are known as instantons [61].
This section provides a brief explanation of instantons along the lines of refer-
ences [41, 61].

Consider a map of the three-sphere S3 into the simple Lie group SU(N). As
shown in [62], the third homotopy group of SU(N) is π3(SU(N)) = Z and all
such maps are homotopic to a map of S3 into a particular SU(2) subgroup of
SU(N):

f : S3 → SU(2) ⊂ SU(N) , φ = (φ1, φ2, φ3) 7→ f(φ1, φ2, φ3) . (2.49)

If {b1, · · · , bn} is the basis of the fundamental representation of SU(N), this
subgroup is taken to be the one which acts on the subspace spanned by {b1, b2}.
Since f maps into a matrix group, the Maurer-Cartan form is given by f−1df .
The integration of the Maurer-Cartan form gives the functional

ω
[
f
]

=

∫
dφ1 dφ2 dφ3 ε

ijk Tr

(
f−1(φ)

∂f(φ)

∂φi
f−1(φ)

∂f(φ)

∂φj
f−1(φ)

∂f(φ)

∂φk

)
,

(2.50)
which is independent of the parametrization of the manifold S3 and, in particular,
homotopy invariant. Therefore, eq. (2.50) is a function on the homotopy classes [f ]
of maps f : S3 → SU(N), i.e. on π3(SU(N)) = Z. Furthermore, the functional
ω has the following property under the product of homotopy classes induced by
concatenation of homotopies, [f1] ∗ [f2]:

ω
[
[f1] ∗ [f2]

]
= ω

[
[f1]
]

+ ω
[
[f2]
]
→ ω

[
[f ]ν
]

= ν ω
[
[f ]
]
. (2.51)

ν is called the winding number (the Brower degree of the map f). When [g] is
the generator of π3(SU(N)), a straight forward calculation shows:

ω
[
[g]
]

= 24π2, ⇒ ω
[
[g]ν
]

= 24π2ν . (2.52)

The Euclidean space-time can be regarded as bounded by S3 in the limit of
large r =

√
x2

1 + x2
2 + x2

3 + x2
4 → ∞. Consider an SU(3) gauge theory and let

Gk
ij denote the Euclidean field strength tensor with Euclidean gauge fields Aki ,

structure constants fklm and gs = 1:

Gk
ij = ∂iA

k
j − ∂jAki + fklmAliA

m
j . (2.53)

Consider a gauge field which is a pure gauge at large r, i.e. on S3:

tkAki (r̂) ≡ Ãi(r̂)→ −i∂if(r̂)f(r̂)−1 , (2.54)

where tk are the generators the gauge group SU(3) with Tr(titj) = δij/2. The
field strength tensor eq. (2.53) then vanishes on S3 and eq. (2.50) becomes (with
~r = r r̂, r̂ = r̂(φ1, φ2, φ3))

ω[[f ]] = −i lim
r→∞

r3

∫
dφ1dφ2dφ3 ε

ijk ∂r̂a
∂φi

∂r̂b
∂φj

∂r̂c
∂φk

Tr(ÃaÃbÃc) . (2.55)
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The current Kµ (see eq. (2.30)) in Euclidean space-time obeys:

Ki = 2 εijklE Tr

(
Ãj∂kÃl + i

2

3
ÃjÃkÃl

)
, ∂iKi =

1

2
εijklE Ga

ijG
a
kl . (2.56)

In the limit r →∞ where Aki (x) becomes a pure gauge (Ga
ij = 0), the current Ki

is given by

Ki → i
4

3
εijklE Tr(ÃjÃkÃl) . (2.57)

Applying Gauss’s theorem and inserting eq. (2.57), the functional of eq. (2.50)
reads

ω
[
[f ]
]

= −3

4

∫
d4xE ∂iKi = −3

8
εijklE

∫
d4xE G

a
ijG

a
kl = 24π2 ν . (2.58)

Eq. (2.58) demonstrates that εijklE Ga
ijG

a
kl does not vanish if topologically non-

trivial field configurations for Ãi exist. Such field configurations are called in-
stantons. An element h of the homotopy class of the generator of π3(SU(3)) (i.e.
with winding number ν = 1) is given by

h(r̂) =

(
x4 + ixkτ k

r

)
∈ SU(2) ⊂ SU(3) , (2.59)

where τ k are the generators of an SU(2) subgroup of SU(3). A field configuration
with winding number ν = 1 is then given by [61]

iAi(x) =
r2

r2 + Λ2
h−1(r̂)∂ih(r̂) , (2.60)

where Λ ∈ R−{0}. This field configuration is clearly a pure gauge on S3. ν-fold
concantenation of g yields the general instanton solution of winding number ν.

This result confirms that the U(1)A anomaly does in general not vanish al-
though it can be expressed as a divergence. The violation of the U(1)A symmetry
in QCD by the functional measure is therefore an inherent property of QCD. In
order to avoid violating the cluster decomposition theorem [41], the only way of
including the instanton solutions into the generating functional of QCD is by a
factor exp(iθν), which is parameterized by the so called θ-angle. This amounts
to an amendment of the QCD Lagrangian by the term (in Minkowski space)

Lθ = −θ g2
s

64π2
εµνσρGa

µνG
a
ρσ , (2.61)

which breaks parity as well as time-reversal invariance. The fermion measure of
the generating functional of QCD generates terms which only differ by some real
number from eq. (2.61) under UA(1) transformations. The parameter θ instead
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of the functional measure can therefore be regarded to transform non-trivially
under U(1)A transformations (see eq. (2.31), Nf : number of flavors):

θ 7→ θ + 2Nf αA . (2.62)

The full QCD Lagrangian for up and down quarks and gluons is then given
by

LQCD = q̄[i /D − exp(iφ)M]q − 1

4
Ga
µνG

a,µν − θ g2
s

64π2
εµνσρGa

µνG
a
ρσ , (2.63)

where φ is just an arbitrary complex phase of the quark mass matrix. The QCD
θ-term can be removed by a U(1)A transformation with αA = −θ/4 at the price
of modifying the complex phase of the quark-mass matrix [42,63]:

U(1)A : exp(iφ)M 7→ exp(iθ̄)M , (2.64)

where θ̄ = 2φ−θ. Assuming θ̄ � 1, the quark mass term in the QCD Lagrangian
after the U(1)A transformation with αA = θ/4 can be decomposed into [42]

LQCD = −m̄ q̄q + (φ+ 2αA)m̄ iq̄γ5q − εm̄ q̄τ3q + (φ+ 2αA)εm̄iq̄γ5τ3q + · · ·

= −m̄ q̄q +
θ̄

2
m̄ iq̄γ5q − εm̄ q̄τ3q +

θ̄

2
εm̄ iq̄γ5τ3q + · · · , (2.65)

with

m̄ :=
mu +md

2
, ε :=

mu −md

mu +md

. (2.66)

The quark mass matrix of in eq. (2.65) serves as the starting point of the inves-
tigation of the hadronic operators induced by the θ-term in chapter 4.

2.3 Summary

The classical action of QCD is invariant under local SU(2)L×SU(2)R×U(1)V ×
UA(1) transformation. The fermion measure of the generating functional of QCD
which is not invariant under local U(1)A transformations gives rise to an anoma-
lous term consisting of gluon fields. Although this anomalous term can be ex-
pressed as a divergence of another term, it can not be removed by an application
of Gauss’ theorem due to topologically non-trivial solutions for the gluon fields.
These topologically non-trivial gluon field configurations give rise to a P - and T -
violating term in the QCD Lagrangian parametrized by a dimensionless constant
θ, which is referred to as the QCD θ-term. The anomalous term generated by the
fermion measure of the generating functional of QCD under U(1)A transforma-
tions is identical to the QCD θ-term up to a real constant and can be regarded to
define the transformation law of the QCD θ-term under U(1)A transformations.
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The QCD θ-term can be removed from the QCD Lagrangian by an U(1)A
rotation at the price of generating a complex phase of the quark mass matrix.
The QCD θ-term expressed as a complex phase of the quark mass matrix is given
by

LQCD = · · ·+ θ̄

2

(mu +md)

2
iq̄γ5q +

θ̄

2

(mu −md)

2
iq̄γ5τ3q + · · · , (2.67)

where θ̄ = 2φ − θ with a general initial complex phase φ of the quark mass
matrix. The QCD θ-term can be removed completely if one of the quark masses
vanishes: the quark mass matrix is then equivalent to a real matrix by an axial
SU(2)L×SU(2)R rotation as demonstrated in section 4.3 (see eq. (4.148)).



Chapter 3

Sources of P and T violation

Extensions of the SM manifest themselves as effective operators to the energy
scale Λhad ∼ 1 GeV. The aim of this chapter is to present the complete set of
leading non-leptonic P - and T -violating operators at the hadronic energy scale
Λhad. The content of this chapter is a brief summary of the results published in
refs. [35–38], which have been utilized and extended in the recent publications
[39,40]. It is intended to serve as the starting point of our analysis of the EDMs
of light nuclei which are induced by BSM physics.

The SM is an SU(3)C×SU(2)L×U(1)Y (C: color, L: left, Y : weak hypercharge)
gauge theory and its Lagrangian for three generations before the spontaneous
symmetry breakdown SU(2)L×U(1)Y → U(1)em is given by (see e.g. [39, 64]1)

LSM = iq̄αL /Dq
α
L + iūαR /Du

α
R + id̄αR /Dd

α
R + il̄αL /Dl

α
L + iēαR /De

α
R

− l̄αLf eeαRφ− q̄αLfuuαRφ̃− q̄αLfddαRφ+ h.c.

+ (Dµφ)†(Dµφ) + µ2φ†φ− λ

2
(φ†φ)2

− 1

4
Ga
µνG

a,µν − 1

4
W i
µνW

i,µν − 1

4
BµνB

µν

− θ g2
s

64π2
εµνρσGa

µνG
a
ρσ . (3.1)

The quantities qL and lL in eq. (3.1) denote the SU(2)L doublets of left-handed
quarks and leptons for all three generations with implied summation over the
generation index α:

qαL :=

((
u

d

)
L

,

(
c

s

)
L

,

(
t

b

)
L

)
, lαL =

((
νe
e

)
L

,

(
νµ
µ

)
L

,

(
ντ
τ

)
L

)
. (3.2)

The right-handed quark and lepton singlets in eq. (3.1) are also understood to be
vectors in generation space:

uαR = (uR, cR, tR) , dαR = (dR, sR, bR)R , eαR = (eR, µR, τR) . (3.3)

1The notation and conventions of [64] are adopted in this chapter. The brief explanation of
the SM Lagrangian follows [64].
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The complex scalar SU(2)L doublet field φ in eq. (3.1) is defined in polar
coordinates ~α by

φ(x) =

(
φ+

φ0

)
=
U−1(~α)√

2

(
0

v + h(x)

)
, U(~α) = exp

(
i

v
~α(x) · τ

)
. (3.4)

The complex scalar SU(2)L doublet field φ̃ is defined by φ̃ = iτ2φ
∗. The terms

proportional to µ2 and to λ in the third line of eq. (3.1) constitute the potential
of the scalar φ. For µ2 > 0, the scalar SU(2)L doublet develops a vacuum
expectation value (VEV):

〈0|φ|0〉 =
v√
2

(
0

1

)
, 〈0|αi|0〉 = 〈0|h|0〉 = 0 . (3.5)

By the gauge transformation U(~α) as defined in eq. (3.4), the field φ can be re-
expressed (in the unitary gauge) as

φ(x)→ φ′(x) = U(~α(x))φ(x) =
v√
2

(
0

1 + h(x)/v

)
. (3.6)

The Higgs boson field h is an excitation of the ground state. All primes denoting
fields in the unitary gauge are subsequently omitted for convenience.

The covariant derivative of a general matter field ψ with hypercharge Y is
given by:

Dµψ(x) =

(
∂µ −

i

2
gsA

a
µλ

a − i

2
gτiW

i
µ −

i

2
Y g′Bµ

)
ψ(x) , (3.7)

where W i
µ and Bµ are the SU(2)L×U(1)Y gauge bosons, respectively, and Aaµ are

the SU(3)C gauge fields (gluons) with Gell-Mann matrices λa. gs is the SU(3)C
coupling constant and g and g′ are the SU(2)L and U(1)Y coupling constants,
respectively. The term involving gluons is absent from the covariant derivative for
leptonic fields and the scalar doublet field φ. The hypercharges Y of the particles
in eq. (3.1) are given by:

Y (qL) =
1

3
, Y (uR) =

4

3
, Y (dR) = −2

3
, Y (lL) = −1, Y (eR) = −2,

Y (φ) = 1, Y (φ̃) = −1 . (3.8)

The matrices in generation space f e, fu and fd in the second line of eq (3.1) are
the Yukawa couplings between fermions and the scalar doublet field φ.

The SU(2)L and U(1)Y field-strength tensors in eq (3.1) are given by

W i
µν = ∂µW

i
ν − ∂νW i

µ + gεijkW j
µW

k
ν , (3.9)

Bµν = ∂µBν − ∂νBµ . (3.10)
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The physical states of the SUL(2) and UY (1) gauge fields are the W± bosons,

W±
µ =

1√
2

(W 1
µ ∓ iW 2

µ) , (3.11)

the Z boson and the photon field Aµ,

Zµ = cos(θω)W 3
µ − sin(θω)Bµ , (3.12)

Aµ = sin(θω)W 3
µ + cos(θω)Bµ , (3.13)

(3.14)

where θω is the Weinberg-angle. The coupling constants g and g′ obey

g′

g
= tan(θω) . (3.15)

Eigenstates of the fermion mass matrices are in general linear combinations
of gauge eigenstates, which implies the existence of couplings of fermions from
different generations. The quark mass matrix can be diagonalized by a biunitary
transformation. For three generations, the resulting diagonal 3 × 3 matrix has
one overall complex phase. The left-handed SU(2)L quark doublet has therefore
to be redefined by

qαL →
((

u

d′

)
L

,

(
c

s′

)
L

,

(
t

b′

)
L

)
,

d′s′
b′

 = V

ds
b

 , (3.16)

where V is the Cabibbo-Kobayashi-Maskawa (CKM) matrix.

3.1 P and T violation in the Standard Model

There are two different sources of P and T violation within the SM. The CKM
matrix (for three generations) has one P - and T -violating complex phase. As
pointed out in [5], any diagram in the SM inducing a P - and T -violating quark-
photon coupling has to involve four electroweak vertices and is thus at least a two-
loop diagram. Furthermore, the authors of [65] demonstrated that all diagrams
potentially contributing to quark EDMs with two loops vanish and the leading
non-vanishing contributions emerge only at the three loop level [66, 67]. Due to
this significant suppression, the computation of the d-quark EDM, for instance,
yielded a numerical estimate of [5, 66] dd ≈ 10−34 e cm. The only other source of
P and T violation within the SM is the above mentioned QCD θ-term which is
parametrized by the physical parameter θ̄. Depending on the size of θ̄, the θ-term
is capable of inducing significantly larger EDMs than the complex phase of the
CKM matrix. The current bound on the parameter θ̄ is |θ̄| . 10−10 [45, 48, 51],
which has been inferred from the current upper bound on the neutron EDM [14].
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3.2 P and T violation from BSM physics

Extensions of the SM involve heavy particles with masses of the order of the
energy scale ΛBSM > ΛSM∼250 GeV (which is significantly larger than the elec-
troweak symmetry-breaking scale). Since the SM successfully describes physical
phenomena up to the energy scale ΛSM, any BSM theory should obey the fol-
lowing principles [5,35–37]: it must exhibit at least an SU(3)C×SU(2)L×U(1)Y
gauge symmetry, it has to contain the degrees of freedom of the SM (either as
fundamental fields or composite fields) and it has to reduce to the SM at energies
well below ΛSM if no still undiscovered light, weakly coupled fields exist. There-
fore, the SM itself can be regarded as an effective field theory for all possible
extensions of the SM. At the energy scale ΛSM, all heavy degrees of freedom from
extension of the SM have to be systematically integrated out in the generating
functional, which leads to an amendment of the standard SM Lagrangian by an
infinite set of terms. These effective terms are of canonical dimension larger than
four, are not renormalizable and admit an ordering by their dimension:

LBSM
eff = LSM +

1

ΛBSM

L5 +
1

Λ2
BSM

L6 +
1

Λ3
BSM

L7 + · · · . (3.17)

The effective Lagrangian is therefore an expansion in powers of ΛSM/ΛBSM. The
higher the dimension of an effective term, the larger is its suppression by powers
of ΛSM/ΛBSM.

The analysis in the remaining paragraphs of this section focuses on the leading
effective terms of dimension five and six since contributions from higher-order
effective terms to the EDMs of light nuclei can be assumed to be numerically
irrelevant. In this sense, the most general effective Lagrangian accounting for
all possible extensions of the SM is obtained by identifying the complete set of
independent operators of dimension five and six. Only the subset of non-leptonic
P - and T -violating effective operators is of relevance for the investigation of EDMs
of light nuclei. Since the ultimate goal is to compile the list of P - and T -violating
effective operators at the energy scale Λhad ∼ 1 GeV, the derivation proceeds in
two substeps: after identifying the effective operators at the energy scale ΛSM, the
heavy SM degrees of freedom (W±, Z, Higgs and heavy quarks) are systematically
integrated out.

The list of independent dimension five and six operators at ΛSM is presented
in [35–39]. The P - and T -violating operators relevant for our analysis either
involve dual field strength tensors or emerge as complex phases of P - and T -
conserving operators. Since effective leptonic operators yield only irrelevant sub-
leading contributions to the EDMs of light nuclei, only the non-leptonic effec-
tive operators in this list are retained. The leading effective operators then
prove to be of dimension six. With the subscript q denoting a quark field, A
a SU(3)C × SU(2)L × U(1)Y gauge boson field and φ the Higgs field, the list of
independent effective dimension-six operators relevant for EDMs of light nuclei
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reads [37,39]

L(6)
qqAφ = δuG iq̄Lσ

µνλaφ̃uRG
a
µν + δuW iq̄Lσ

µντiφ̃uRW
i
µν + δuB iq̄Lσ

µνφ̃uRBµν + h.c.

+ δdG iq̄Lσ
µνλaφdRG

a
µν + δdW iq̄Lσ

µντiφdRW
i
µν + δdB iq̄Lσ

µνφdRBµν + h.c. ,

(3.18)

L(6)
AAA = βG f

abcεµναβGa
αβG

b
µρG

c,ρ
ν + βW εijkεµναβW i

αβW
j
µρW

k,ρ
ν , (3.19)

L(6)
AAφφ = αG φ

†φεµναβGa
αβG

a
µν + αW φ†φεµναβW i

αβW
i
µν + αB φ

†φεµναβBαβBµν

+αWAφ
†τiφε

µναβW i
αβBµν , (3.20)

L(6)
qqφφφ = γu i(φ†φ)q̄Lφ̃uR + γd i(φ†φ)q̄Lφ̃dR + h.c. , (3.21)

L(6)
qqqq = µ1 iε

ij(q̄iLuR)(q̄jLdR) + µ8 iε
ij(q̄iLλ

auR)(q̄jLλ
adR) , (3.22)

L(6)
qqφφ = ν1 i(φ̃

†iDµφ)ūRγ
µdR + h.c. , (3.23)

where δu,dG,W,B, αG, αW , αB, αWB, βG,W , γu,d, µ1,8 and ν1 are the effective coupling
constants ∼ 1/Λ2

BSM. Below the electroweak symmetry-breaking scale (of the

breakdown SU(2)L × U(1)Y → U(1)em), L(6)
qqAφ in eq. (3.18) becomes

L(6)
qqAφ =

(
iδ̃0
G q̄σ

µνγ5λaq G
a
µν + iδ̃3

G q̄σ
µνγ5λaτ3q G

a
µν

+ iδ̃0
F q̄σ

µνγ5q Fµν + iδ̃3
F q̄σ

µνγ5τ3q Fµν

+ iδ̃0
Z q̄σ

µνγ5q Zµν + iδ̃3
Z q̄σ

µνγ5τ3q Zµν

+ iδ̃0
W q̄iσµνγ5qW

+
µ W

−
ν + iδ̃3

W q̄iσµνγ5τ3qW
+
µ W

−
ν + h.c.

+ iδ̃uW d̄Lσ
µνuRW

−
µν + iδ̃dW ūLσ

µνdRW
+
µν + h.c.

)(
1 + h/v

)
, (3.24)

where q = (u, d) is the (isospin) doublet of up and down quarks. The most impor-

tant operators in L(6)
qqAφ are the quark-chromo electric dipole moment (qCEDM)

and the quark electric dipole moment (qEDM):

qCEDM : iq̄( δ̃0
G 1+ δ̃3

G τ3)σµνγ5λ
aq Ga

µν , (3.25)

qEDM : iq̄( δ̃0
F 1+ δ̃3

F τ3)σµνγ5q Fµν , (3.26)

with δ̃0,3
G,F = v( δuG,F ± δdG,F )/

√
2. These operators count naively as dimension five,

but are in fact dimension-six operators due to the original couplings to the Higgs
field. The qCEDM and qEDM are chirality-changing quark operators as the
quark-Higgs Yukawa couplings in eq. (3.1) and hence as the quark mass terms.
The coupling constants of the remaining dimension-six operators in eq. (3.24),
δ̃0,3
Z,W and δ̃u,dW , are linear combinations of the coupling constants δu,dW,B in eq. (3.18).

The effective operators in the third, fourth and fifth line of eq. (3.24) are referred
to as weak dipole moments, which either contribute to the qEDM and qCEDM
via loop diagrams or give rise to four-quark operators with one derivative of di-
mension seven [39]. This profound suppression renders the weak dipole moments
irrelevant for our analysis.
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The first and the second term in eq. (3.19) are known as the gluon-chromo
electric dipole moment (gCEDM) and the electric dipole moment of the W
boson. The electric dipole moment of the W boson yields interactions of at least
two heavy gauge bosons below the electroweak symmetry-breaking scale and gives
only numerically insignificant contributions to the qEDM and qCEDM [39].

Below the electroweak symmetry breaking scale, eq. (3.20) generates numerous
effective operators involving gauge bosons:

L(6)
AAφφ =

(
αGg

2
sε
µναβGa

αβG
a
µν + αWg

2εµναβW i
αβW

i
µν + αBg

′2εµναβBαβBµν

+αWBgg
′εµναβW 3

µνBαβ

)v2

2
(1 + h/v)2 , (3.27)

The first term on the right-hand side of eq. (3.27) without Higgs fields constitutes
a correction to the QCD θ-term eq. (2.61). The second term on the right-hand
side of eq. (3.27) without Higgs fields is a correction to the SU(2)L θ-term which is
not displayed in eq. (3.1). The SU(2)L θ-term can be derived in the same manner
as the QCD θ-term, but is not discussed in this thesis. It is suppressed since the
weak couplings g is small at low energies in contrast to the strong coupling gs.
The integral over space-time of the third term on the right-hand side of eq. (3.27)
vanishes. The fourth term on the right-hand side of eq. (3.27) without Higgs fields
contributes to the weak dipole moments and the magnetic quadrupole moments
of the W± bosons [39, 68]. By integrating out the Higgs fields from those terms
in eq. (3.27) with a least one Higgs field, suppressed loop contributions to the
qEDM , the qCEDM and the weak dipole moments are obtained [39].

Those terms in eq. (3.21) which do not include any Higgs fields yield minor
corrections to the Yukawa couplings in eq. (3.1). i.e. they constitute a small shift
of the CKM matrix. Those terms with at least one Higgs field give suppressed
loop corrections to the qEDM , qCEDM and gCEDM (see [39]).

The terms in eq. (3.22) are chiral symmetry conserving P - and T -violating
four-quark operators (quark quardrilinears) which are referred to as 4q-operators
below. Eq. (3.22) can be rewritten into:

L(6)
qqqq = iµ1(ūud̄γ5d+ ūγ5ud̄d− d̄γ5uūd− d̄uūγ5d)

+iµ8(ūλaud̄γ5λ
ad+ ūγ5λ

aud̄λad− d̄γ5λ
auūλad− d̄λauūγ5λ

ad) .

(3.28)

Due to the covariant derivative in eq. (3.23), the only terms without Higgs
fields below the electroweak symmetry-breaking scale are flavor-changing cou-
plings to W± bosons [38,39]:

L(6)
φφqq = iν1(φ̃†iDµφ) ūRγ

µdR + iν1(φ̃†iDµφ) d̄Rγ
µuR

= iν1
gv2

2
√

2
(ūRγ

µdRW
+
µ + d̄Rγ

µuRW
−
µ ) + · · · . (3.29)
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In order to obtain the effective operators at the energy scale Λhad, the W± bosons
have to be integrated out. These P - and T -violating vertices combine with
their P - and T -conserving counterparts to P - and T -violating effective four-quark
terms at the energy scale Λhad [38, 39],

iν1
g2v2Vud
M2

W

(ūRγµdRd̄Lγ
µuL − d̄RγµuRūLγµdL)

= iν1Vud(ūRγµdRd̄Lγ
µuL − d̄RγµuRūLγµdL) , (3.30)

where MW = gv has been used and Vud is an element of the CKM-matrix. Al-
though it breaks chiral symmetry, this four-quark term does not exhibit an explicit
dependence on quark masses and is therefore unsuppressed. This operator will
be referred to as the 4qLR-operator below.

The evolution of operators from the energy scale ΛSM to Λhad is in gen-
eral accompanied by a mixing of different effective operators, since the effective
dimension-six sources are composite operators whose renormalization can require
counter terms which are proportional to other composite operators. The recent
publication [40] is dedicated to this issue. In particular, the evolution of operators
gives rise to another 4qLR-op operator with a more complicated color structure
and a coupling constant ν8 which is not independent from ν1:

iν8Vud(ūRγµλ
adRd̄Lγ

µλauL − d̄RγµλauRūLγµλadL) . (3.31)

.

3.3 Summary

Extensions of the SM manifest themselves as non-renormalizable effective oper-
ators of canonical dimension larger than five at the energy scale Λhad & 1 GeV.
The effective P - and T -violating operators which are relevant for our analysis of
EDMs of light nuclei are the dimension-six operators

qEDM : iq̄ ( δ̃1
F1+ δ̃3

F τ3)σµνγ5q Fµν , (3.32)

qCEDM : iq̄ ( δ̃1
G1+ δ̃3

Gτ3)σµνγ5λaq G
a
µν , (3.33)

4qLR-op : iν1Vud (ūRγµdRd̄Lγ
µuL − d̄RγµuRūLγµdL) , (3.34)

iν8Vud (ūRγµλ
adRd̄Lγ

µλauL − d̄RγµλauRūLγµλadL) , (3.35)

4q-op : iµ1 (ūud̄γ5d+ ūγ5ud̄d− d̄γ5uūd− d̄uūγ5d) , (3.36)

iµ8 (ūλaud̄γ5λ
ad+ ūγ5λ

aud̄λad− d̄γ5λ
auūλad− d̄λauūγ5λ

ad) ,
(3.37)

gCEDM : βG f
abcεµναβ Ga

αβG
b
µρG

c,ρ
ν , (3.38)

which are graphically depicted in fig. 1.1. This set of leading P - and T -violating
dimension-six operators together with the QCD θ-term serve as the starting point
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of our analysis in this thesis. The effective dimension-six sources constitute an
amendment of the standard QCD Lagrangian. The QCD Lagrangian amended
by these dimension-six sources will be referred to as amended QCD Lagrangian
below.

The 4qLR operators eq. (3.34) and eq. (3.35) transform identically under chi-
ral SU(2)L×SU(2)R rotations and it is impossible to disentangle them within
the framework of ChPT. Instead of repeating the same analysis for the opera-
tor eq. (3.35), only the operator eq. (3.34) is considered below. The 4q operators
eq. (3.36) and eq. (3.37) also exhibit the same transformation properties under
chiral transformations and are treated in the same manner, i.e. only the op-
erator in eq. (3.36) is discussed below. Finally, it is impossible to separate the
gCEDM from the 4q-op by chiral symmetry considerations, which leaves us with
six independent BSM classes of P - and T -violating operators.



Chapter 4

P and T violation in ChPT

4.1 Chiral perturbation theory

The spectrum of strongly interacting particles at low energies exhibits a significant
mass gap. The masses of the mesons of the pseudoscalar octet are much lighter
than all other hadrons. This is particularly true for the triplet of pions (with
masses Mπ± = 138.57 MeV, Mπ0 = 134.98 MeV [34]), whose masses are well below
the masses of the vector-meson resonances and also well below the masses of the
lightest mesons with strangeness content, i.e. the Kaons (MK0 = 497.61 MeV
[34]) and the η (Mη = 547.83 MeV [34]). If the SU(2)L×SU(2)R symmetry
of massless QCD translated into a symmetry of the ground state or the particle
spectrum, parity doubling would be observable and another triplet of bosons with
even parity would exist, since axial rotations couple odd and even parity states.
The absence of such degeneracy implies that the ground state is not invariant
under axial rotations and Qk

A|0〉 6= 0, where Qk
A is the charge associated with

an axial SU(2)L×SU(2)R transformation. The SU(2)L×SU(2)R symmetry is
spontaneously broken down to an SU(2)V symmetry. According to Goldstone’s
theorem [69,70], each broken charge Qk

A implies the existence of a massless state
with zero spin known as Goldstone boson. In our case, the three Goldstone
bosons are identified with the triplet of states with the lowest masses, the pions
πi. The Goldstone bosons possess the same transformation properties as the
broken charges Qk

A, i.e. they are parity odd (pseudoscalars) and transform under
SU(2)V rotations as a triplet:

[Qk
V , π

l(x)] = iεklmπm . (4.1)

In particular, the Goldstone bosons couple to the vacuum through the Noether
currents J i,µA = q̄γµγ5τ

iq/2,

〈0|Jk,µA (0)|πl(p)〉 = iδklpµF , (4.2)

where F 6= 0 is the pion decay constant in the chiral limit. The current phys-
ical value Fπ = F (1 + O(mu + md)) is 92.2 MeV [34]. Eq. (4.2) proves to be

30
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a sufficient and necessary condition for the spontaneous symmetry breakdown
SU(2)L×SU(2)R→SU(2)V .

An effective field theory with the lightest mesons as dynamical degrees of
freedom is only defined for momenta below a certain scale, which is naturally
defined by the lowest masses of the resonances outside the meson octet. The
chiral symmetry breaking scale Λχ can also be identified as the one-loop scale

Λχ ≈ 4πFπ ≈ 1.2 GeV . (4.3)

4.1.1 The effective Lagrangian in the pion sector

The transformation properties of the Goldstone bosons are completely determined
by the geometry of the groups SU(2)L×SU(2)R and SU(2)V [60,71]: let G be a
simple Lie group, H ⊂ G a subgroup and F : G × B → B be the action of the
group G on the space of Goldstone boson fields B which obeys

Fg2(Fg1(π)) = Fg2·g1(π) . (4.4)

Let the ground state v0 ∈ B be invariant under the subgroup H:

F : H ⊂ G× B → B, Fh(v0) = v0 ∀h ∈ H . (4.5)

Every pion field π can be obtained by a suitable g ∈ G such that Fg(v0) = π,
which implies g ∈ G−H. Furthermore, Fg1(v0) = Fg2(v0) if and only if g1 = g2 ·h
for all g1, g2 ∈ G and suitable h ∈ H. This demonstrates that F factors through
the left cosets G/H:

F : G× B → G/H × B → B , (4.6)

and there is a one-to-one correspondence between Goldstone boson fields π and
the left cosets G/H. The most convenient parametrization of the left costs G/H=
SU(2)L×SU(2)R/SU(2)V is by normal coordinates:

B → G/H, πi(x) 7→ U(x) := exp

(
i

Fπ

∑
i

τiπi(x)

)
. (4.7)

SU(2)V is the diagonal subgroup of SU(2)L×SU(2)R:

SU(2)V = {(g1, g2) ∈ SU(2)L×SU(2)R| g1 = g2} . (4.8)

A general element of G/H is then given by

(g1, g2) ·H = (g1 ·g−1
2 ·g2, g2) ·H = (g1 ·g−1

2 , e) ·(g2, g2) ·H = (g1 ·g−1
2 , e) ·H , (4.9)

and is transformed under G by

(g1, g2) ·H 7→ (R · g1, L · g2) ·H = (R · g1 · g−1
2 · L†, e) ·H , (4.10)



32 CHAPTER 4. P AND T VIOLATION IN CHPT

i.e.
U(x)→ R(x)U(x)L†(x) . (4.11)

Note that although the matrix U(x) transforms linearly, the pion fields πi(x) do
not transform linearly.

A major accomplishment at the early stages of chiral perturbation theory
was the proof that an effective field theory whose Lagrangian exhibits the same
symmetries as the Lagrangian of the underlying theory yields transition ampli-
tudes and low-energy theorems which are identical to the ones derived by current
algebra and PCAC (see e.g. [72–75]). Therefore, the low-energy effective La-
grangian can be constructed by writing down all hermitian, Lorentz invariant
and SU(2)L×SU(2)R invariant terms composed of the matrix U . As shown by
Gasser and Leutwyler [43, 60], the effective field theory is not sufficiently deter-
mined by a Lagrangian which exhibits the same global symmetries as the one of
the underlying theory. The low-energy analysis should rather be based on the
Green functions of the underlying theory and the Ward identities they obey.

Ward identities are a consequence of the invariance of the generating func-
tional under particular local transformations. The effective Lagrangian has to be
constructed to yield exactly the same Ward identities as the underlying theory
when inserted into the effective generating functional:

WQCD[s, p, aµ, vµ] = Weff [s, p, aµ, vµ] . (4.12)

The effective Lagrangian is then to be invariant under local SU(2)L×SU(2)R
transformations and a hermitian Lorentz scalar [43, 44],

Leff = Leff(U,DµU,D
2U, · · · , s, p, aµ, vµ, · · · ) , (4.13)

where Dµ is the covariant derivative

DµU(x) = ∂µU − irµ(x)U(x) + iU(x)lµ(x) , (4.14)

and the dots denote higher order derivative terms of U and potentially further
source fields. The covariant derivative generates the right- and left-handed field
strength tensors

Rµν := ∂µrν − ∂νrµ − i[rµ, rν ] , Lµν := ∂µlν − ∂νlµ − i[lµ, lν ] , (4.15)

which transform under SU(2)L×SU(2)R by

Rµν 7→ R(x)Rµν R
†(x) , Lµν 7→ L(x)LµνL

†(x) . (4.16)

The source fields of the scalar and pseudo-scalar currents in eq. (2.37) can be
combined into one object χ = 2B(s+ip) which transforms under SU(2)L×SU(2)R
by

χ = 2B(s+ ip) 7→ R(x)2B(s+ ip)L†(x) , (4.17)
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where B is a constant to be determined later. The generating functional of
the low-energy effective field theory of QCD, called Chiral Perturbation Theory
(ChPT), is then defined by [43]

Weff [s, p, vµ, aµ] =

∫
DU(x) exp

(
i

∫
d4xLeff [U, s, p, vµ, aµ]

)
. (4.18)

The low-energy effective Lagrangian is a sum of an infinite number of terms
which admit an ordering by the number of covariant derivatives and pion masses
each term contains:

Leff = L(2)
π + L(4)

π + L(6)
π + · · · , L(2)

π = O(p2), L(4)
π = O(p4) , · · · . (4.19)

The leading order Lagrangian is given by [43] (with 〈· · · 〉 denoting the trace):

L(2)
π =

F 2
π

4
〈DµU(DµU)†〉+

F 2
π

4
〈χU † + Uχ†〉 . (4.20)

The building block χ is considered to be O(p2), which can be inferred from
the following observation: Green functions of QCD correspond to perturbative
expansions in derivatives of pion fields. The scalar quark condensates are obtained
from functional derivatives of the effective generating functional eq. (4.18) (note
that s0 is a matrix here):

〈0|ūu|0〉= 1

Weff [0, · · · , 0]
i

δ

δ(s0)11(x)
Weff [s0, 0, · · · , 0]

∣∣∣∣
s0=0

=− 1

Weff [0, · · · , 0]

F 2
πB

2

∫
DU(x) (U †(x)+U(x))11 exp

(
i

∫
d4xL(2)

π

)
=− F 2

πB

Weff [0, · · · , 0]

∫
DU(x)

(
1− π(x)2

2F 2
π

+ · · ·
)

exp

(
i

∫
d4xL(2)

π

)
=−F 2

πB + · · · . (4.21)

The result demonstrates that the constant B is proportional to the scalar quark
condensate and (by setting s0 =M) that the squared pion mass is proportional
to the sum of quark masses at leading order:

M2
π = B(mu +md) + · · · . (4.22)

This relation was already known before the advent of ChPT and is known as the
Gell-Mann-Oakes-Renner relation [76]. The quark mass matrix M is therefore
considered to be O(p2). The vector and axial-vector source fields vµ and aµ are
regarded as O(p) since they are contained in the covariant derivative Dµ.

The power counting scheme for diagrams devised by Weinberg [77] is based on
a linear rescaling of the external momenta pi → tpi and a simultaneous quadratic
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rescaling of the Goldstone boson masses M2
π → t2M2

π . When L denotes the
number of loops and Nk the number of vertices of O(pk) in a particular diagram
in the pion sector, the chiral dimension D of the diagram is given by [41,77]

D = 2 + 2L+
∑
k

(k − 2)Nk , (4.23)

The chiral dimension increases with the number of loops and insertions of higher
order vertices, which demonstrates that the chiral expansion is also an expansion
in the number of loops.

By utilizing the equations of motions of L(2)
π , the set of independent terms of

O(p4) can be obtained. The O(p4) pion sector ChPT Lagrangian contains seven
independent chiral structures with low-energy constants (LECs) and a number
of chiral-singlet terms with so called high-energy constants. The next-to leading
order effective Lagrangian in the pion sector can be cast in the form [43,78]

L(4)
π =

l1
4
〈DµU(DµU)†〉2 +

l2
4
〈DµU(DνU)†〉〈DµU(DνU)†〉

+
l3
16
〈χU † + Uχ†〉2 +

l4
4
〈DµU(Dµχ)† +Dµχ(DµU)†〉

+ l5

[
〈RµνUL

µνU †〉 − 1

2
〈LµνLµν +RµνR

µν〉
]

+ i
l6
2
〈RµνD

µU(DνU)† + Lµν(D
µU)†DνU〉

− l7
16
〈χU † − Uχ†〉2

+
h1 + h3

4
〈χχ†〉+

h1 − h3

16

[
〈χU † + Uχ†〉2

+ 〈χU † − Uχ†〉2 − 2〈χU †χU † + Uχ†Uχ†〉
]

− 2h2〈LµνLµν +RµνR
µν〉 .

(4.24)

The LECs li are not constrained by any symmetry considerations and encode
also physics of resonances which are not degrees of freedom of the effective field
theory [79]. The LECs have to be determined from experimental data by relating
them to measurable quantities or from Lattice QCD. The LEC l7, for instance,
is related to the square of the strong mass difference of charged and uncharged
pions [43,44],

(δM2
π)str = (M2

π+ −M2
π0)str = (mu −md)

2 2B2

F 2
π

l7(1 +O(M)) , (4.25)

which is driven by the η-meson due to η−π-mixing [44]. In SU(3) ChPT the
effective mass term contains a term ∝ ηπ0 [44] and the strong pion mass difference
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equals [43, 44] (Dashens theorem)

(δM2
π)str =

((M2
K+ −M2

K0)str)2

3(M2
η −M2

π)
+ · · · . (4.26)

The so called high-energy constants hi in eq. (4.24) do not appear in physical
low-energy processes.

4.1.2 The Wess-Zumino-Witten action

The effective Lagrangian in the above presented form does not yet exhibit the
full range of symmetry properties of the QCD Lagrangian. Whereas the patterns
of spontaneous and explicit symmetry breaking are accounted for, any notion of
anomalies is still absent from the effective generating functional Weff . In order
to incorporate the anomaly structure of QCD into the effective field theory, the
effective Lagrangian has to be extended by a non-invariant term which generates
the anomalous terms upon the corresponding transformations. Wess and Zumino
explicitly constructed generating functionals that reproduce the anomalous Ward
identities of QCD [80].

By exploiting a purely geometrical argument, Witten [81] provided an ele-
gant derivation of this extension in SU(3)L×SU(3)R ChPT: the Euler-Lagrange
equations of the leading order effective Lagrangian can be amended by a P - and
T -violating term,

∂µ

(
F 2
π

2
U∂µU †

)
+ λεµνρσU †(∂µU)U †(∂νU)U †(∂ρU)U †(∂σU) = 0 , (4.27)

where λ is a constant and the matrix U is – for now – the SU(3) counter part
of U in eq. (4.7). The procedure to construct the corresponding extension of
the effective action is the following: let space-time be regarded as a large four-
dimensional sphere S4. The matrix U constitutes a map from S

4 into the SU(3)
manifold. Since the fourth homotopy group of SU(3) is trivial, π4(SU(3)) = 0,
the image S4 can be considered the boundary of a five-dimensional disk D5. This
disk is not uniquely determined and S4 can also be regarded as the boundary
of another disk (D5)′, such that both disks combined are homeomorphic to the
five-dimensional sphere S5. There is a unique antisymmetric rank-five tensor
ωijklm which is invariant under SU(3)R×SU(3)L transformations. This tensor is
stationary at the point U = 1 under SU(3)V transformations and is given by

ω12345 =
∑
σ

sgn(σ)Tr[tσ(1)tσ(2)tσ(3)tσ(4)tσ(5)] , (4.28)

where the sum is over all permutations of indices σ and ti are five basis elements
of the Lie algebra of SU(3). The tensor at other points of the SU(3) manifold
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is obtained by SU(3)L×SU(3)R transformations. The corresponding five form
is closed and the integral of this five form is homotopy invariant. The extension
of the action, S0

WZW , which is called the Wess-Zumino-Witten action, may be
expressed in different ways,

S0
WZW =

∫
D5

dΣijklm ωijklm , S0′

WZW = −
∫

(D5)′
dΣijklm ωijklm , (4.29)

which leads to the requirement exp(iS0
WZW ) = exp(iS0′

WZW ), or equivalently∫
S5

dΣijklm ωijklm = 2πN , N ∈ N . (4.30)

Let π5(SU(3)) = Z be generated by the map S5→S5
0⊂ SU(3) and ω be normal-

ized to ∫
S5
0

dΣijklm ωijklm = 2π . (4.31)

For local coordinates {yi} of D5, Witten arrived after identifying S5
0 and normal-

izing ω at (see [78,81])

S0
WZW = −n i

240π2

∫
D5

dΣijklm Tr
[
ÛL,iÛL,jÛL,kÛL,lÛL,m

]
, n ∈ N (4.32)

where

ÛR,i := Û †
∂Û

∂yi
, ÛL,i :=

∂Û †

∂yi
Û , (4.33)

and Û is the generalization of the standard map U to five dimensions which
can be defined by Û = U(y1, y2, y3, y4)y5 with y5 ∈ [0, 1]. Expanding the matrix
Û = exp(iy5φ(y1, y2, y3, y4)/Fπ) and utilizing Stokes’ theorem, eq. (4.32) becomes
at leading order in powers of Goldstone boson fields [78,81]

S0
WZW =

n

240π2F 5
π

∫
d4x εµνρσ Tr[φ ∂µφ ∂νφ ∂ρφ ∂σφ+ · · · ] , (4.34)

for φ = λ1φ1 + λ2φ2 + · · · with the Gell-Mann matrices λi.
The Wess-Zumino-Witten action S0

WZW has also to be extended if a particu-
lar subgroup of SU(3)L×SU(3)R is to be gauged. Let taL,R denote the generators
of that particular subgroup. A gauge invariant additional extension can be con-
structed if these generators obey Tr[taL]3 = Tr[taR]3 [81] for all a in accordance
with the usual cancellation condition for anomalies in QCD. The Wess-Zumino-
Witten action in the presence of the external fields rµ and lµ (lµ, rµ: source fields
of eqs. (2.38), (2.39)-(2.41) generalized to SU(3)) is given by [78,82–85]

SWZW [U, lµ, rµ] = S0
WZW [U ]− n

96π2

∫
d4xεµνρσTr[Zµνρσ(U, lµ, rµ)] , (4.35)
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where Zµνρσ is defined by (with derivatives acting only on the next object on the
right-hand side)

Zµνρσ = UlµU
†rνUlρU

†rσ + 2UlµlνlρU
†rσ − 2U †rµrνrρUlσ + 2iU∂µlνlρU

†rσ

−2iU †∂µrνrρUlσ + 2i∂µrνUlρU
†rσ − 2i∂µlνU

†rρUlσ

−2iU †∂µUlνU
†rρUlσ + 2iU∂µU

†rνUlρU
†rσ − 2iU †∂µUlνlρlσ

+2iU∂µU
†rνrρrσ + U †∂µUU

†∂νrρUlσ − U∂µU †U∂νlρU †rσ
+U †∂µUU

†rνU∂ρlσ − U∂µU †UlνU †∂ρrσ − 2U †∂µUU
†∂νUU

†rρUlσ

+2U∂µU
†U∂νU

†UlρU
†rσ + 2U †∂µUlν∂ρlσ − 2U∂µU

†rν∂ρrσ

+2U †∂µU∂νlρlσ − 2U∂µU
†∂νrρrσ + U †∂µUlνU

†∂νUlσ

−U∂µU †rνU∂ρU †rσ − 2iU †∂µUU
†∂νUU

†∂ρUlσ

+2iU∂µU
†U∂νU

†U∂ρU
†rσ . (4.36)

By considering the coupling to electromagnetism, the integer n in eq. (4.32) and
eq. (4.35) was identified as the number of colors, NC [81].

4.1.3 The effective Lagrangian in the pion-nucleon sector

A detailed study of the effective Lagrangian in the pion-nucleon sector is contained
in [86, 87]. This section provides a brief summary of the main aspects which are
of relevance for this thesis. In order to include pion-nucleon interactions into
the effective field theory, an appropriate transformation law for the fermion fields
of the proton and neutron has to be established [88–90]. The discussion below
follows the lines of [86,90,91]. Let

N(x) :=

(
p(x)

n(x)

)
(4.37)

denote the isospin doublet of the proton and neutron fields. Consider the com-
position of two elements of SU(2)L×SU(2)R, an axial and an arbitrary transfor-
mation:

(L,R) · (u†, u) = (Lu†, Ru) = (Lu†K†, RuK†) · (K,K) , (4.38)

Eq. (4.38) implies that the matrix u is transformed under SU(2)L×SU(2)R by

u 7→ RuK† = KuL† , u2 7→ RuK†KuL† = RUL† . (4.39)

The square of the matrix u transforms identically to the U matrix, which allows
for the identification u2 = U . K ∈ SU(2) is in general a function of U , R and
L and is called the compensator field. Eq. (4.39) defines a linear operation of
SU(2)L×SU(2)R on the pair (U,N) by

(U,N) 7→ (RUL†, K(R,L, U)N) , (4.40)
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since K(e, e, U) = 1 and

(U,N) 7→ (R1UL
†
1, K(R1, L1, U)N)

7→ (R2R1UL
†
1L
†
2, K(R2, L2, R1UL

†
1)K(R1, L1, U)N)

= ((R2R1)U(L2L1)†, K(R2R1, L2L1, U)N) . (4.41)

In analogy to the construction procedure of the effective Lagrangian in the
pion sector, the effective pion-nucleon sector Lagrangian consists of all hermi-
tian terms which are invariant under local SU(2)L×SU(2)R transformations and
Lorentz scalars. The covariant derivative for the pion-nucleon sector is defined
by

DµN := (∂µ + Γµ − iv(s)
µ )N , DµKN = KDµN , (4.42)

where the connection Γµ is given by

Γµ =
1

2
[u†(∂µ − irµ)u+ u(∂µ − ilµ)u†] . (4.43)

Furthermore, the following fundamental building blocks are defined:

uµ = i[u†(∂µ − irµ)u− u(∂µ − ilµ)u†] , (4.44)

χ± = u†χu† ± uχ†u , (4.45)

fµν± = uRµνu† ± u†Lµνu . (4.46)

The chiral dimension of a digram in the one-nucleon sector can be obtained
analogously to eq. (4.23) and is given by [79]:

D = 2L+ 1 +
∑
k

Nππ
k (k − 2) +

∑
k′

NπN
k′ (k′ − 1) , (4.47)

where L denotes the number of loops, Nππ
k the number of pion vertices of order

k and NπN
k′ the number of pion-nucleon vertices of order k′ in the considered

diagram.
The so called heavy-baryon chiral perturbation theory provides a consistent

framework in the extreme non-relativistic limit by integrating out the light com-
ponents of the nucleon fields in the generating functional of ChPT [92, 93]. The
four-momentum of a nucleon in a nucleus pµ can be decomposed into the on-shell
component described by the four-velocity vµ with v2 = 1 and a small off-shell
momentum kµ (mN : nucleon mass):

pµ = mNv
µ + kµ . (4.48)

The nucleon field N can be split into a heavy component H and a light component
h by employing the velocity projection operator Pv := (1+ /v)/2 [93]:

N(x) = e−imNvµx
µ

(H(x) + h(x)) , /vH = H , /vh = −h . (4.49)
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Any product of Dirac matrices can be expressed as a combination of the velocity
vµ and the Pauli-Lubanski spin operator Sµ = iγ5σµνvν/2, which equal in the
nucleon rest-frame v = (1, 0, 0, 0) and S = (0, ~σ)/2. After integrating out the
heavy component h in the generating functional as done in [93], the pion-nucleon
Lagrangian as a series in powers of 1/mN and derivatives of H is obtained. The
leading order and next-to leading order Lagrangians in the pion-nucleon sector
are given by [87,93]1

L(1)
πN = H† (iv · D + gAS · u)H , (4.50)

L(2)
πN =

1

2mN

H†
(
(v · D)2 −D2 − igA{S · D, v · u}

)
+H†

(
c1〈χ+〉 −

c2

2
〈(v · u)2〉+

c3

2
〈u · u〉+

c4

2
[Sµ, Sν ][uµ, uν ]

+c5χ̂+ − i
c6

4mN

[Sµ, Sν ]f+
µν − i

c7

4mN

[Sµ, Sν ]〈f+
µν〉
)
H , (4.51)

where the hat denotes the traceless component of a general chiral structure A
(e.g. χ±),

Â := A− 1

2
〈A〉 , (4.52)

and the quantities ci are LECs. gA is related to the pion-nucleon coupling constant
gπNN ≈ mNgA/Fπ at leading order. The LEC c5 in eq. (4.51), for instance,
is related to the quark mass induced contribution to the neutron-proton mass
difference:

δM str
np := (mn −mp)

str = 4B0(mu −md) c5 . (4.53)

The strong neutron-proton mass splitting is δmstr
np = (2.6 ± 0.5) MeV [94]2 by

current estimates. The LEC c1 can be related to the πN -sigma term. Reference
[95] provides a compilation of various extractions of c1 [91, 96–98] and gives a
value of

c1 = (−1.0± 0.3) GeV−1 . (4.54)

1The hats over the LECs in the heavy baryon ChPT Lagrangians of [87] are omitted through-
out this thesis.

2The error of δmstr
np in this reference is understated. The uncertainty has to be increased to

at least 0.85 MeV to ensure consistence of δmstr
np with the prediction in [43].
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4.2 The P - and T -violating effective Lagrangian

This section is concerned with the P - and T -violating terms in the chiral effec-
tive field theory Lagrangian which are induced by the QCD θ-term eq. (2.61) (its
expression in terms of a complex phase of the quark mass matrix is contained in
eq. (2.65)) and the effective dimension-six sources eqs. (3.32) - (3.38). The tran-
sition from (amended) QCD to (amended) ChPT involves the introduction of
source fields. Those transformation properties under chiral SU(2)L×SU(2)R
rotations are assigned to each source field which render the combination of a par-
ticular source field and the associated quark term invariant. This implies that an
investigation of the SU(2)L×SU(2)R transformation properties of quark terms
is required to establish the connection between the levels of QCD and ChPT.
A P - and T -violating quark term induces in general an infinite set of P - and
T -violating terms of different orders in the (amended) ChPT Lagrangian. This
ordering of terms in the (amended) ChPT Lagrangian can be different for each
source of P and T violation. The aim of the remaining sections of this chapter is
to identify the hierarchies of coupling constants of the leading P - and T -violating
vertices for each considered source of P and T violation.

4.2.1 Chiral transformation properties of quark bilinears
and quark quadrilinears

As demonstrated in appendix B, quark multilinears transform as states of repre-
sentations of O(4) and can be decomposed into quark multilinears which trans-
form as basis states of irreducible representation of O(4). According to ap-
pendix B, an irreducible O(4) representation can be labelled by a pair of half-
integers or integers (j1, j2) with j1 + j2 ∈ N. For each case of j1 = j2 = j,
there are two different irreducible O(4) representations which are labelled by the
superscript ±: (j, j)±. The list of quark bilinears (two-quark terms) and the
irreducible representations of O(4) to which they belong is given by

dim = 1 (0, 0)+ : q̄γµq , (4.55)

dim = 1 (0, 0)− : iq̄γµγ5q , (4.56)

dim = 4 (1/2, 1/2)+ : (iq̄γ5τiq, q̄q), (iq̄σ
µνγ5τiq, q̄σ

µνq) , (4.57)

dim = 4 (1/2, 1/2)− : (q̄τiq, iq̄γ5q), (q̄σ
µντiq, iq̄σ

µνγ5q) , (4.58)

dim = 6 (1, 0)⊕ (0, 1) : (q̄γµτiq, q̄γ
µγ5τiq) . (4.59)

The Dirac vectors and tensors in this list are understood to combine with other
fields to form Lorentz invariant objects.

Quark quadrilinears (four-quark terms) transform as states of symmetric ten-
sor products of the irreducible representations of O(4) in eqs. (4.55)-(4.59). An
arbitrary quark quadrilinear decomposes in general into a sum of quark quadrilin-
ears which transform as basis states of specific irreducible representations of O(4).
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For the details of the connection between quark quadrilinears and the represen-
tation theory of O(4) the reader is again referred to appendix B. The complete
list of Lorentz invariant quark quadrilinears which transform as basis states of
one particular irreducible representation of O(4) is derived in appendix B (see
eq. (B.92)-(B.98)) and is given by

(0, 0)− 1 /P -state : q̄γµτkqq̄γ
µγ5τkq , (4.60)

(1, 1)+ 3 /P /T -states : εkij q̄γµτiqq̄γ
µγ5τjq , (4.61)

(2, 0)⊕ (0, 2) 5 /P -states : (δikδjl+δjkδil−2δijδkl)q̄γµτiqq̄γ
µγ5τjq , (4.62)

(0, 0)− 1 /P /T -state : q̄qq̄iγ5q − q̄τkqq̄iγ5τkq , (4.63)

(1, 1)+ 3 /P /T -states : q̄qq̄iγ5τiq ± q̄τiqq̄iγ5q , (4.64)

(1, 1)− 6 /P /T -states : q̄τiqq̄iγ5τjq ± q̄τjqq̄iγ5τiq i 6= j , (4.65)

q̄τi′qq̄iγ5τi′q + q̄qq̄iγ5q . (4.66)

The first column contains the (j1, j2) labels of the irreducible representation of
O(4) of dimensions (2j1 + 1)(2j2 + 1). The second column shows the number of
P -violating (and T -violating) quark quadrilinears in a particular irreducible rep-
resentation which are listed in the third column. Summation over equal indices is
implied except for the index i′ in eq. (4.66). Note that the two different relative
signs in eq. (4.64) (and also in eq. (4.65)) define two different sets of tensors which
both transform as the same basis states of the (1, 1)+ (or the (1, 1)−) represen-
tation (as demonstrated in appendix B). This list of quark quadrilinears reveals
Fierz identities between two quark quadrilinears: in order for a Fierz identity
between two quark bilinears or two quark quadrilinears to exist, they have to
transform as the same basis state of the same irreducible representation as iden-
tical tensors. This is the case for the quark quadrilinears in eq. (4.61) and the
quark quadrilinears in eq. (4.64) with relative minus signs.

Other Lorentz invariant quark quadrilinears can emerge when external fields
such as the photon field are taken into consideration. Since the photon field, for
instance, has to be integrated out to obtain tree-level nuclear operators without
photons later on, such quark quadrilinears are suppressed and are disregarded in
this thesis.

Only the following two of the eight quark quadrilinears in eqs. (4.60)-(4.66)
are of relevance for our analysis: the 4q-op eq. (3.36) can be re-expressed in terms
of quark flavor doublets by

i(ūud̄γ5d+ ūγ5ud̄d− d̄uūγ5d− d̄γ5uūd)

= i(q̄γ5qq̄q − q̄γ5τ3qq̄τ3q − q̄γ5τ2qq̄τ2q − q̄γ5τ1qq̄τ1q)/2 , (4.67)

which demonstrates that it transforms as a basis state of the (0, 0)− representation
of O(4). The 4qLR-op eq. (3.34) can equally be rewritten in terms of quark flavor
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doublets by

iūRγµdRd̄Lγ
µuL − id̄RγµuRūLγµdL

= −ε3ij q̄RγµτiqRq̄LγµτjqL/2
= ε3ij q̄γµτiqq̄γµγ5τjq/4 , (4.68)

and thus exhibits the transformation properties of a basis state of the (1, 1)+ rep-
resentation of O(4). Although the above list contains further P - and T -violating
quark quadrilinears, eq. (4.67) and eq. (4.68) are the only unsuppressed ones as
established in chapter 3. The other quark quadrilinears can be neglected until a
BSM mechanism can be identified which renders an additional quark quadrilinear
unsuppressed.

4.2.2 Source fields and P - and T -violating terms in chiral
effective Lagrangian

It has been explained in section 4.1.1 that the connection between standard QCD
and ChPT is drawn by the introduction of source fields for each quark term
in the standard QCD Lagrangian. We extend this method to QCD when it
is amended by effective dimension-six terms, which requires the introduction of
further source fields. In order to ensure that the effective field theory obeys
the same chiral Ward identities as the underlying theory, the source fields are
assigned transformation properties under local SU(2)L×SU(2)R transformations
and the group Z2 of parity transformations which render the Lagrangian of the
underlying theory – QCD or amended QCD – locally invariant. The effective
Lagrangian is then obtained by compiling for each source of P and T violation
the set of all possible combinations of these source fields with the fundamental
building blocks of standard ChPT. The source fields for each source of P and T
violation are defined and the resulting terms in the (amended) ChPT Lagrangian
are subsequently discussed in this section.

θ-term

The θ-term eq. (2.61) is rotated into a complex phase of the quark mass matrix by
an axial UA(1) transformation via the anomaly. The resulting P - and T -violating
quark bilinears are given by eq. (2.65),

iq̄γ5q and iq̄τ3γ5q , (4.69)

which transform as basis states of the (1/2, 1/2)− and (1/2, 1/2)+ irreducible rep-
resentations of O(4) according to eq. (4.58) and eq. (4.57), respectively. They are
thus connected by SU(2)L×SU(2)R transformations either to the isospin-violating
component of the quark mass matrix or to the isospin-conserving component of
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the quark mass matrix. This implies that their corresponding source fields are
given by the well-known χ source fields p01 and p3τ3 of standard ChPT. Their
assigned transformation properties under local SU(2)L×SU(2)R transformations
are identical to their global transformation properties and naturally reflect those
of the corresponding quark bilinears, i.e. the source fields transform as the same
basis states of the same irreducible representations [43]:

(1/2, 1/2)− : (s1τ1, s2τ2, s3τ3, ip0) , (4.70)

(1/2, 1/2)+ : (ip1τ1, ip2τ2, ip3τ3, s0) . (4.71)

Therefore, the θ-term induced effective Lagrangian for two quark flavors is just
the standard SU(2) ChPT Lagrangian as provided by [44] for the pion sector
and by e.g. [91] for the pion-nucleon sector. The terms which are induced by the
θ-term are the p0 and p3 components of all terms with insertions of the building
block χ.

Before discussing the P - and T -violating terms in the ChPT Lagrangian in-
duced by the θ-term in detail, a few general remarks which apply to all sources of
P and T violation are required. The decomposition of the fundamental building
block χ+ into a traceless component (χ̂+) and a component with a non-vanishing
trace (〈χ+〉) corresponds to the decomposition of the eight dimensional repre-
sentation of source fields combined in χ into the two irreducible representations
(1/2, 1/2)− and (1/2, 1/2)+. The same is true for the building block fµν± , which
contains the source fields vµi τi, a

µ
i τi and v(s),µ and constitutes a reducible seven

dimensional representation. The decomposition of this building block into the
components f̂µν+ and 〈fµν+ 〉 corresponds to the decomposition into the irreducible
representations (1, 0)⊕ (0, 1) and (0, 0)+ (see eq. (4.55) and eq. (4.59)).

Combinations of these fundamental building blocks correspond to tensor prod-
ucts of the above mentioned irreducible representations of O(4). Consider a build-
ing block containing a P - and T -violating source field denoted by Ã/P /T for which
another P - and T -conserving counterpart APT exists that transforms identically
under SU(2)L×SU(2)R transformations. Let this building block be combined with
a P - and T -conserving building block BPT that also has a P - and T -violating
counter part B̃/P /T . In the language of group theory, the combination Ã/P /TBPT

transforms identically to the combination of building blocks APT B̃/P /T , in which
the former building block is replaced by the building block associated with its P -
and T -conserving partner source field and in which the latter building block is
replaced by its P - and T -violating counter part. This is the justification for the
definition of the building block χ− in eq. (4.45), in which a particular source field
is combined with the chiral structure of its partner source field. It is apparent
that this building block can only occur in combination with other building blocks:
there is no term such as F 2

π 〈iχ−〉/4 in the pure pion sector Lagrangian eq. (4.20),
for instance, whereas the term −l7〈χ−〉2/16 exists in eq. (4.24) (this is just reflec-
tion of the fact that the representation (1/2, 1/2)+⊗(1/2, 1/2)+ is identical to the
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representation (1/2, 1/2)−⊗ (1/2, 1/2)− ). This reasoning extends to the pion-
nucleon sector where the property of P and T violation can also be absorbed by
products of Dirac matrices which act on nucleons fields and are contracted with
other quantities.

The terms of the ChPT Lagrangian which are induced by the θ-term are
contained in the expressions that include insertions of the building blocks 〈χ±〉
and χ̂± with the replacements of the source fields p0 and p3 according to eq. (2.65):

p0 →
θ̄

2
m̄ , p3 →

θ̄

2
m̄ε . (4.72)

However, it will be demonstrated in the next section 4.3 that the presence of chiral
symmetry breaking P - and T -violating terms in the QCD Lagrangian alters the
ground state of the theory and requires a redefinition of the quark fields by an
axial SU(2)L×SU(2)R rotation. As a result of this redefinition, for instance, all
terms with a factor of p3 vanish. The P - and T -violating Lagrangians discussed
in this section are thus the naive P - and T -violating Lagrangians in (amended)
ChPT induced by the θ- term (or by the effective dimension-six sources) before
the correct ground state of the theory has been selected. Furthermore, It will be
shown in the next section that the selection of the ground state procedure ensures
parametrization invariant leading order terms in the pion sector Lagrangian. The
induced terms in the naive P - and T -violating Lagrangian discussed in this section
in an arbitrary parametrization are obtained by the replacement of the matrix U
by the generalized U matrix of [99] with a parametrization function g,

U = exp

(
i
~π · ~τ
Fπ

g

(
π2

F 2
π

))
, g

(
π2

F 2
π

)
= 1 +

[
α +

1

6

]
π2

F 2
π

+ · · · , (4.73)

where α is a real constant defining the parametrization (α = 0 corresponds to
the so called σ-parametrization of SU(2) ChPT). This replacement is equivalent
to the following replacement of terms at leading order in powers of pion fields:(

1− 1

6

π2

F 2
π

)
→
(

1 + α
π2

F 2
π

)
. (4.74)

The terms induced by the θ-term in the leading order pion sector Lagrangian
of [44] are given by eq. (4.20)

L(2)
π =

F 2
π

4
〈χ+〉+ · · ·

= (2Bp3)Fππ3

(
1− π2

6F 2
π

)
+ · · · , (4.75)

where the dots denote – throughout this section – either terms which are P - and
T -conserving and not induced by the θ-term or terms of higher orders in the
pion-field expansion.
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The fourth-order pion sector Lagrangian of [44] leads to the following naive
P - and T -violating terms induced by the θ-term (see eq. (4.24)):

L(4)
π =

l3
16
〈χ+〉2 −

l7
16
〈χ−〉2 + · · ·

= 2l3(2Bs0)(2Bp3)
π3

Fπ

(
1− 2π2

3F 2
π

)
− 2l7(2Bs3)(2Bp0)

π3

Fπ

(
1− 2π2

3F 2
π

)
+ · · · . (4.76)

The naive P - and T -violating terms induced by the θ-term in the second-order
pion-nucleon sector Lagrangian eq. (4.51) read after the redefinition H→N (see
also [91])

L(2)
πN = c1〈χ+〉N †N + · · ·+ c5N

†χ̂+N + · · ·

= 4c1(2Bp3)
π3

Fπ

(
1− π2

6F 2
π

)
+ 2c5(2Bp0)N †

~π · ~τ
Fπ

(
1− π2

6F 2
π

)
N

+ · · · . (4.77)

The naive fourth-order pion-nucleon sector Lagrangian of [91] which is also
given in appendix D.2 contains identical structures at leading order in the pion-
field expansion:

L(4)
πN = e38〈χ+〉2N †N + e40〈χ̂+χ̂+〉N †N + · · ·

= e3832(2Bs0)(2Bp3)
π3

Fπ

(
1− 2π2

3F 2
π

)
+ e4016(2Bs3)(2Bp0)

π3

Fπ

(
1− 2π2

3F 2
π

)
+ · · · . (4.78)

These terms constitute corrections to the leading P - and T -violating πNN ver-
tices of L(2)

πN shown in eq. (4.77), but prove to be negligible as demonstrated in
the next section. The leading order P - and T -violating γNN vertices also emerge
from the forth-order pion-nucleon Lagrangian L(4)

πN of [91] and read

L(4)
πN = e110i〈χ−〉〈fµν+ 〉N †SµvνN + e111i〈χ−〉N †f̂µν+ SµvνN

+e112i〈fµν+ 〉N †χ̂−SµvνN + e113i〈fµν+ χ̂−〉N †SµvνN + · · ·
= e1108e(2Bp0)N †SµvνNF

µν + e1114e(2Bp0)N †τ3SµvνNF
µν

+e1122e(2Bp3)N †τ3SµvνNF
µν + e1134e(2Bp3)N †SµvνNF

µν

+ · · · . (4.79)

The P - and T -violating terms above extracted from [91] have also been found
recently by [42] in the Weinberg formulation of SU(2) ChPT. The complete list
of P - and T -violating terms which are naively induced by the θ-term is provided
by appendix D.2.
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There are numerous four-nucleon contact terms induced by the θ-term which
lead to the following leading order naive four-nucleon Lagrangian induced by the
θ-term:

L4N = C1〈χ+〉N †NN †N + C2〈χ+〉N †SµNN †SµN
+C3N

†χ̂+NN
†N + C4N

†χ̂+SµNN
†SµN

+C5i〈χ−〉N †NDµ(N †SµN) + C6i〈χ−〉N †~τN · Dµ(N †Sµ~τN)

+C7iN
†χ̂−NDµ(N †SµN) + C8iN

†{χ̂−, ~τ}N · Dµ(N †Sµ~τN)/2

+ · · ·
= C14(2Bp3)π3N

†NN †N/Fπ + C24(2Bp3)π3N
†SµNN

†SµN/Fπ

+C32(2Bp0)N †~π · ~τNN †N/Fπ + C42(2Bp0)N †~π · ~τSµNN †SµN/Fπ
−C54(2Bp0)N †NDµ(N †SµN)− C64(2Bp0)N †~τN · Dµ(N †~τSµN)

−C72(2Bp3)N †τ3NDµ(N †SµN)− C88(2Bp3)N †τ3N · Dµ(N †Sµτ3N)

+ · · · (4.80)

Eq. (4.80) is a re-derivation within the Gasser-Leutwyler formulation of ChPT
of the results previously presented in [39, 42, 49] in the Weinberg formulation
of SU(2) ChPT. The naive set of P - and T -violating terms induced by θ-term
presented here is in agreement with the one derived in the Weinberg formulation
of SU(2) ChPT in [42] at all relevant orders.

qCEDM

As pointed out in [39, 49], the isospin-conserving and the isospin-violating com-
ponents of the qCEDM , eq. (3.33), transform identically to the corresponding
components of the θ-term in eq. (2.66) as basis states of the (1/2, 1/2)− and
(1/2, 1/2)+ irreducible representations of O(4) (see eq. (4.57) and eq. (4.58)):

(1/2, 1/2)− : (iq̄~τσµνγ5G
a
µνλ

aq, q̄σµνGa
µνλ

aq) , (4.81)

(1/2, 1/2)+ : (q̄~τσµνGa
µνλ

aq, iq̄σµνγ5G
a
µνλ

aq) . (4.82)

The components of the qCEDM constitute additional, separate isospin multiplets
which are not connected by SU(2)L×SU(2)R rotations to the corresponding
isospin multiplets of the standard QCD Lagrangian which contain the components
of the θ-term in eq. (2.65) (see eq (4.57) and eq. (4.58)). In the Gasser-Leutwyler
formulation of ChPT, this observation requires the introduction of an additional
set of source fields, which can be combined in the new object χ̃ in analogy to the
definition of χ in standard ChPT:

χ = 2B(s0 + s1τ1 + s2τ2 + s3τ3 + ip0 + ip1τ1 + ip2τ2 + ip3τ3) , (4.83)

χ̃ = 2C(s̃0 + s̃1τ1 + s̃2τ2 + s̃3τ3 + ip̃0 + ip̃1τ1 + ip̃2τ2 + ip̃3τ3) . (4.84)
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Whereas the quantity B of eq. (4.17) in standard ChPT is proportional to the
scalar quark condensate, χ̃ contains an additional corresponding quantity denoted
by C which is defined by

〈0|ūu|0〉 = −F 2
πB + · · · , (4.85)

〈0|ūσµνGa
µνλ

au|0〉 = −F 2
πC + · · · . (4.86)

Since the effective dimension-six sources of P and T violation constitute an
amendment of standard QCD, their treatment within the effective field theory
requires an analogous amendment of standard ChPT. This leads to the definition
of further fundamental blocks χ̃±, in analogy to χ±, by

χ± = u†χu† ± uχ†u , (4.87)

χ̃± = u†χ̃u† ± uχ̃†u . (4.88)

For the qCEDM , the source fields p̃0 and p̃3 have to be subsequently replaced
according to eq. (3.25) by

p̃0 → −δ̃0
G , p̃3 → −δ̃3

G . (4.89)

The existence of new source fields has serious implications for the naive (before
the selection of the correct ground state) P - and T -violating Lagrangian which
is induced by the qCEDM . Since the two additional isospin multiplets give rise
to new LECs as emphasized in [39, 49], all observables originally related only to
source fields in χ such as δM str

np and (δm2
π)str, for instance, are now also related to

the source fields in χ̃. The new LECs encode BSM physics which is expected to
yield only minor modification to the SM at the energy scale Λhad and below. The
contributions from the new LECs to P - and T -conserving observables can then
safely be considered insignificant compared to the ones from the standard LECs.
Therefore, it is in general impossible to infer the values of these new LECs from
measurements of P - and T -conserving observables.

The leading P - and T -violating terms induced by the qCEDM in the modified
pion sector Lagrangians L(2)

πN and L(4)
πN are contained in the structures

L(2)
π =

F 2
π

4
〈χ+ + χ̃+〉+ · · · , (4.90)

and

L(4)
π =

l3
16
〈χ+〉2 +

l̃3
16
〈χ̃+〉2 +

l′3
16
〈χ+〉〈χ̃+〉

− l7
16
〈χ−〉2 −

l̃7
16
〈χ̃−〉2 −

l′7
16
〈χ−〉〈χ̃−〉+ · · · . (4.91)

In the absence of the θ-term, only those terms in L(4)
πN proportional to the LECs

l̃3, l′3, l̃7 and l′7 contain P - and T -violating components which are induced by the
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qCEDM . Due to the insignificance of the P - and T -conserving components of
〈χ̃±〉 compared to those of 〈χ±〉, the P - and T -violating terms from the structures
proportional to the LECs l′3 and l′7 clearly dominate.

All these statements are transferable to the pion-nucleon sector: the leading
P - and T -violating terms induced by the qCEDM in the pion-nucleon Lagrangian
are contained in

L(2)
πN = c1〈χ+〉N †N + c̃1〈χ̃+〉N †N

+c5N
†χ̂+N + c̃5N

† ˆ̃χ+N + · · · . (4.92)

If the qCEDM is the sole source of P and T violation, only the structures
proportional to the LECs c̃1 and c̃5 contain P - and T -violating terms. By the
same procedure of duplicating structures with insertions of χ±, higher order P -

and T -violating πNN -, γNN - and 4N -terms are obtained from L(3)
πN , L(4)

πN and
L4N as described above for the θ-term case. All P - and T -violating terms listed
above for the θ-term case are also induced by the qCEDM when the source fields
and LECs are replaced by the ones for the qCEDM . The findings regarding the
naive set of P - and T -violating terms induced by the qCEDM presented here
are in agreement with those of [39] derived in the Weinberg formulation of SU(2)
ChPT at relevant orders.

4qLR-op

The 4qLR-op eq. (3.34) transforms as a basis state of the (1, 1)+ irreducible rep-
resentation of O(4) according to eq. (4.61). Expressing the positive parity basis
states of the (1, 1)+ representation in eq. (B.58) in terms of symmetric tensor
products of quark bilinears, one obtains the new and separate isospin multiplet

(1, 1)+ : (q̄τ iγµq q̄τ jγµq − q̄τ iγµγ5q q̄τ
jγµγ5q, ε

klm q̄τlγµq q̄τmγµγ5q) , (4.93)

where i, j, k = 1, 2, 3 and the summation only over the indices l,m in the three
P - and T -violating terms is implied. The isospin multiplet eq. (4.93) consists of
six P - and T -conserving (left part) and three P - and T -violating (right part, see
eq. (4.64)) quark quadrilinears.

Due to the absence of source fields in standard ChPT which transform as basis
states of the (1, 1)+, a genuinely new set of source fields has to be defined (by the
symmetric tensor product form of eq. (B.57) and eq. (B.58))

qij
(
(τi)R(τj)L + (τi)L(τj)R

)
+ rkε

klm(τl)R(τm)L , (4.94)

with i, j, k, l,m = 1, 2, 3 and summation only over the indices l,m in the second
term. The symmetric tensor qij and the vector rk are the (1, 1)+ counter-parts
of the quantities s0, si and p0, pi associated with the (1/2, 1/2)± representations
in standard ChPT. Note that the implied product of τ -matrices in this formula
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is the symmetric tensor product of matrices (see eq. (B.86)), whose constituent
τ -matrices transform under SU(2)L×SU(2)R as indicated by the subscripts L
and R (see appendix B for details):

qij
(
(τi)R(τj)L + (τi)R(τj)L

)
+ rkε

klm(τl)R(τm)L

7→ qij
(
(RτiR

†)R(LτjL
†)L + (LτiL

†)L(RτjR
†)R
)

+ rkε
klm(RτlR

†)R(LτmL
†)L .

(4.95)

According to eq. (B.75) and eq. (B.76) in appendix B, there is another basis
of the (1, 1)+ representation which exhibits the chiral structure associated with
the product of familiar source fields p3s0:

1

2
irk

(
[(τk)4 − (τk)

†
4][(1)4 + (1)†4]− (τk ↔ 1)

)
7→ 1

2
irk

(
[(LτkR

†)4 − (LτkR
†)†4][(L1R†)4 + (L1R†)†4]− (τk ↔ 1)

)
,

(4.96)

where the subscript in (t)4, t = 1, τ1, τ2, τ3, and the dagger indicates the above
defined SU(2)L×SU(2)R transformation behavior of τk and 1. The three source
fields in eq. (4.96) correspond to the P - and T -violating basis states of the (1, 1)+

representation in decompositions of the symmetric tensor products of the irre-
ducible representations (1/2, 1/2)±⊗(1/2, 1/2)± (see eq. (B.88)). As previously
mentioned, the two expressions of the source fields associated with the P - and
T -violating basis states of the (1, 1)+ representation in eq. (4.94) and eq. (4.96)
are Fierz equivalent.

The 4qLR-op induces then all terms in the amended ChPT Lagrangian with
insertions of the new building block η+, which is defined four the two expressions
of the source fields eq. (4.94) and eq. (4.96) by

η+ := (2Drk)ε
klm(u†τlu)(uτmu

†) + · · · , (4.97)

η+ := i(Drk)
(
(u†τku

† − uτku)(u1u+ u†1u†)− (τk ↔ 1)
)

+ · · ·
= i(2Drk)

(
(u†τku

†)(u1u)− (uτku)(u†1u†)
)

+ · · · , , (4.98)

where the dots denote terms proportional to P - and T -conserving source fields
and the product between the brackets (i.e. (· · · )(· · · )) is understood to be the
symmetric tensor product of matrices. The quantity D is defined by

〈0|ūγµuūγµu− ūγµγ5uūγµγ5u|0〉 = D + · · · , (4.99)

where the P - and T -conserving component of the building block η+ obtained from
eq. (4.94),

η+ = (2Dqij)((uτiu
†)(u†τju) + (u†τiu)(uτju

†)) + · · · , (4.100)
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has been utilized.
In analogy to the definition of the building block iχ− as a P - and T -violating

counterpart of χ+ in standard ChPT, the building block η− (which corresponds
to the (1, 1)− representation) can be defined by (see eq. (B.77) and eq. (B.78))

η− = (2Drk)
(
(u†τku

†)(u1u) + (uτku)(u†1u†)
)

+ · · · . (4.101)

The terms induced by the 4qLR-op in the effective Lagrangian are obtained by
compiling the list of all chiral structures with insertions of η± and by subsequently
replacing (see eq. (3.34))

r3 →
ν1Vud

2
, r1 = r2 = qij = 0 . (4.102)

In the pion sector, the first expression of η+ eq. (4.97) yields at leading order the
P - and T -violating terms3

(2Drk)ε
klm〈τlUτmU †〉 = (2Drk)8

πk
Fπ

(
1− 2

3

π2

F 2
π

)
+ · · · , (4.103)

whereas the second expression of η+ eq. (4.98) gives a more familiar structure
with identical P - and T -violating terms:

i(2Drk)(〈τkU †〉〈U〉 − 〈τkU〉〈U †〉) =
i(2Drk)

2
〈τkU † − τkU〉〈U + U †〉

= (2Drk)8
πk
Fπ

(
1− 2

3

π2

F 2
π

)
+ · · · .

(4.104)

The chiral structure in eq. (4.104) is resemblant of the P - and T -violating com-

ponent of the familiar chiral structure 〈χ+〉2 in L(4)
π of eq. (4.24) with the product

of conventional source fields (2Bs0)(2Bp3) replaced by (2Dr3). In this sense, an
insertion of η+ is equivalent to two insertions of χ+, for instance, with the re-
placement (2Bp3)(2Bs0) → (2Dr3). In the pion sector, the leading term is thus
given by

〈χ+〉2 ; (2Drk)8
π3

Fπ

(
1− 2

3

π2

F 2
π

)
+ · · · . (4.105)

The next pion tadpole term arises from a chiral structure with a simultaneous
insertion of η+ and χ+:

l4qLR
16

(2Dr3)(2Bs0)ε3lm〈τlUτmU †〉〈U † + U〉 = l4qLR8Dr3Bs0
π3

Fπ
+ · · · . (4.106)

3Note that the selection of the ground state procedure discussed in the next section ensures
parametrization invariant 3π vertices. The naive 3π vertex in eq. (4.97) is not the same for all
parametrizations.
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The leading order P - and T -violating πNN vertices induced by the 4qLR-op
can be extracted from the fourth-order Lagrangian L(4)

πN by the above described
replacement of the source fields (2Bs3)(2Bp3) and of the LEC4:

〈χ+〉2N †N ; c4qLR(2Drk)8
π3

Fπ

(
1− 2

3

π2

F 2
π

)
N †N + · · · . (4.108)

The 4qLR-op also induces all isospin-violating terms in the Lagrangian L4N in
eq. (4.80) at leading order in the expansion of pion fields, i.e. those proportional
to the LECs C1, C2, C7, C8. The corresponding terms induced by the 4qLR-
op are obtained by insertions of η±. The remaining isospin-conserving terms in
eq. (4.80) at leading order in the pion-field expansion are obtained by simultaneous
insertions of η± and χ± and are therefore suppressed. The γNN vertices in
eq. (4.79) at leading order in the pion-field expansion are also induced by the
4qLR-op. The isospin-conserving term in eq. (4.79) is in this case generated by
a simultaneous insertion of η− and f̂µν+ , whereas the isospin-violating term arises
from an insertion of η− and 〈fµν+ 〉. The naive set of P - and T -violating terms
induced by the 4qLR-op derived here is in agreement with the previous results
of [39] derived in the Weinberg formulation of SU(2) ChPT.

qEDM

The isospin-conserving and isospin-violating components of the qEDM eq. (3.32)
transform identically to the corresponding components of the qCEDM as basis
states of the (1/2, 1/2)− and (1/2, 1/2)+ irreducible representations of O(4). In
contrast to the qCEDM , the qEDM has an explicit insertion of the photon field.
This requires the new source field to be identified with the photon field and to
transform identically to the source fields p̃0 and p̃3τ3 in χ̃. The set of all P -
and T -violating terms in the amended ChPT Lagrangian is therefore obtained
from all possible insertions of the building blocks χ̃± and F µν by replacing the
qCEDM source fields (2Cp̃3) and (2Cp̃0) by the new defined qEDM counterparts
v0 and w3. All resulting terms contain at least one photon field, which has to
be integrated out in order to generate P - and T -violating pion-, πNN - and 4N
vertices at the price of picking up a loop factor of αem/(4π). Therefore, all such
vertices are heavily suppressed by a factor of at least αem/(4π) with respect to
vertices involving photons. The leading P - and T -violating γNN -terms are given

4Note that the 3πNN vertex in eq. (4.108) is not in a parametrization invariant form. To
obtain this vertex in another parametrization, eq. (4.108) has to be replaced by

c4qLR(2Drk)8
π3
Fπ

(
1− 2

3

π2

F 2
π

)
N†N → c4qLR(2Drk)8

π3
Fπ

(
1− 1

2

π2

Fπ
− α π

2

F 2
π

)
N†N . (4.107)
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by

i〈χ̃−〉N †SµvνNF µν ; 4v0

(
1− π2

2F 2
π

)
N †SµvνNF

µν + · · · , (4.109)

iN †χ̂−SµvνNF
µν ; 2w3N

†
(
τ3 −

~π · ~τπ3

2F 2
π

)
SµvνNF

µν + · · · . (4.110)

These terms constitute the leading isoscalar and isovector contributions to the
single-nucleon EDMs induced by the qEDM and they are in agreement with the
previous results derived in the Weinberg formulation of SU(2) ChPT which are
published in [39,49].

4q-op and gCEDM

The 4q-op and the gCEDM are chiral singlets and thus transform as the basis
state of the (0, 0)− irreducible representation of O(4). They are not connected
to other terms in standard QCD by SU(2)L×SU(2)R or U(1)A transformations
as the θ-term. In order to derive all terms in the amended ChPT Lagrangian
which are induced by the gCEDM and the 4q-op, a new P - and T -violating
source field has to be introduced that transforms as an SU(2)L×SU(2)R singlet.
The leads to the definition of the new fundamental building block ς− and its
P - and T -conserving partner chiral-singlet building block ς+ (analogous to the
definition of iχ− as a partner building block for χ+). Since ς− is a P - and T -
violating source field, there are no non-vanishing chiral structures with insertions
of ς− (note that a P -violating counterpart to the standard source field v

(s)
µ would

also not generate non-vanishing terms). The complete list of P - and T -violating
terms in the amended ChPT Lagrangian induced by the 4q-op and gCEDM is
thus obtained by all possible combinations of ς+ with the fundamental building
blocks of standard ChPT (and setting p0 = p3 = 0 if θ̄ = 0). This procedure can
be illustrated by the following example: let APT and BPT be two conventional
fundamental building blocks with P - and T -violating partner building blocks Ã/P /T

and B̃/P /T . Chiral structures induced by the 4q-op and gCEDM are then of the
form:

ς+Ã/P /TBPT , ς+APT B̃/P /T . (4.111)

Some chiral structures induced by the 4q-op and the gCEDM obtained in the
manner described above are given by

Lπ : iς+〈χ−〉, iς+〈χ−〉〈χ+〉, · · · ,
LπN : iς+〈χ−〉N †N, iς+N †χ̂−N, iς

+N †[S · u, v · u]N,

ς+〈fµν+ 〉N †SµvνN, ς+N †f̂µν+ SµvνN, · · · ,
L4N : ς+N †NDµ(N †SµN), ς+N †~τN · Dµ(N †~τSµN), · · · . (4.112)
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Induced vertices involving pions emerge from terms with insertions of χ± (or
multiple derivatives (see the third term of LπN in eq. (4.112))) and are thus sup-
pressed by M2

π/m
2
N . This observation is just a reflection of Goldstone’s theorem.

The leading P - and T -violating γNN and 4N vertices emerge from the third and
fourth line of eq. (4.112), respectively. These results are in agreement with the
findings of [39] derived in the Weinberg formulation of SU(2) ChPT.
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4.3 Selection of the ground state

If the ChPT action functional S is invariant under SU(2)L×SU(2)R transforma-
tion, the SU(2)V subgroup to which SU(2)L×SU(2)R breaks down is not unique.
The presence of terms in the (amended) QCD Lagrangian or equivalently in Lπ
which explicitly violate the chiral SU(2)L×SU(2)R symmetry impose a constraint
on the selection of the SU(2) subgroup such that it is then in general well de-
fined [63, 100]. The definition of this subgroup also implies the definition of the
ground state of QCD and of (amended) ChPT around which the effective field
theory is expanded. The selection of the ground state procedure is referred to as
vacuum alignment in the Weinberg formulation of ChPT [41,42]. The impact of
an altered ground state due to effective dimension-six sources has been computed
recently in the Weinberg formulation of ChPT in [39].

This section provides a thorough derivation of the ground state selection pro-
cedure and its impact on the effective Lagrangian in the Gasser-Leutwyler formu-
lation of SU(2) ChPT 5. This section is organized as follows: before computing
the ground states of (amended) ChPT for all considered sources of P and T vi-
olation, the general selection procedure of the ground state in standard QCD
and standard ChPT in the Gasser-Leutwyler formulation is discussed. The set of
relevant P - and T -violating vertices for our analysis is given by

L(2)
π + L(4)

π + L(2)
πN + L(4)

πN + L4N

= mN∆3π3π
2 + g0N

†~π · ~τN + g1N
†π3N

− 2d0N
†SµvνNFµν − 2d1N

†τ3S
µvνNFµν

+C0
1N
†NDµ(N †SµN) + C0

2N
†~τN · Dµ(N †Sµ~τN)

+C3
1N
†τ3NDµ(N †SµN) + C3

2N
†NDµ(N †τ3S

µN) + · · · . (4.113)

As the main result of this chapter, the coupling constants in eq. (4.113) are either
calculated explicitly or estimated by the means of NDA and the relative ordering
by their absolute values is identified for each source of P and T violation. By a
detailed study, all other vertices which are not displayed in eq. (4.113) prove to
yield negligible contributions to the EDMs of light nuclei and are not discussed
in this section.

4.3.1 Selection of the ground state in standard QCD and
ChPT

The correct SU(2)V subgroup of standard QCD is identified by minimizing the
QCD potential

V =

∫
d4x (s0q̄q + s3q̄τ3q − ip0q̄γ5q − ip3q̄γ5τ3q) . (4.114)

5Parts of this section were published in [101].
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Since explicit chiral symmetry breaking constitutes at most a small perturbation,
the minimum can be identified by an infinitesimal variation of the quark fields
defined by:

q 7→ exp(iτ3δ α
3
V + iγ5τ3 δα

3
A)q , (4.115)

i.e. the multiplication of q by a diagonal matrix (this corresponds to the procedure
presented for SU(3) ChPT in [102]). This variation yields the ground state
condition

δV = 2

∫
d4x q̄(s0iγ5τ3 + s3iγ5 + p0τ3 + p3)q δα3

A = 0 . (4.116)

The quark fields can be redefined by

q 7→ exp(iγ5τ3 β/2)q , (4.117)

in order to obey the ground state condition eq. (4.116). However, the ground
state condition is only fulfilled if p3/s0 = p0/s3 holds, which is in general not
true. As argued in [42], the assumption that the ground state has to be P and T
conserving as well as isospin conserving requires eq. (4.116) to be evaluated at

q̄τ3q = q̄iγ5q = q̄iγ5τ3q = 0 , (4.118)

which reduces the ground state condition eq. (4.116) to the requirement that the
coefficient of iq̄γ5τ3q in eq. (4.114) has to vanish (i.e. p′3 = 0 of eq. (4.139)). This
condition is obeyed if the angle β in the transformation eq. (4.117) applied to the
quark fields in eq. (4.114) is chosen to be

β = arctan

(
p3

s0

)
. (4.119)

The ground state selection procedure can equivalently be carried out in ChPT.
The ground state is identified by minimizing the leading order potential in the
pion sector Lagrangian of ChPT which is given by

V = −
∫
d4x

F 2
π

4
〈χU † + Uχ†〉 , (4.120)

with

χ = 2B(s01+ s3τ3 + ip01+ ip3τ3) , (4.121)

as usual. The minimum of this functional is identified by a variation of U = u2:
since for each pair g, g′ ∈ SU(2) there is a g̃ ∈ SU(2) such that g′ = g̃g, a
variation of the field U(x) ∈ SU(2) amounts to the multiplication by an element
G(x) ∈ SU(2):

U(x) 7→ G(x)U(x) = exp(i~τ · ~α(x))U(x) . (4.122)
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The minimization of V leads to

δV = i
F 2
π

4

∫
d4x〈−χU †τi + τiUχ

†〉αi = 0 , (4.123)

which gives the ground state conditions

〈τiUχ† − χU †τi〉 = 0 , i = 1, 2, 3 . (4.124)

For p0 = p3 = 0, these conditions reduce to the set of equations

i = 1, 2, 3 : s0〈τi(U − U †)〉+ s3〈τ3τiU − τiτ3U
†〉 = 0 ,

⇔ s0〈τi(U − U †)〉 − s3ε
3ij〈τj(U + U †)〉 = 0 ,

⇔ s0〈τi(U − U †)〉 = 0 , (4.125)

which has the unique minimum solution U = 1. p0 6= 0 does not alter the ground
state since the corresponding terms in the ground state conditions eq. (4.124),

− ip0〈τi(U + U †)〉 = 0 , (4.126)

vanish trivially for i = 1, 2, 3 (there is actually no term proportional to p0 in

L(2)
π of eq. (4.20)). The situation is entirely different for p3 6= 0, which alters the

ground state conditions eq. (4.124) to

i = 1, 2 : s0〈τi(U − U †)〉 − ip3ε
3ij〈τj(U − U †)〉= 0 , (4.127)

i = 3 : s0〈τ3(U − U †)〉 − ip3〈U + U †〉 = 0 . (4.128)

Eq. (4.127) requires the U matrix to be of the form

U = exp(iτ3β) = cos(β) + iτ3 sin(β) . (4.129)

The insertion of this expression for U into eq. (4.128) yields the familiar ground
state condition eq. (4.119):

β = arctan

(
p3

s0

)
. (4.130)

This demonstrates that the U matrix has to be transformed in the presence of a
non-vanishing P - and T -violating and isospin-violating source field p3 by an axial
rotation A=R=L†=exp(iτ3β/2):

U 7→ AUA . (4.131)

The ground state itself is then given by U0 = A2 ≈ exp(i τ3 p3/s0).
The ground state conditions eq. (4.128) in the presence of a non-vanishing

source field p3 is somehow obvious due to the following group theoretical argu-
ment: as demonstrated in the previous section and in particular in appendix B,
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the source fields transform inversely to their associated quark bilinears as basis
states of the (1/2, 1/2)± irreducible representations of O(4):

(1/2, 1/2)+ : (p1τ1, p2τ2, p3τ3, s0) , (4.132)

(1/2, 1/2)− : (s1τ1, s2τ2, s3τ3, ip0) . (4.133)

Any SU(2)L×SU(2)R transformation of the quark fields or the matrix U , there-
fore, is equivalent to the inverse SU(2)L×SU(2)R transformation of the source
fields:

(1/2, 1/2)+ : (p1τ1, p2τ2, p3τ3, s0) 7→ (p′1τ1, p
′
2τ2, p

′
3τ3, s

′
0) , (4.134)

(1/2, 1/2)− : (s1τ1, s2τ2, s3τ3, ip0) 7→ (s′1τ1, s
′
2τ
′
2, s
′
3τ3, ip

′
0) . (4.135)

The axial transformation of the source fields can then by chosen to yield p′3 = 0
and the ground state is again simply given by U ′0 = 1. If this axial transfor-
mation is undone, the actual ground state for p3 6= 0 is on the path defined by
the one-parameter subgroup exp(iτ3β). The infinitesimal axial SU(2)L×SU(2)R
transformation of the quark bilinears or the U matrix to remove p3 corresponds
the following inverse axial SU(2)L×SU(2)R transformation of the source fields
s0, s3, p0 and p3:

s′0 = s0 + βp3 + · · · = s0 + p2
3/s0 + · · · , (4.136)

s′3 = s3 + βp0 + · · · = s3 + p3p0/s0 + · · · , (4.137)

p′0 = p0 − βs3 + · · · = p0 − p3s3/s0 + · · · , (4.138)

p′3 = p3 − βs0 + · · · = p3 − p3 + · · · = 0 + · · · . (4.139)

As a result of the axial transformation, the original terms proportional p3 are
absent from the QCD Lagrangian and equivalently from the entire effective La-
grangian.

The ground state selection procedure ensures the absence of leading-order
pion tadpole terms. However, a further pion tadpole term emerges in the pion
sector Lagrangian L(4)

π of eq. (4.24),

− l7
16
〈χU † − Uχ†〉2 = · · · − 2l7(2Bp0)(2Bs3)

π3

Fπ

(
1− 2

3

π2

F 2
π

)
+ · · · , (4.140)

which can be removed by another axial rotation A′ = exp(iτ3β
′/2). Pion tadpoles

which occur at subleading orders cannot be rotated away within one specific order,
since such a rotation would reintroduce the tadpole terms previously removed
from lower orders, in this case the leading order. The axial rotation has to be
chosen such that no tadpoles occur at all orders up-to-and-including the one from
which the tadpole is to be removed. In the above case, this entails that the axial
rotation has to generate terms in the leading order pion sector Lagrangian L(2)

π
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(eq. (4.20)) which cancel the tadpole term in L(4)
π (eq. (4.24)). This procedure

may be iterated up to any desired order.
Before concluding the general discussion about the selection of the ground

state, a few further issues have to be mentioned. The electromagnetic field Aµ is
not contained in eq. (4.120) and does thus not affect the selection of the ground

state. All terms apart from the l3 and the l7 term in L(4)
π are invariant under the

axial rotation A: the l1 and the l2 term are invariant since [Dµ, A] = 0. In the
sole presence of the electromagnetic field, the l4 term vanishes due to

Dµχ = ie[χ,Q] = 0 , (4.141)

where Q is the SU(2) quark charge matrix of eq. (2.34). The l5 and the l6 term
are invariant under A since

[Rµν , A] = [Lµν , A] = 0 , (4.142)

and the hi-terms are designed to be chiral singlets which are also invariant under
A. Therefore, the presence of an electromagnetic field Aµ does not affect the
selection of the ground state.

The selection of the ground state also ensures parametrization invariant lead-
ing order terms in the pion sector. This statement can be illustrated by the
following example: let the U matrix be the one defined in eq. (4.143) with a
reparametrization function g,

U = exp

(
i
~π · ~τ
Fπ

g

(
π2

F 2
π

))
, g

(
π2

F 2
π

)
= 1 +

[
α +

1

6

]
π2

F 2
π

+ · · · , (4.143)

where α is a real number. Eq. (4.140) before the second axial rotation to remove
the subleading tadpole term is then given by

− l7
16

(
χU † − Uχ†

)2
= −2l7(2Bp0)(2Bs3)

π3

Fπ

(
1− 1

2

π2

F 2
π

+ α
π2

F 2
π

)
+ · · · . (4.144)

The second axial rotation A′ = exp(iτ3β
′/2) causes a shift of L(2)

π of eq. (4.20)
which cancels the pion tadpole term and the parametrization dependent compo-
nent of the 3π vertex in eq. (4.144):

F 2
π

4
〈χU † + χ†U〉 → −β′(2Bs0)Fππ3

(
1 + α

π2

F 2
π

)
+ · · · . (4.145)

Another issue is the role of U(1)A transformations. The U(1)A anomaly of
QCD gives rise to the Wess-Zumino-Witten term in ChPT discussed in section
4.1.2, which is given by [46]:

LWZW = −F
2
π

4

a

Nc

[
i

2
(ln(det(U)− ln(det(U †))

]2

, (4.146)
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(Nc: number of colors, a: constant related to the η, η′ masses as mentioned be-
low) and exhibits the same behavior under U(1)A transformations as the fermion
measure in the generating functional of QCD eq. (2.46). This ensures the one-
to-one correspondence with respect to axial U(1)A transformations between the
QCD Lagrangian and ChPT. In standard SU(2)L×SU(2)R ChPT, the generator
of U(1)A is not associated with an additional degree of freedom (the η or η′)
and is irrelevant for the selection of the ground state. If the U(1)A generator is
regarded as an additional degree of freedom which might be called η̃ and which
is an admixture of the physical η and η′ mesons, the Wess-Zumino-Witten term
constitutes a mass term with M2

η̃ = 2a/Nc for that additional degree of freedom.
In the resulting U(2)L×U(2)L ChPT, the chiral symmetry breaking terms de-
termine the U(2)V subgroup to which U(2)L×U(2)R breaks down. The ground
state conditions are more complex due to the additional degree of freedom. In
particular, also η̃ tadpoles emerge at leading order in the pion sector Lagrangian
which have to be removed. Further subtleties of U(2)L × U(2)R ChPT have also
to be taken into consideration: the low-energy constants, for instance, are in gen-
eral not the same as their SU(2)L×SU(2)R counterparts, which is particularly

true for l7 in L(4)
π since its size can largely be attributed to manifestations of the

η and η′ (see the paragraphs on η−π0-mixing in [43,44]).

4.3.2 Selection for the θ-term and the hierarchy of cou-
pling constants

We will now focus on the selection of the ground state in the presence of the θ-
term. We start from the expression of the θ-term as a complex phase of the quark
mass matrix as in eq. (2.65). As explained in the previous section, the correct
ground state is obtained by subjecting the quark fields in the QCD Lagrangian
or likewise the matrix U to an axial rotation A=exp(iτ3β/2) with (see eq. (4.75)
and eq. (4.119))

β = arctan

(
p3

s0

)
=
θ̄

2
ε+O(θ̄3) . (4.147)

This implies a simultaneous shift of the parameter p0 by (see eq. (4.72) and
eq. (4.138))

p0 =
θ̄

2
m̄→ p′0 =

θ̄

2
m̄
(
1− ε2

)
= θ̄

mumd

mu +md

≡ θ̄m∗ , (4.148)

with m̄ = (mu + md)/2, ε = (mu − md)/(mu + md) = −0.35 ± 0.10 [34] and
the reduced quark mass m∗. The θ-term has thus been rotated into the isospin-
conserving component of the quark mass matrix:

θ̄m∗q̄iγ5q . (4.149)
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This redefinition of the quark fields also alters the naive set of P - and T -
violating terms in the ChPT Lagrangian of section 4.2.2 by setting p0 = θ̄m∗

and p3 = 0 in eqs. (4.75)-(4.80). Furthermore, the subleading pion tadpole term
in eq. (4.140) has to be canceled by a small shift of the leading order P - and T -
conserving term proportional to s0 in F 2

π 〈χ+〉/4 of eq. (4.75) that is induced by a
second axial rotation of the ground state defined by the angle β′ (see eq. (4.139)):

β′(θ̄) = −4Bl7s3p0

F 2
πs0

+ · · · = −l7(1− ε2)ε
M2

π

F 2
π

θ̄ +O(θ̄2) . (4.150)

This shift of F 2
π 〈χ+〉/4 removes the tadpole term and modifies the term propor-

tional to π3π
2 in −l7〈χ−〉2/16 (see eq. (4.76) and eq. (4.140)):

F 2
π

4
〈χ+〉 → −β′(θ̄)(2Bs0)Fππ3

(
1− π2

6F 2
π

)
+ · · · , (4.151)

The LEC l7 included in β′ is related to the strong-interaction component of the
pion mass-square splitting (δM2

π)str mentioned in eq. (4.25) and given by [43]

(δM2
π)str :=

(
M2

π+ −M2
π0

) ∣∣
strong

= 2(mu −md)
2B2l7/F

2
π + · · · ≈ 2Mπ · 0.18 MeV . (4.152)

The leading contribution to the 3π coupling constant ∆3 in eq. (4.113) induced
by the θ-term, ∆θ

3, is obtained by adding the second term on the right-hand side
of eq. (4.151) to the 3π term in eq. (4.76):

∆θ
3 =

1

mN

(
β′(θ̄)(2Bs0)

6Fπ
+

4l7(2Bs3)(2Bp0)

3F 3
π

)
=

(δM2
π)str(1− ε2)

4FπmNε
θ̄

= (−0.0004± 0.0002) θ̄ . (4.153)

All additionally induced terms in the pion sector Lagrangian are of higher orders.
The redefinition of the ground state generates new structures in the pion-

nucleon Lagrangian L(2)
πN of eq. (4.77) as pointed out in [42]:

c1〈χ+〉N †N → −4β′(θ̄)c1M
2
π

π3

Fπ

(
1− π2

6F 2
π

)
N †N + · · · , (4.154)

c5N
†χ̂+N → −2β′(θ̄)c5εM

2
πN
†
(
~π · ~τ
Fπ
− (1−ε2)θ̄ τ3

2ε

)
N + · · · . (4.155)

The terms proportional to the LECs c2, c3, c4, c6 and c7 in the pion-nucleon
Lagrangian eq. (4.51) are invariant under the axial rotation A when the electro-
magnetic field is the sole external current. The second term on the right-hand
side of eq. (4.155) is O(θ̄2) and can be disregarded. The coupling constant of
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the P - and T -violating and isospin-conserving πNN vertex is then obtained by
inserting eq. (4.148) into eq. (4.77) and adding eq. (4.155):

c5

(
4Bm∗θ̄ − 2β′(θ̄)εM2

π

)
N †

~π · ~τ
Fπ

N + · · · . (4.156)

These terms are proportional to the LEC c5 and thus related to the to the
quark mass induced part of the proton–neutron mass difference δmstr

np according
to eq. (4.53). It can be quantified from three different sources: (i) the use of dis-
persion theory to quantify the electromagnetic part of the proton–neutron mass
difference [94, 103–105], (ii) lattice QCD [106], or (iii) from charge-symmetry-
breaking (CSB) studies of pn→ dπ0 [107]. All analyses lead to consistent results,
where the most recent is given by [94]6

4B(mu −md)c5 = δmstr
np = (2.6± 0.5) MeV . (4.157)

The first term in eq. (4.156) is the dominant contribution to the πNN coupling
constant g0 of eq. (4.113) induced by the θ-term, which is denoted by gθ0 and
equals

gθ0 =
δmstr

np(1− ε2)

4Fπε
θ̄ = (−0.018± 0.007) θ̄ . (4.158)

This expression agrees with the prediction of ref. [50] when eq. (14) of ref. [50] is
inserted into the corresponding eq. (8)7. It turns out that the value of gθ0 is more
than a factor of 10 smaller than the estimate from NDA given by θ̄M2

π/(mNFπ).
The second term in eq. (4.156) constitutes a small correction to gθ0 which is given
by

δgθ0 =
δmstr

np (1− ε2)

4Fπ ε
θ̄

(δM2
π)str

M2
π

= gθ0
(δM2

π)str

M2
π

, (4.159)

reproducing the corresponding term in eq. (113) in [42].

The dominating contribution to the P - and T -violating and isospin-violating
πNN coupling constant g1 of eq. (4.113) induced by the θ-term, gθ1, is given by
eq. (4.154), which includes the LEC c1 and can thus be related to the πN sigma
term. The value for this LEC is given in ref. [108], which contains a compilation
of various extractions of c1 [91, 98,109,110]:

c1 = (−1.0± 0.3) GeV−1 . (4.160)

6The error of δmstr
np in this reference is understated. The uncertainty has to be increased to

at least 0.85 MeV to ensure consistence of δmstr
np with the prediction in [43]. The insertion of

this larger uncertainty of δmstr
np into eq. (4.158) increases the uncertainty of gθ0 from 0.007 θ̄ to

0.008 θ̄.
7The result of ref. [50] has the opposite sign to ours (which is compensated by the opposite

sign of ε). Furthermore, Fπ is defined twice as large there.
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η

π0

=

gθ1

π0

Figure 4.1: P - and T -violating π0NN vertex gθ1 (black square) induced by π0–
η-mixing and the P - and T -violating ηNN vertex (open square).

The coupling constant gθ1 then equals:

gθ1 =
2 c1 (δM2

π)str (1− ε2)

Fπ ε
θ̄ . (4.161)

Inserting the relation [111]

(δM2
π)str ≈ B

4

(mu−md)
2

ms−(mu+md)/2
≈ ε2

4

M4
π

M2
K −M2

π

, (4.162)

into eq. (4.161) yields the result

gθ1 ≈
c1(1− ε2)ε

2Fπ

M4
π

M2
K −M2

π

θ̄ = (0.003± 0.001) θ̄ , (4.163)

where the uncertainty of this contribution to gθ1 is dominated by the uncertainty
of c1. The expression given in (4.163) exactly agrees with the one presented in ap-
pendix G.1 which is derived from η–π0 mixing, see ref. [26] and fig. 4.1, provided
the strange-quark content of the nucleon is vanishingly small. An alternative
derivation which uses SU(3) ChPT input instead of sigma-term estimates is pre-
sented in appendix G.2. Taking the rather large SU(3) errors into consideration,
the SU(3) estimates for gθ1 (and gθ0) are compatible with our final values.

In addition to the contribution eq. (4.154) to gθ1, there is an another linearly
independent operator structure that contributes to gθ1 (see ref. [42]). In our
notation, it is given by eq. (4.78):

e40〈χ̂+χ̂+〉N †N = e4016(2Bs3)(2Bp0)
π3

Fπ

(
1− 2π2

3F 2
π

)
+ · · · . (4.164)

Unfortunately, this operator structure contributes to P - and T -conserving ob-
servables at such a high order that it cannot be constrained from a study of, say,
πN scattering. We therefore need to estimate the value of e40 differently. The
term in eq. (4.164) could have been replaced in eq. (4.78) by the term N †〈χ−〉2N ,
which has the same P - and T -violating structure but does not explicitly appear
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in eq. (4.78) since it is not independent of N †〈χ̂+χ̂+〉N . Therefore, the assess-
ment of the contribution of the e40 term to gθ1 can equally well be performed by
considering N †〈χ−〉2N .

While the operator χ+ leads to terms that are even (odd) in the pion field for
P - and T -conserving (violating) contributions, these relations are inverted for the
operators χ−: P - and T -conserving (violating) contributions are given by terms
that are odd (even) in the pion field. Thus, a natural resonance saturation esti-
mate for the operator of eq. (4.164) is given by a diagram, where one insertion of
χ− converts the even-parity nucleon into the lowest odd-parity nucleon-resonance,
the S11(1535), which then decays via an isospin-violating decay into a neutral
pion and a nucleon. The latter step may be modeled by a S11(1535) decaying
into ηN which then converts into π0N via η − π mixing. This contribution is
potentially important, since the coupling of this nucleon resonance to ηN is very
significant [34]. However, an explicit calculation shows that the mentioned con-
tribution does not exceed the value estimated from NDA: the magnitude of the
unknown LEC can be assessed by the means of resonance saturation. According
to ref. [34] the mass, width and Nη branching ratio of the S11(1535) odd-parity
nucleon-resonance are mN1535 = (1535± 10)MeV , ΓN1535 = (150± 25)MeV and
BN1535→Nη = (42±10) %. Finally the CM-momentum is p? = 186MeV . The par-
tial decay width ΓN1535→Nη is then approximately 63MeV , such that one finds
for the effective coupling constant for the decay N∗ → Nη

|g?| =
√

8πΓN1535→Nη

p?
≈ 2.9 , (4.165)

where we assumed an energy-independent decay vertex. By inserting

1
2
〈iχ−〉 = −M2

π(1−ε2)θ̄(1− 1
2
π2/F 2

π ) + ε2M2
ππ3/Fπ + . . . (4.166)

into the effective interaction Lagrangian

LN1535N = h̃N †1535
1
2
〈iχ−〉N + h.c. (4.167)

we get

LN1535N = h̃N †1535

(
−M2

π(1−ε2)θ̄ + ε
2M2

π

Fπ
+ . . .

)
N + h.c. (4.168)

The first term provides the P - and T -violating transition of a nucleon into the
N∗. As illustrated in fig. 4.2, we may model the second vertex by the decay of the
resonance into an η and a nucleon, followed by η–π0 mixing. Using the leading
order ChPT expression for the mixing amplitude

επ0η ≈
√

1
3

B(md −mu)

M2
η −M2

π

≈ 1.37 % , (4.169)
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N N(1535) N

η

π0

Figure 4.2: Effective P - and T -violating and isospin-violating π3NN vertex esti-
mated as P - and T -violating transition (black square) from the even-parity nu-
cleon to the odd-parity S11(1535) nucleon-resonance (double line) which in turn
decays into ηN (open circle) with subsequent isospin-breaking by η − π0 mix-
ing (black circle). The second topology of the diagram, where the pion emission
comes first, is included in the calculation.

we can express h̃ by g∗ and επ0η as

h̃ = επ0η

Fπg
?

2εM2
π

. (4.170)

Thus the interaction Lagragian (4.168) can be rewritten as

LN?Nχ− = g?επ0η

(
−Fπ(1−ε2)θ̄

2ε
+ π3

)
N∗1535N + h.c. (4.171)

In summary, we get the following estimate for the odd-parity contribution to the
P - and T -violating isospin-breaking πNN coupling constant

δgθ1 = |g?|2(επ0η̃)
2 θ̄Fπ(1−ε2)/(−ε)

mN1535 −mN

≈ (0.6± 0.3) · 10−3 θ̄ , (4.172)

which is only one third of the NDA estimate

|ε| M
4
π

m3
NFπ

θ̄ ∼ 1.7 · 10−3 θ̄ .

Moreover, in order to get the proper SU(3) chiral limit of QCD, the η should be
coupled with a derivative even to nucleon resonances — the resulting Lagrangian
is given in ref. [112] — which leads to an additional suppression. We therefore
consider it safe to estimate the additional gθ1-uncertainty due to our ignorance
of e40 from an NDA estimate which is equal to εM4

π/(m
3
NFπ) ∼ 0.002. In what

follows we will therefore use

gθ1 = (0.003± 0.002)θ̄ , (4.173)

which includes zero within two sigma. In particular, we find for the ratio

gθ1
gθ0

=
8c1(δM2

π)str

δmstr
np

= −0.2± 0.1 . (4.174)
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The value of gθ1/g
θ
0 is numerically about a factor of 25 larger than the SU(2) esti-

mate of order εM2
π/m

2
N , which would follow from the first relation in eq. (4.174)

if the scaling δmstr
np ∼ εM2

π/mN were assumed. The main origin of this difference
is that gθ0 is unusually small — instead of two powers in the counting the relative
suppression numerically is of the order of one power in the expansion parameter
Mπ/mN . It is this observation that we will use in the power counting as outlined
in the next chapter.

In order to summarize the results, the numerical or NDA estimates of the
coupling constants defined in eq. (4.113) induced by the θ-term are listed:

gθ0 =
δmstr

np (1− ε2)

4Fπε
θ̄ = (−0.018± 0.007)θ̄ ≈ θ̄

M2
π

m2
N

, (4.175)

gθ1 =
2c1(δM2

π)str(1− ε2)

Fπε
θ̄ = (0.003± 0.002)θ̄ ≈ −Mπ

mN

gθ0 , (4.176)

∆θ
3 =

(δM2
π)str(1− ε2)

4FπmNε
θ̄ = (−0.0004± 0.0002)θ̄ ≈ M2

π

m2
N

gθ0 , (4.177)

dθ0 = 4e110 eM
2
π(1− ε2)θ̄ = O

(
θ̄e
M2

π

m3
N

)
, (4.178)

dθ1 = 2e111 eM
2
π(1− ε2)θ̄ = O

(
θ̄e
M2

π

m3
N

)
, (4.179)

C0
1 = C0

2 = O
(
θ̄
M2

π

F 2
πm

3
N

)
, C3

1 = C3
2 = O

(
θ̄
εM4

π

F 2
πm

5
N

)
. (4.180)

The NDA estimate of the coupling constants C0
1,2 have been obtained by the

following reasoning: a P - and T -violating 4N vertex can be regarded as a P - and
T - violating exchange of a heavy meson of mass mN . Taking the NDA estimate
of gθ0, M2

π/(mNFπ), as a scale for the P - and T -violating meson-nucleon coupling,
Mπ/Fπ as a scale for the P - and T -conserving meson-nucleon vertex, a factor of
1/m2

N for the heavy meson propagator and removing one factor of Mπ for the
derivativs in the vertices belonging to C0

1,2 (see eq. (4.113)), one obtains the order
estimate θ̄M2

π/(F
2
πm

2
N). The order estimates of the vertices C3

1,2 involve another
factor of εM2

π/m
2
N associated with an additional insertion of (2Bs3). The NDA

estimates of dθ0,1 and C0,3
1,2 are in agreement with those in [42].

4.3.3 Selection for the qCEDM and the hierarchy of cou-
pling constants

In the presence of effective dimension-six sources, a few differences to the above
discussed selection of the ground state for the θ-term occur which are due to the
existence of additional LECs. Since the numerical values of these LECs are in
general unknown, quantitative assessments of the pion-nucleon coupling constants
are now impossible within the framework of ChPT alone. Until Lattice QCD
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might be able to provide numerical values for the new LECs, any estimates of
the relevant coupling constants in eq. (4.113) induced by the effective dimension-
six sources rely on NDA. As demonstrated in section 4.2.2, the source fields of
the qCEDM are p̃0 6= p0 and p̃3 6= p3. Due to the existence of new separate
isospin multiplets, a simultaneous removal of p3 and p̃3 by an axial rotation A =
exp(iτ3β/2) is impossible and only the leading pion tadpole is removed from the
amended ChPT Lagrangian. Assuming a vanishing θ-term, one has p0 = p3 = 0.

The minimization of the potential eq. (4.120) with the generalized mass term
of eq. (4.90) leads to the ground state conditions in the presence of the qCEDM ,
which are obeyed if U0 = exp(iτ3β) with

β = arctan

(
Cp̃3

Bs0 + Cs̃0

)
=

Cp̃3

Bs0 + Cs̃0

+ · · · . (4.181)

A chiral rotation A = exp(iτ3β/2) of the quark fields or equivalently of the matrix
U = u2 in the effective Lagrangian results in corrections of all other terms in
the amended QCD and the amended ChPT Lagrangians. Utilizing eqs. (4.136)-
(4.139), χ and χ̃ are shifted by

χ̃ 7→ χ̃′ = 2C
(
s̃01+ s̃3τ3 + i(p̃0 − βs̃3)1+ i(p̃3 − βs̃0)τ3

)
+ · · · , (4.182)

χ 7→ χ′ = 2B
(
s01+ s3τ3 − iβs31− iβs0τ3) + · · · , (4.183)

where the dots denote terms which are proportional to higher powers of p̃0,3.

The axial rotation A profoundly affects the pion-sector Lagrangian L(4)
π

eq. (4.90) in the presence of the qCEDM source fields. Utilizing eq. (4.182) and
eq. (4.183), the next-to-leading order pion tadpole term after this axial rotation
reads

L(4)
π =

[
l7(2Bβs3)(2Bs3)− l̃7(2C(p̃0 − βs̃3))(2Cs̃3)

−l′7(2C(p̃0 − βs̃3))(2Bs3) + l′7(2Bβs3)(2Cs̃3)

+l̃3(2Cs̃0)(2C(p̃3 − βs̃0)− l3(2Bs0)(2Bβs0)

+l′3(2C(p̃3 − βs̃0))(2Bs0)− l′3(2Bβs0)(2Cs̃0)
]

×2
π3

Fπ

(
1− 2π2

3F 2
π

)
+ · · · . (4.184)

Since |s̃0| � |s0| and |s̃3| � |s3|, the tadpole term essentially reduces to

L(4)
π =

[
l7(2Bβs3)(2Bs3)− l′7(2Cp̃0)(2Bs3)

−l3(2Bs0)(2Bβs0) + l′3(2Cp̃3)(2Bs0)
]

×2
π3

Fπ

(
1− 2π2

3F 2
π

)
+ · · · . (4.185)

This next-to-leading order tadpole term is removed by subjecting the effective
Lagrangian to another axial rotation A′ = exp(iτ3β

′/2) with

β′ = 4
l7B

2βs2
3 − l′7BCp̃0s3 − l3B2βs2

0 + l′3BCp̃3s0

F 2
π (Bs0 + Cs̃0)

, (4.186)
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which causes a shift of the leading order mass terms F 2
π 〈χ+〉/4 and F 2

π 〈χ̃+〉/4 in
eq. (4.90) in analogy to the θ-term case:

F 2
π

4
(〈χ+〉+ 〈χ̃+〉)→ −Fπβ′[(2Bs0) + (2Cs̃0)]π3

(
1− π2

6F 2
π

)
+ · · · . (4.187)

This second axial rotation A′ corresponds to a second axial rotation of the source
fields in χ and χ̃:

χ 7→ χ′ = 2B(s01+ s3τ3 − i(β + β′)s31− i(β + β′)s0τ3) + · · · , (4.188)

χ̃ 7→ χ̃′ = 2C(s̃01+ s̃3τ3 + i(p̃0 − (β + β′)s̃3)1+ i(p̃3 − (β + β′)s̃0)τ3) + · · · .
(4.189)

The coupling constant ∆3 of the P - and T -violating 3π vertex in eq.(4.113)
is then obtained by adding the second term on the right-hand side of eq. (4.187)
to the 3π-term in eq. (4.185):

∆3 = −β
′(Bs0 + Cs̃0)

FπmN

. (4.190)

By inserting eq. (4.188) and eq. (4.189) into eq. (4.92), the leading P - and T -
violating πNN coupling constants g0 and g1 of eq. (4.113) are obtained in analogy
to the previous section (β̂ := β + β′):

g0 =
4c̃5Cp̃0 − 4Bc5s3β̂

Fπ
+ · · · , g1 =

8c̃1Cp̃3 − 8Bc1s0β̂

Fπ
+ · · · , (4.191)

Similar expression for the coupling constants d0,1 and C0,3
1,2 in eq. (4.113) involve

further new LECs (corresponding to e.g. e110 and e111 in eq. (4.79) and to C5-C8

in eq. (4.80)) which are not discussed here since they are not required for NDA
estimates.

All coupling constants of eq. (4.113) induced by the qCEDM are proportional
to the quark mass as in the case of the θ-term since the qCEDM emerges from a
coupling to the Higgs field at higher energies (see eq. (3.18)). Since the qCEDM
has an isospin-conserving as well as an isospin-violating component, the only
difference to the hierarchy of coupling constants for the θ-term is that g0 and
g1 are now induced at the same order and are thus expected to be numerically
comparable. The same is true for the three pairs of coupling constants d0,1,
C0,3

1 and C0,3
2 , respectively. Since the P - and T -violating 3π vertex arises from an

additional insertion of the quark mass (i.e. and additional insertion of the building
block χ±), the coupling constant ∆3 is suppressed by a factor of M2

π/m
2
N with

respect to g0 and g1. The NDA estimates of the coupling constants in eq. (4.113)
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is then given by

g0 = g1 = O
(
c
M2

π

FπmN

)
, ∆3 = O

(
c
M4

π

Fπm3
N

)
, (4.192)

d0 = d1 = O
(
c e
M2

π

m3
N

)
, C0

1 = C3
1 = O

(
c
M2

π

F 2
πm

3
N

)
,

C0
2 = C3

2 = O
(
c
M2

π

F 2
πm

3
N

)
, (4.193)

where c is a generic O(1) constant parametrizing BSM physics. The NDA esti-
mates are in agreement with those in [39].

4.3.4 Selection for the 4qLR-op and the hierarchy of cou-
pling constants

In the case of the 4qLR-op, the only non-vanishing P - and T -violating source field
is the one given by eq. (4.94), i.e. p0 = p3 = 0 and r3 6= 0. The most convenient
form of the leading order ChPT potential V is obtained by utilizing eq. (4.97)
and eq. (4.100):

V = −
∫
d4x

(
F 2
π

4
〈2B(s01+ s3τ3)†U〉+

F 2
π

4
〈2B(s01+ s3τ3)U †〉

+ (2Dqij)〈UτiU †τj + U †τiUτj〉+ (2Dr3)ε3lm〈τlUτmU †〉
)
. (4.194)

By employing the variation of U ,

U(x) 7→ G(x)U(x) = exp(i~τ · ~α(x))U(x) , (4.195)

with α1 = α2 = 0 and α3 6= 0, the ground state condition for a non-vanishing
4qLR-op is obtained (neglecting terms proportional to |2Dqij| � |2Bs0|, |2Bs3|):

iF 2
πBs0

2
〈τ3U − τ3U

†〉+ 4Dr3〈τ1Uτ1U
† + τ2Uτ2U

†〉 = 0 . (4.196)

This ground state condition requires the ground state to be U0 = A2 = exp(iτ3β)
with

β =
8(2Dr3)

(2Bs0)F 2
π

+ · · · . (4.197)

The higher order tadpole term eq. (4.106) is removed by a second axial rotation
A′ = exp(iτ3β

′) with β′ defined by

β′ =
4l4qLRDr3

F 2
π

+ · · · . (4.198)
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The matrix U in the amended ChPT Lagrangian has therefore to be subjected
to an axial rotation A′A = exp(iτ3β̂/2) with β̂ = β+β′ in order to adjust the
amended ChPT Lagrangian to the altered ground state.

The leading order contribution to the coupling constant of the P - and T -
violating 3π vertex in eq. (4.113), ∆, is given by the sum of the 3π term in
eq. (4.105) and the shift of F 2

π 〈χ+〉/4 caused by the axial rotation A:

∆3 =
−32Dr3 +Bs0βF

2
π

3F 3
πmN

+ · · · = − 8Dr3

F 3
πmN

+ · · · . (4.199)

The shift from other P - and T -conserving terms proportional to 2Dqij � 2Bs0

are heavily suppressed and have been neglected here. The second axial rotation
A′ generates further contributions to ∆3, which are two orders suppressed with
respect to the one displayed in eq. (4.106) due to the smallness of β′. The axial
rotations also generate further P - and T -violating terms in the pion-nucleon La-
grangian L(2)

πN from P - and T -conserving terms proportional to the LECs c1 and
c5:

c1〈χ+〉N †N → −4β̂c1M
2
π

π3

Fπ

(
1− π2

6F 2
π

)
N †N + · · · , (4.200)

c5N
†χ̂+N → −2β̂c5εM

2
π

Fπ
N †~π · ~τN + · · · . (4.201)

The term on the right-hand side of eq. (4.200) constitutes a correction to the
dominating contribution to the coupling constant g1 of the P - and T -violating
π3NN vertex eq. (4.108):

g1 =
(16c4qLRDr3 − 4β̂c1M

2
π)

Fπ
+ · · · . (4.202)

The term on the right-hand side of eq. (4.201) is the leading contribution to the
coupling constant g0:

g0 = −2β̂c5εM
2
π

Fπ
+ · · · . (4.203)

The first axial rotation A generates in principle leading order terms from leading
order chiral structures, since β = O(1) in contrast to β′ = O(M2

π/m
2
N). One

would naively expect g0 and g1 to be of the same order. Neglecting the first term
on the right-hand side of eq. (4.202), the ratio of g0 and g1 is given by

g0

g1

= − c5

2c1

=
δmstr

np

8c1M2
π

≈ (0.0026± 0.0005) GeV

(−0.1524± 0.0457) GeV
≈ −0.017± 0.006 ≈ M2

π

m2
N

,

(4.204)
which reveals a (potential) suppression of g0 with respect to g1 by at least two
orders in magnitude.
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The following hierarchy of the coupling constants defined in eq. (4.113) for the
4qLR-op emerges: since the 4qLR-op is not proportional to the quark mass, the
NDA estimate of g1 equals the one for the qCEDM with the factor accounting
for the quark mass suppression, M2

π/m
2
N , removed. The coupling constant g0 is

suppressed by a factor of M2
π/m

2
N with respect to g0 as revealed by eq. (4.204).

In contrast to the qCEDM , the coupling constant ∆3 does not arise from an ad-
ditional insertion of the quark mass. Its NDA estimate therefore equals the one
of the gCEDM multiplied by a factor of m4

N/M
4
π . The γNN coupling constants

are generated by insertions of η− and fµν+ , which yields NDA estimates that equal
the ones for the qCEDM times a factor of m2

N/M
2
π . C3

1,2 vertices are obtained by
insertions of the building block η−, whereas the coupling constants C0

1,2 are gener-
ated by the first axial rotation A in the same manner as the coupling constant g0.
Since there is no basis to assume that either C0

1,2 or C3
1,2 are unnaturally small or

large, the NDA estimates for these coupling constants equal the respective ones
for the qCEDM without the suppression factor associated with the quark mass.
The list of NDA estimates is then given by

g0 = O
(
c
M2

π

FπmN

)
, g1 = O

(
c
mN

Fπ

)
, ∆3 = O

(
c
mN

Fπ

)
,

d0 = d1 = O
(
c e

mN

)
, C0

1 = C0
2 = O

(
c

F 2
πmN

)
, C3

1 = C3
2 = O

(
c

F 2
πmN

)
,

(4.205)

where c is again a generic parameter of BSM physics. The NDA estimates are in
agreement with those in [39].

4.3.5 Selection for the qEDM , the 4q-op and gCEDM and
the hierarchies of coupling constants

The selection of the correct ground states for the qEDM and the chiral singlet
sources 4q-op and gCEDM is performed in analogy to those of the previously
considered sources of P and T violation. The effects of the ground state selec-
tion procedure on the coupling constants of leading P - and T -violating vertices
induced by the qEDM are twofold: the already heavily suppressed coupling con-
stants of vertices without photon fields (by a loop factor of αem/(4π)) receive
corrections of the same order. The same is true for the leading γNN coupling
constants d0,1. Since the qEDM has both an isospin-conserving and an isospin-
violating component, the effect of the ground state selection procedure is predom-
inantly a mixing of the coupling constants of isospin-conserving vertices and of
their isospin-violating counterparts. On the basis of NDA, the hierarchy among
coupling constants of P - and T -violating operators is then the following: d0 and
d1 are the leading coupling constants. g0, g1, ∆3 and the 4N coupling constants
C0,3

1,2 are at least suppressed by a factor of αem/(4π) with respect to d0,1. Since
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the qEDM arises from a coupling to the Higgs field at higher energies, the NDA
estimates of all coupling constants of vertices induced by the qEDM also include
a factor of M2

π/m
2
N .

The adjustment to the altered ground state in the presence of the gCEDM
and the 4q-op removes the leading pion tadpole term and the leading 3π vertex
and also causes a mixing of terms of equal order. The C0

1,2 and d0,1 coupling
constants dominate whereas the coupling constants of vertices involving pions,
g0, g1 and ∆3, are suppressed by a factor M2

π/m
2
N since the are protected by

Goldstone’s theorem. The NDA estimates of the coupling constants of isospin-
violating vertices C3

1,2, g1 and ∆3 have an additional factor of ε. These findings
are in agreement with the findings in [39].

4.4 Summary

In order to assess the manifestation of the various sources of P and T violation
discussed in the previous chapter on the hadronic level, the employment of non-
perturbative techniques is required. The analysis of hadronic operators has been
presented within the framework of two-flavor ChPT, the low-energy effective field
theory of QCD. Only the θ-term allows for a treatment within standard ChPT,
since it can be considered as a regular term of the standard QCD Lagrangian.

The effective dimension-six terms are new non-renormalizable terms by which
the standard QCD Lagrangian is amended. This implies that the treatment of
their manifestations on the hadronic level are equally beyond the realm of stan-
dard ChPT as pointed out in [39,49]. A complete analysis of the manifestation of
the sources of P and T violation in or as extensions of QCD has been presented
within the Gasser-Leutwyler formulation of ChPT. The results previously pub-
lished in the Weinberg formulation of SU(2) ChPT in [39,49] are consistent with
our results. Each source of P and T violation gives rise to a particular hierarchy
of the coupling constants of P - and T -violating hadronic vertices defined by

L(2)
π + L(4)

π + L(2)
πN + L(4)

πN + L4N

= mN∆3π3π
2 + g0N

†~π · ~τN + g1N
†π3N

− 2d0N
†SµvνNFµν − 2d1N

†τ3S
µvνNFµν

+C0
1N
†NDµ(N †SµN) + C0

2N
†~τN · Dµ(N †Sµ~τN)

+C3
1N
†τ3NDµ(N †SµN) + C3

2N
†NDµ(N †τ3S

µN) + · · · . (4.206)

The hierarchies of these coupling constants are summarized in table 4.1. Those
coupling constants in tab. 4.1 which can not be computed due to unknown LECs
have been assessed by NDA. Tab. 4.1 underlies the assumption that for an ef-
fective dimension-six source with an isospin-conserving and an isospin-breaking
component both respective BSM parameters are of comparable sizes. The quan-
titative assessments of the coupling constants can be refined by the means of
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Table 4.1: Numerical or NDA estimates for the coupling constants of P -
and T -violating vertices induced by the θ-term, qCEDM , 4qLR-op, qEDM ,
gCEDM and 4q-op θ̄ is the physical θ parameter, the constant c is an O(1)
parameter for BSM physics, e is the electric charge of the electron, Fπ the
pion decay constant, Mπ the pion mass and mN the nucleon mass. A factor of
ε=(mu−md)/(mu+md) arises from insertions of the isospin-violating component
of the quark mass matrix.

g0 g1 ∆3 d0,1 C0,3
1,2

θ-term θ̄
M2

π

m2
N

θ̄
M3

π

m3
N

θ̄
M4

π

m4
N

e θ̄
M2

π

m3
N

θ̄
M2

π

F 2
πm

3
N

qCEDM c
M2

π

FπmN

c
M2

π

FπmN

c
M4

π

Fπm3
N

e c
M2

π

m3
N

c
M2

π

F 2
πm

3
N

4qLR-op c
M2

π

FπmN

c
mN

Fπ
c
mN

Fπ
e c

1

mN

c
1

F 2
πmN

qEDM c
αem
4π

M2
π

FπmN

c
αem
4π

M2
π

FπmN

c
αem
4π

M4
π

FπmN

e c
M2

π

m3
N

c
αem
4π

M2
π

F 2
πm

3
N

gCEDM c
M2

π

FπmN

c
εM2

π

FπmN

c
εM4

π

Fπm3
N

e c
1

mN

c
1

F 2
πmN

4q-op c
M2

π

FπmN

c
εM2

π

FπmN

c
εM4

π

Fπm3
N

e c
1

mN

c
1

F 2
πmN

Lattice QCD, which might be able to supply the yet unknown LECs and hence
complete the connection between the energy scales of QCD and ChPT.

The existence of different hierarchies of coupling constants for different sources
of P and T violation which are expected to translate into equally different nuclear
EDM contributions provides the main incentive to investigate the EDMs of light
nuclei.



Chapter 5

The EDM of the deuteron

J total
6P 6T = V 6P 6T + J 6P 6T

Figure 5.1: Total CP-violating transition current. The P and T violation stem
from either P - and T -violating two-nucleon potentials or two-nucleon-irreducible
P - and T -violating transition currents.

In this chapter1, the two-nucleon contributions to the deuteron EDM up to
next-to-next-to-leading order from the QCD θ-term are computed. The discussion
is subsequently extended to the effective dimension-six sources. There are two
types of contributions that are relevant for the present study, namely P - and
T -violating NN interactions and P - and T -violating irreducible NN → NNγ
transition currents — c.f. fig. 5.1. For the deuteron EDM, the latter kind of
contributions contains at its leading non-vanishing order loop diagrams that are
calculated in this chapter for the first time.

Two complementary computational approaches are employed in this chapter.
The first approach is a largely analytical computation of the EDM contributions
from the leading irreducible NN interactions and irreducible transition currents.
The second numerical approach is employed for two reasons: (i) The analytic
computation involves a parameterization of the NN potential in the intermediate
state which is not available for most phenomenological and all ChPT potentials.

1Parts of the following sections of this chapter were published in [101]: introduction, section
5.1, section 5.2, summary.
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+ +
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=
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(a) (b) (c)

(d)

V 6P 6T

+ ...

(e) (f)

+

Figure 5.2: Contributions to the P - and T -violating two-nucleon potential: (a)
LO contributions, (b)-(f) NLO and N2LO contributions, where the former class
contains the gθ0 and the latter the gθ1 coupling. Solid lines denote nucleons and
dashed lines denote pions. The P - and T -violating vertex is depicted by a black
box. For each class of diagrams only one representative is shown.

(ii) Since the number of relevant states in 3N systems is significantly larger com-
pared to the NN system, an analytical computation is not a viable approach for
3He and 3H nuclei which are investigated in the next chapter. The parallel pro-
gram developed to numerically compute the leading EDM contributions allows
for a detailed study of the uncertainties attributed to the P - and T -conserving
component of the nuclear potential.

The chapter is structured as follows: On the basis of the findings of chapter
4 where the hierarchies of the leading coupling constants have been derived, the
power counting of P - and T -violating NN operators is presented in sect. 5.1. Sec-
tion 5.2 contains the derivation of the two-nucleon contributions to the deuteron
EDM induced by the θ-term. The contributions from NN interactions and tran-
sition currents are discussed in subsections 5.2.1 and 5.2.2, respectively. The dis-
cussion is extended to nuclear contributions induced by the effective dimension-six
sources in section 5.4. Complementary to the largely analytical calculations of
the nuclear contributions, the results of the numerical analysis are presented in
section 5.3. Finally, a short summary of the presented results is given in sect. 5.5.

5.1 Power counting

It is crucial for this study to identify a power counting that allows for a comparison
of the contributions to the nuclear EDMs from P - and T -violating transition
currents to those from the P - and T -violating NN potential. The power counting
originally proposed by Weinberg for nuclear matrix elements [113], in spite of its
many successful applications [114], is not able to explain analogous ratios studied
numerically in ref. [115] — we will therefore modify it slightly, as explained below.
An alternative scheme is presented in ref. [30].
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In Weinberg’s counting, contributions to the deuteron EDM that come from
a P - and T -violating potential (c.f. fig. 5.1) are regarded as reducible, while the
transition currents are counted as irreducible. Thus, one needs to power-count the
nuclear wave functions and the photon couplings separately, making it necessary
to assign a scale to a disconnected nucleon line. For dimensional reasons the
corresponding δ(3) function is identified with 1/p3, where p denotes the typical
momentum appearing in the evaluation of the integrals, identified with the pion
mass, Mπ. However, if indeed nucleon momenta are of order Mπ, the two-nucleon
intermediate state appearing between the photon coupling and the P - and T -
violating NN potential is off-shell. Thus, also this contribution is to be regarded
as irreducible with the two-nucleon propagator counted as (p2/mN)−1, where mN

denotes the nucleon mass. Again p is identified with Mπ. This power counting
properly explains the numerical observations of ref. [115] and will be used in this
work as well. For more details we refer to ref. [116].

5.1.1 Power counting for the contributions of the single-
nucleon EDMs

In a world where P and T violation in the SM is driven by the θ-term, within
the effective field theory the single-nucleon EDMs start at the one-loop level.
At the same order there are two counter terms — the di terms in eq. (4.113).
The isospin structure of the loops gives that the isoscalar component of the
single-nucleon EDMs is suppressed by one order in the counting compared to
the isovector one [45,63]. However, this suppression is not present for the counter
terms [48, 117], and therefore for the power counting we may estimate both the
contribution from the d0 as well as the d1 term from the estimate for the leading
loop contribution given by (Eπ = Mπ)

gθ0 ×
Mπ

Fπ
× eEπ ×

1

M4
π

× 1

Eπ
× M4

π

(4π)2
= egθ0

FπMπ

m2
N

, (5.1)

where the dimension-full factors in the first line come from the regular πNN ver-
tex, the photon-pion vertex (with the electron charge e < 0), the propagators and
the integration measure, respectively, and we identified (4πFπ) ∼ mN . In order
to derive from this the total transition current we need to multiply the estimate
with (1/F 2

π )×mN/M
2
π from the NN potential and the two-nucleon propagator,

respectively. We therefore find an estimate of the order of egθ0/(FπmNMπ) from
the single-nucleon EDM for the leading contribution to the total transition cur-
rent. Thus, the single-nucleon EDMs start to contribute to the deuteron EDM
at NLO, as we will outline in the next subsections — c.f. tab. 5.1.
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Table 5.1: Power-counting scales of the P - and T -violating NN potentials (left)
and (total) transition currents (right) relevant for the two-nucleon contribution
to the θ-term-induced EDM of the deuteron, where the equivalence 4πFπ ∼ mN

is assumed.

NN potential (total) transition current

LO gθ0/(mNFπ) ∼ gθ1/(MπFπ) gθ0 e/(M
2
πFπ) ∼ gθ1 emN/(M

3
πFπ)

NLO gθ0Mπ/(m
2
NFπ) ∼ gθ1/(mNFπ) gθ0 e/(MπmNFπ) ∼ gθ1 e/(M

2
πFπ)

N2LO gθ0M
2
π/(m

3
NFπ) ∼ gθ1Mπ/(m

2
NFπ) gθ0 e/(m

2
NFπ) ∼ gθ1 e/(MπmNFπ)

5.1.2 Power counting of the irreducible P - and T -violating
NN potential operators

The leading diagrams for the irreducible P - and T -violating NN potential are
shown in fig. 5.2. The leading, isospin-conserving, P - and T -violating one-pion
exchange can be estimated as

gθ0 ×
1

M2
π

× Mπ

Fπ
=

gθ0
MπFπ

. (5.2)

However, as will be discussed in the next section, this term does not contribute
to the deuteron EDM due to selection rules. The first non-vanishing contribution
comes from the subleading, isospin- and P - and T -violating coupling gθ1. It is
estimated to contribute as gθ1/(MπFπ) ∼ gθ0/(mNFπ), where we used the empirical
relation, presented in the previous section, gθ1/g

θ
0 ∼ Mπ/mN . This contribution

will be called leading order (LO).
A P - and T -violating pion exchange potential from a gθ0 coupling on one vertex

and an isospin-violating, P - and T -conserving coupling on the other also leads to
a non-vanishing contribution to the deuteron EDM [26, 30]. As long as we focus
only on contributions to the deuteron EDM, the impact of the resulting potential
is effectively a redefinition gθ1 → gθ1[1+gθ0β1/(2gAg

θ
1)] [30], where β1 is the strength

parameter of the isospin-violating, P - and T -conserving πNN vertex and gA is
the axial-vector coupling constant of the nucleon. The Nijmegen partial-wave
analysis provides |β1| ≤ 10−2 [118], which is consistent with estimating its value
from the same mechanism used in ref. [26] and appendix G.1, namely via η–π0

mixing — see fig. 5.3. Thus the inclusion of β1 shifts gθ1 by a few percent at most
and can therefore be neglected, given the significant uncertainty of gθ1.

The first relativistic correction is the recoil correction to the gA vertex, given
by −gA/(2mNFπ)S · (p1 + p2)v · kτa where p1,2 are the nucleon momenta and k
is the outgoing pion momentum. The corresponding contribution is suppressed
by three orders relative to the one of the gA vertex due to the additional energy
dependence (since v = (1,~0 ) and k = p1 − p2).
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To one-loop order there are a couple of diagrams as shown in fig. 5.2. The
power counting gives for these diagrams (e.g. diagram fig. 5.2 (d), Eπ = Mπ)

gθ0 ×
1

M2
π

× Eπ
F 2
π

× 1

M2
π

× Mπ

Fπ
× 1

Eπ
× M4

π

(4π)2
=

gθ0Mπ

m2
NFπ

, (5.3)

where we identified 4πFπ ∼ mN . Thus, the loop contributions with the P and
T violation induced via the coupling gθ0 are suppressed relative to the leading,
non-vanishing contribution to the potential (proportional to gθ1) by one power of
Mπ/mN and therefore contribute to NLO. However, as outlined below, the spin-
isospin structure of all these diagrams is such that they do not contribute to the
deuteron EDM. At N2LO the same topologies appear, however, with gθ0 replaced
by gθ1. In addition, also triangle topologies of type (d) with the ππNN vertex

from L(2)
πN [58] as well as vertex corrections (diagrams (e) and (f)) formally appear

at this order. As shown below, besides the latter class none of the mentioned
diagrams contributes to the deuteron EDM.

On dimensional grounds P - and T -violating four-nucleon operators start to
contribute at order Mπ/mN relative to the leading term. Their largest θ-term-
induced contributions are isospin conserving. Thus, as a consequence of the Pauli–
principle, they change the two-nucleon spin. Therefore they do not contribute
to the deuteron EDM. However, their isospin-violating counter parts contribute,
but have a relative suppression of order (Mπ/mN)2 and are therefore of N3LO.

In summary, to the order we are working, the only contribution to the P -
and T -violating NN potential that needs to be considered for the deuteron EDM
is the isospin-violating tree-level contribution proportional to gθ1 and its vertex
corrections.

5.1.3 Power counting of the irreducible transition cur-
rents

We now turn to the transition currents. As explained in the beginning of this
section, in order to compare the contribution from the P - and T -violating NN

η

π0

=
π0

Figure 5.3: Isospin-violating P - and T -conserving πNN vertex (black circle)
induced by π0–η-mixing and the P - and T -conserving ηNN coupling (open circle).
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Figure 5.4: Contributions to the P - and T -violating transition current: (a) NLO
contribution, (b)-(l) N2LO contributions. Solid lines denote nucleons and dashed
line denote pions. The P - and T -violating vertex is depicted by a black box, a P -
and T -conserving, but isospin-violating vertex by a filled circle. For each class of
diagrams only one representative is shown.

potential to that of the P - and T -violating transition currents, the former needs
to be multiplied by emN/M

2
π . Thus, the leading order contribution of the total

transition current is estimated to scale as gθ1 emN/(M
3
πFπ) ∼ gθ0 e/(M

2
πFπ).

The tree-level contribution, shown in fig. 5.4, is formally of NLO, however,
turns out to be of isovector character and thus does not contribute to the deuteron
EDM.

The one-loop contributions to the irreducible transition current are estimated
as (e.g. diagram fig. 5.4 (b), Eπ = Mπ)

gθ0 ×
1

M2
π

× Eπ
F 2
π

× 1

M2
π

× Mπ

Fπ
× 1

Eπ
× e× 1

Eπ
× M4

π

(4π)2
=

gθ0 e

m2
NFπ

. (5.4)

gθ0 e/(m
2
NFπ) and are therefore of N2LO. The naive power counting of the
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diagram classes depicted in fig. 5.4 (d) and fig. 5.4 (e) is slightly more subtle due
to the cancellation of one of the nucleon propagators by the energy dependence
of the ππγ vertex. Therefore these diagrams are part of the irreducible transition
current and appear at N2LO.

Finally there are two additional structures — fig. 5.4 (k) and (l) — that ap-
pear since the zeroth component of the γππ vertex is proportional to the energy
exchanged and thus gets sensitive to the total neutron–proton mass difference2,
δmnp. The contributions of the diagrams of fig. 5.4 (k) and (l) can be estimated as
gθ0eδmnp/(M

3
πFπ) and gθ0eδmnp/(mNM

2
πFπ), respectively. Thus the former (lat-

ter) appears to be suppressed by δmnp/Mπ (δmnp/mN) compared to the leading
order. Based on NDA one might asign δmnp ∼ εM2

π/mN such that diagram (k)
would appear at NLO, while diagram (l) would appear at N2LO. However, as
argued above the nucleon mass difference is significantly smaller that its NDA
estimate — this observation made us asign gθ1/g

θ
0 ∼Mπ/mN , and not (Mπ/mN)2

as would follow from NDA. In full analogy we now asign diagram (k) and diagram
(l) the orders N2LO and N3LO, respectively. Therefore the former is included in
our calculation while the latter can be neglected.

In tab. 5.1 the power-counting scales of the P - and T -violating irreducible NN
potentials and those of the irreducible as well as of the total transition currents
can be found. The power counting scales of specific P - and T -violating and P -
and T -conserving vertices are listed in tab. 5.2. Since most of the vertices in
tab. 5.2 are irrelevant for the deuteron system, their power counting scales are
derived in section 6.2. This completes the discussion of the power counting. In
the next section the various diagrams are discussed explicitly.

5.2 EDMs from the θ-term

The computation of the two-nucleon contributions to the deuteron EDM is most
efficiently performed in the Breit frame defined by q = P−P ′ = (0, ~P− ~P ′) where
P and P ′ denote the total four-momenta of the incoming and outgoing deuteron
states and q the momentum of the external ‘Coulomb-like’ photon. The electric
dipole moment d of the deuteron nucleus of mass mD is then defined (in analogy
to the magnetic moment case) by

d = lim
~q→0

F3(~q 2)

2mD

, (5.5)

2We would like to thank J. de Vries, U. van Kolck and R. G. E. Timmermans for drawing
our attention to these currents. The same effect in a different context is discussed in detail in
ref. [107].
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∼ e ∼ e
FπMπ

m2
N

gθ0

∼ Mπ

Fπ
∼ gθ0 =

mN

Mπ

gθ1

∼ 0 ∼ M2
π

mN

gθ0

∼ Eπ
F 2
π

∼ Mπ

FπmN

gθ0

∼ e
1

F 2
π

∼ e
Mπ

Fπm2
N

gθ0

∼ M2
π

F 2
πm

2
N

∼ Mπ

Fπm2
N

gθ0

Table 5.2: Power counting scales of leading P - and T -conserving vertices (left
column, see appendix A in [58]) and P - and T -violating vertices induced by the
θ-term (right column, see section 6.2). A P - and T -violating vertex is depicted
by a solid black box, whereas a P - and T -conserving vertex is depicted by a solid
black dot in the figures in this table. Note that the appearance of Mπ does not
necessarily mean that the vertices vanish in the chiral limit. Mπ is also used as a
scaling for the 3-momentum here.

where the electric dipole form factor F3 is related to the P- and T-violating
transition current operator (J total

6P6T )µ by〈
J = 1, J ′z = ±1; ~P ′

∣∣(J total
/P /T )0

∣∣ J = 1, Jz = ±1; ~P
〉

= ∓iq3F3(~q 2)

2mD

, (5.6)

where J is the total angular momentum of the deuteron and Jz and J ′z its z-
components for the in- and out-state, respectively.
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The total P - and T -violating transition current J total
/P /T

can be separated into two

contributions of different topology (see fig. 5.1): two-nucleon-reducible transition
currents where the P- and T-violation is induced by a P - and T -violating two–
nucleon potential on the one hand, and irreducible P - and T -violating transition
currents on the other. These will now be discussed in detail.

5.2.1 Contributions from the P - and T -violating NN po-
tential to the deuteron EDM

In order for a P- and T-violating two-nucleon potential to contribute in the
deuteron channel, it must induce 3S1-3D1 → 3P1 transitions, i.e. isospin 0 to
isospin 1 and spin 1 to spin 1 transitions since the photon-nucleon coupling is
spin independent — it therefore must be antisymmetric in isospin space and
symmetric in spin space.

Contributions to the P - and T -violating two-nucleon potential can be further
separated into irreducible and reducible potentials. The latter class consists of a
P - and T -violating potential and of multiple insertions of the NN potential in the
3S1-3D1 state and/or in the intermediate 3P1 state, which can be either absorbed
into the deuteron wave functions, or into the intermediate NN interactions in
the 3P1 state and therefore do not need to be considered separately.

The leading contribution to the P - and T -violating two-nucleon potential is
the class of tree-level diagrams depicted in fig. 5.2 (a). The tree-level potential
induced by the gθ0 vertex is given by [25,119]

V5.2(a)(~l) = i
gθ0gA
2Fπ

~l

~l2 +M2
π

· (~σ(1)−~σ(2))~τ(1) · ~τ(2) , (5.7)

where ~l denotes the pion momentum running from nucleon 1 to nucleon 2. It is
spin antisymmetric and isospin symmetric and does not induce 3S1-3D1 → 3P1

transitions [25,27,119].
The potential induced by the gθ1 vertex reads

V θ LO
5.2(a)(

~l) = i
gθ1gA
4Fπ

~l

~l2 +M2
π

·
[
(~σ(1)+~σ(2))(τ

3
(1)− τ 3

(2)) + (~σ(1)−~σ(2))(τ
3
(1)+τ

3
(2))
]

(5.8)

with ~l as above. It is the same as in [25, 27, 119] with gθ1 replaced by g1. This
potential-operator has a spin-symmetric and isospin-antisymmetric component
and thus contributes to the transition current in the deuteron channel. In order to
evaluate its contribution to the EDM of the deuteron we resort to the parametriza-
tion of the deuteron wave function of [54] with a 3D1-state probability of 4.8%.
In order to include the NN interactions in the intermediate 3P1-state we use the
separable rank-2 representation of the Paris nucleon-nucleon potential of ref. [55]
(PEST). The resulting contributions to the deuteron EDM listed in tab. 5.3 are in
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Table 5.3: Leading order contributions to the deuteron EDM from the gθ1 vertex
without (dθPW , PW: plane wave) and with (dθMS, MS: multiple scattering) inter-
mediate 3P1-interactions and the total leading order contribution dθLO in units of
(gθ1/g

θ
0)G0

π e fm with G0
π = gθ0gAmN/Fπ – calculated in Zero-Range-Approximation

(ZRA), with the Argonne v18 [56], Reid93 [120] and CD-Bonn [54] potentials.

Potential 3D1-adm. dθPW dθMS dθLO

[25, 29] ZRA — −1.8 · 10−2 — −1.8 · 10−2

[27, 33] A v18 5.76% −1.43 · 10−2

[27] Reid93 5.7% −1.45 · 10−2

[31, 32] Reid93 5.7% −1.93 · 10−2 0.40 · 10−2 −1.53 · 10−2

This work CD-Bonn 4.8% −1.95 · 10−2 0.44 · 10−2 −1.52 · 10−2

agreement with the results for g1 of refs. [27] using the Argonne v18 potential, of
ref. [27,31,32] using the Reid93 potential, and of ref. [25,29], where the deuteron
wave function has been used in the Zero-Range-Approximation (ZRA). The 3D1-
admixture is found to enhance the deuteron EDM by about 20 %, whereas the
interaction in the intermediate 3P1-state reduces the contribution by about the
same amount.

Loops formally start to contribute at NLO. The reducible component of the
box potential of fig. 5.2 (b) constitutes a static one-pion exchange and is already
accounted for either by the deuteron wave functions or by the interaction in the
intermediate 3P1-state. Its irreducible component may be obtained by shifting the
pole of one of the nucleon propagators into the half plane of the pole of the other
nucleon propagator, as outlined in [121–123]: i/(−v · pi + iε) → −i/(v · pi + iε).
For the sum of the irreducible part of the box potential of fig. 5.2 (b) and the
crossed-box potential of fig. 5.2 (c), one finds in dimensional regularization in d
space–time dimensions

V θNLO
5.2(b+c)(

~l) = −i gθ0g
3
A

16π2F 3
π

1 + 3
2
ξ√

ξ(1 + ξ)
ln

(√
1 + ξ +

√
ξ√

1 + ξ −√ξ

)
× ~τ(1) · ~τ(2)(~σ(1) − ~σ(2)) ·~l (5.9)

with ξ = ~l2/(4M2
π). The divergence has been absorbed by a redefinition of the

four-nucleon coupling constant C0
2 (the scale µ is introduced in dimensional reg-

ularization)

C0
2 → C0

2 −
gθ0g

3
A

F 3
π

[
6L− 3

16π2

(
ln

(
µ2

M2
π

)
−1

)
− 2

16π2

]
(5.10)

with

L =
µd−4

16π2

{
1

d− 4
+

1

2

[
γE − 1− ln(4π)

]}
(5.11)
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where γE = 0.577215 · · · is the Euler–Mascheroni constant.
The triangular potential of fig. 5.2 (d) gives

V θNLO
5.2(d) (~l) = i

gθ0gA
32π2F 3

π

√
1 + ξ

ξ
ln

(√
1 + ξ +

√
ξ√

1 + ξ −√ξ

)
× ~τ(1) · ~τ(2)(~σ(1) − ~σ(2)) ·~l (5.12)

where the divergence has been absorbed by a further redefinition of C0
2 :

C0
2 → C0

2 −
gθ0gA
F 3
π

[
−2L+

1

16π2

(
ln

(
µ2

M2
π

)
−1

)
+

2

16π2

]
. (5.13)

These results reproduce those of ref. [119]. Note that all gθ0 potential-operators
up to one loop as well as the four-nucleon vertex operators are isospin symmetric
and spin antisymmetric and therefore vanish in the deuteron channel.

At N2LO there are the same topologies as just discussed, however, with the gθ0
vertex replaced by its isospin-violating counter part gθ1. The triangular-potential
operator fig. 5.2 (d) vanishes at the considered order. The class of the crossed-
box-potential diagrams of fig. 5.2 (c) gives

V θN2LO
5.2(c) (~l) = −ig

θ
1g

3
A

8F 3
π

{
1

16π2

1+3
2
ξ√

ξ(1+ξ)
ln

(√
1+ξ +

√
ξ√

1+ξ −√ξ

)

+

[
3L− 3

2

1

16π2

(
ln

(
µ2

M2
π

)
−1

)
− 1

16π2

]}
×
[
(τ 3

(1) − τ 3
(2))(~σ(1) + ~σ(2))

+ (τ 3
(1) + τ 3

(2))(~σ(1) − ~σ(2))
]
·~l . (5.14)

Resorting again to the method presented in [121–123] to isolate the irreducible
component of the box potential-operator fig. 5.2 (b), the latter is found to be the
negative of eq. (5.14) and to cancel the crossed-box-potential-operator fig. 5.2 (c).
Therefore, contributions to the total P - and T -violating transition current in-
duced by the P - and T -violating two-nucleon one-loop potential are absent to
N2LO — not only in the deuteron channel.

The only non-vanishing N2LO contributions are thus the vertex corrections
shown in diagrams 5.2 (e) and (f). The vertex correction on the P - and T -
conserving vertex is readily accounted for, since we use the physical πNN coupling
constant in our calculations. The situation is somewhat different for diagram
5.2 (e), where the physical value of the coupling constant is not known, but was
calculated/estimated in sect. 4. Since gθ0 only appears at the one-loop level in
the case of the deuteron EDM, we only need to consider gθ1 here. The quoted
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uncertainty for gθ1 is of the order of 50%. On the other hand, the corresponding
correction for the P - and T -conserving πNN coupling constant, the so called
Goldberger–Treiman discrepancy, is very small [124], such that we may safely
assume that the uncertainty given for gθ1 is sufficiently large such that it includes
vertex corrections.

Thus, the only piece of the NN potential that is P - and T -violating and
contributes to the deuteron EDM is the tree-level diagram depicted in fig. 5.2 (a),
with the gθ1 coupling employed in the P - and T -violating πNN vertex: it is the
LO potential.

5.2.2 Contributions from the P - and T -violating irre-
ducible NN transition current

In order for an irreducible transition current not to vanish in the deuteron chan-
nel, it has to induce 3S1-3D1 → 3S1-3D1 (isospin 0 to isospin 0 and spin 1 to
spin 1) transitions. It therefore needs to be an isoscalar operator, symmetric
in spin space. Therefore the tree-level transition currents — c.f. fig. 5.4 (a)
— that are all isovector in character, do not contribute to the deuteron EDM.
The relevant P - and T -violating irreducible one-loop NN current operators are
listed in fig. 5.4 (b)-(j). Diagrams involving P - and T -conserving NNπγ vertices
have been neglected here since, to the order we are working, they do not yield
EDM contributions: according to eq. (5.6) EDM contributions are extracted from
the 0th-component of matrix elements of transition currents. The leading order,
P - and T -conserving NNπγ vertex ie(gA/Fπ) ε · Sεa3bτ b (see appendix A of [58]
where γ is the “Coulomb photon”, ε = (1,~0)) does not have a non-vanishing
0th-component for S = (0, ~σ/2).

The diagram classes depicted in fig. 5.4 (g) and fig. 5.4 (h) are of order
gθ0 e/(m

2
NFπ) and thus N2LO. For a photon coupling to nucleon 2 the two-nucleon-

irreducible component of diagram fig. 5.4 (g) and diagram fig. 5.4 (h) give

(
JθN

2LO
5.4(g+h)

)µ
= i

egθ0g
3
A

128πF 3
πMπ

[
1

1 + ξ
+

2√
ξ

arctan
√
ξ

]
vµ

× (~τ(1) · ~τ(2)−τ 3
(2))(~σ(1)−~σ(2)) · (~p2

′ − ~p2 + ~q) (5.15)

with ξ = |~p2
′ − ~p2 + ~q |2 /(4M2

π) in terms of the initial (final) momentum pi(p
′
i) of

nucleon i and the momentum of the out-going photon q. Although the operator
(5.15) contains an isospin-symmetric component, it is spin-antisymmetric and
vanishes in the deuteron channel.

The diagram classes depicted in fig. 5.4 (d) and (e) vanish in the deuteron
channel, since they are isovectors.

In addition there are diagrams at N2LO where the photon couples to a vertex
correction (fig. 5.4 (i) and (j)); however, terms that contain the gθ0 vertex turn
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out to be isovectors and thus do not contribute to the deuteron channel, and
those that contain gθ1 start to contribute only at N3LO.

The triangular diagrams depicted in fig. 5.4 (b), fig. 5.4 (c) and fig. 5.4 (f) are
all of order N2LO. Diagrams of the types of fig. 5.4 (c) and fig. 5.4 (f) vanish in
the deuteron channel which can be readily seen from their isospin components:
diagram fig. 5.4 (c) is proportional to τ 3

(2) (photon coupling to nucleon 2 ) and

diagram fig. 5.4 (f) is proportional to 2τ(2) + i(~τ(1)×~τ(2)). A class of currents that
has a spin- and isospin-symmetric component is depicted in fig. 5.4 (b):(

JθN
2LO

5.4(b)

)µ
= i

egθ0gA
4F 3

π

vµ
(
~τ(1) · ~τ(2) − τ 3

(2)

)
×

(
I(p1−p′1) (~p1

′−~p1) · ~σ(2) + (1↔ 2)
)

(5.16)

with I(l) = − arctan(|~l |/(2Mπ))/(8π|~l |) [58]. Resorting to the CD-Bonn wave
function of the deuteron as used above, the resulting gθ0-contribution to the
deuteron EDM for the 3S1 state and 3D1 admixture is found to be

dθ5.4(b) = −2.00 · 10−4 ×G0
π e fm︸ ︷︷ ︸

3S1

− 0.53 · 10−4 ×G0
π e fm︸ ︷︷ ︸

3D1-adm.

(5.17)

where G0
π := gθ0gAmN/Fπ.

The class of diagrams depicted in fig. 5.4 (k), see ref. [30], gives(
JθN

2LO
5.4(k)

)0

= −ieg
θ
0gAδmnp

Fπ
(~τ(1) · ~τ(2) − τ 3

(1)τ
3
(2))

× ~σ(1) · (~p1−~p1
′) + ~σ(2) · (~p2 − ~p2

′)

[(~p1−~p1
′)2 +M2

π ] [(~p2−~p2
′)2 +M2

π ]
. (5.18)

The explicit evaluation of the EDM contribution of fig. 5.4 (k) yields 0.31 ·10−4×
G0
π e fm, which justifies the classification as N2LO.

The absence of both — divergences and (undetermined) counter-terms up to
N2LO— ensures the predictive power of the two-nucleon contributions to the
deuteron EDM that is induced by the θ-term. Together with the gθ1 contribution
the total two-nucleon contribution to the EDM of the deuteron induced by the
θ-term is then given by:

dθ2H = dθLO + dθN2LO

=

[(
−15.2 · g

θ
1

gθ0
− 0.22

)
± 0.03

]
×10−3G0

π e fm , (5.19)

where the uncertainty accounts for not considered higher order contributions
according to the power counting. Alternatively we may express the result directly
in terms of θ̄, the strength of the QCD θ-term, and write

dθ2H = dθLO + dθN2LO

= −
(
(5.9± 3.9)− (0.5± 0.2)

)
× 10−4 θ̄ e fm , (5.20)



86 CHAPTER 5. THE EDM OF THE DEUTERON

where the uncertainties now contain, in addition to the one given in eq. (5.19), also
the uncertainties in the coupling constants gθ0 and gθ1. Therefore the final result
is completely dominated by the contribution from the P - and T - and isospin-
violating tree-level potential proportional to gθ1.

5.3 Numerical analysis

Additional to the largely analytical computation of the previous sections, the
numerical analysis of the P - and T -violating form factor in the low-q regime and
of the LO NN contribution to the deuteron EDM is presented in this section.
Before turning to the results of the numerical computation, a brief explanation
of applied numerical technique is given.

5.3.1 Numerical analysis technique

Let |ψ2H〉 denote the deuteron state and O(q) the complete NN transition current
operator which has in general a P - and T -conserving as well as a P - and T -
violating component. If the Breit frame is chosen as the reference frame with
the photon momentum q = (0, ~q), the transition current operator O(~q) only
depends on the photon three-momentum ~q. The operator O(~q) acting on the
deuteron state |ψ2H〉 is considered to be the initial arrangement of particles (i.e.
the starting seed in the iteration procedure described below).

The complete NN interaction Hamiltonian is comprised of three components,

H̄ := H0 + V + V/P /T ≡ H + V/P /T , (5.21)

whereH0 is the freeNN Hamiltonian, V is the P - and T -conservingNN potential
and V/P /T is the P - and T -violating NN potential. By utilizing the resolvent
identity [125], the full NN propagator Ḡ can be re-expressed as

Ḡ :=
1

E −H − V/P /T + iε

=
1

E −H + iε
+

1

E −H + iε
V/P /T

1

E −H − V/P /T + iε

≡ G+GV/P /T Ḡ . (5.22)

Since V/P /T constitutes only a small perturbation of the P - and T -conserving NN
potential V , all terms in Ḡ proportional to powers of V/P /T larger than one can be
neglected and the above iteration terminates after one step. A viable approxima-
tion of Ḡ is thus given by

Ḡ ≈ G+GV/P /TG . (5.23)

The complete NN propagator eq. (5.23) has to be applied to the initial arrange-
ment of particles O(~q)|ψ2H〉 in order to construct the form factor of the deuteron.
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The resulting state |Ψ〉 which describes an incoming photon coupling to the nu-
cleus with multiple P - and T -conserving and P - and T -violating interactions of
the nucleons in the nucleus is given by

|Ψ(~q)〉 = lim
ε→0

iε ḠO(~q)|ψ2H〉+ · · ·
= lim

ε→0

(
iεG+ iεGV/P /T G

)
O(~q)|ψ2H〉+ · · · . (5.24)

For the bound state of the deuteron, the application of the P - and T -conserving
operator G yields

G|ψ2H〉 = lim
ε→0

iε

E −H0 − V + iε
|ψ2H〉 = |ψ2H〉 . (5.25)

One then obtains for the matrix element 〈ψ2H|Ψ〉:

〈ψ2H|Ψ(~q)〉 = 〈ψ2H|
(
1+ lim

ε→0
V/P /TG

)
O(~q)|ψ2H〉 . (5.26)

Eq. (5.26) is already sufficient as a starting point for the numerical analysis of the
nuclear contributions to the deuteron EDM. However, as shown in chapter 6, the
investigation of 3N systems requires the application of the resolvent identity for
G, i.e.

G = G0 +G0 V G , (5.27)

with G = (E−H0 + iε)−1. The desired final expression of the form factor is then
given by

〈ψ2H|Ψ(~q)〉 = 〈ψ2H|O(~q)|ψ2H〉
+ lim

ε→0
〈ψ2H|

(
V/P /T G0 + V/P /T G0 V G

)
O(~q)|ψ2H〉+ · · · . (5.28)

Since the interest of this section is in the leading order contribution to the
EDM of the deuteron, the transition current operator O(~q) is identified with
the leading order P - and T -conserving photon-nucleon coupling as depicted in
fig. (5.5). The first term on the right-hand side of eq. (5.28) is then the P - and
T -conserving form factor at leading order in ChPT which admits an expansion
in even powers of ~q. The second term and the third term on the right-hand
side of eq. (5.28) constitute the leading P - and T -violating components of the
form factor and admit expansions in odd powers of ~q. Since only the second
and the third term are relevant for the computation of the deuteron EDM, the
first term on the right-hand side of eq. (5.28) is neglected from now on. One
contribution of second term is diagrammatically depicted in fig. 5.5 (a), whereas
one of the diagrams corresponding to the third term on the right-hand side of the
above equation is depicted in fig 5.5 (b). The second term dominates the third
term, which constitutes the correction to the second term due to multiple P - and
T -conserving NN interactions in the intermediate state.
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(a) (b)

2H 2H2H 2H

Figure 5.5: The P - and T -violating vertex is depicted by a black box. For each
class of diagrams only one representative is shown. The shaded box in the center
of diagram (b) denotes P - and T -conserving interactions in the intermediate 3P1-
state

The full P - and T -conserving propagator G can be rewritten for the NN -
system in terms of the NN T-matrix t as G = G0 +G0 tG0 since

G = G0 +G0 tG0 = G0 +G0 V G0 +G0 V G0 tG0

⇔ G0 tG0 = G0(V + V G0 t)G0

⇔ t = V + V G0 t . (5.29)

The second term on the right-hand side of eq (5.26) then becomes:

lim
ε→0
〈ψ2H|V/P /T G0O(~q)|ψ2H〉+ lim

ε→0
〈ψ2H|V/P /T G0 tG0O(~q)|ψ2H〉 . (5.30)

As explained in section 5.2.1, the intermediate state is the 3P1-state and P - and
T -conserving NN interactions do not allow for transitions into other states since
the total angular momentum, the total spin and the total isospin are conserved
in NN interaction. The inversion of the operator (1−G0 V ) required to obtain
the T-matrix,

t = (1− V G0)−1V , (5.31)

is then particularly simple to compute in the absence of coupled channels.

The leading order photon-nucleon vertex in heavy baryon ChPT is given by
ie (1+τ 3)/2. The effect of the operatorO(~q) is, apart from the potentially isospin-
changing isospin operator component, a shift of the momentum of the nucleon to
which the photon couples. The architecture of the developed program to compute
the matrix elements of eq. (5.30) requires all operators to be decomposed into their
partial wave components. The partial wave decomposition of O(~q)|ψ2H〉 is given
by F.20 in appendix F. The partial wave decomposition of the considered P - and
T -violating NN potentials, the g1 induced one-pion exchange potential, is given
by eq. (F.10). The decompositions of the g1 induced one-pion exchange potentials
for η-, ρ- and ω-mesons, eqs. (F.16), (F.17), and (F.18), are obtained by slight
modifications of eq. (F.10).
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5.3.2 Numerical analysis of the deuteron EDM

Since the P - and T -violating form factor is included in the total form factor
〈ψ2H|Ψ〉, the EDM of the deuteron dtot2H is according to eq. (5.5) and eq. (5.6) in
the Breit frame equal to

dtot2H = −i lim
|q|→0

2

|q| 〈ψ2H; J ′=1, J ′z=1,−~q/2|Ψ; J=1, Jz=1, ~q/2〉 . (5.32)

The deuteron EDM has been computed by using the two phenomenological po-
tentials Av18 and CD-Bonn as well as NLO, N2LO and N3LO ChPT potentials
for the P - and T -conserving component of the nuclear potential. The numeri-
cal implementations of the phenomenological potentials have been provided by
A. Nogga [126] and those of the ChPT potentials by E. Epelbaum [57]. The nu-
merical routines used here which generate the deuteron wave functions for each
of the considered potentials have also been developed by A. Nogga [127]. As
explained in detail in [57], the regularizations of the P - and T -conserving ChPT
potentials require two kinds of cutoffs: (i) for loop contributions to the potential,
e.g. the two-pion exchange NN potential, the Spectral Function Regularization
scheme is employed to render the expressions finite. Within this scheme, the
potential obtained from dimensional regularization is re-expressed in its spectral
representation, which reads for the central component [57]:

VC(q) =
2q4

π

∫ ∞
2Mπ

dµ
1

µ3

ρ(µ)

µ2 + q2
, ρ(µ) = Im(VC(0+ − iµ)) , (5.33)

with the spectral function ρ(µ) and four-momentum transfer q. The dimensional
regularization of the potential leads to the emergence of artificial and model-
dependent large momentum (short-range) contributions. When the spectral func-
tion is subjected to the cutoff [57]:

ρ(µ)→ ρΛ̃(µ)Θ(Λ̃− µ) , (5.34)

all large momentum components above q > Λ̃ are removed from the regularized
expression. (ii) The fact that ChPT potential does not decrease with an grow-
ing momentum transfer renders the Lippmann-Schwinger equation for the ChPT
potential ultraviolet divergent. Divergences of the Lippmann-Schwinger equation
are removed by the application of an additional cutoff parameter Λ in the regula-
tor function fΛ which is applied to the potential V (p, p′: incoming and outgoing
relative momentum of the NN system) [57]:

V (p, p′)→ exp(−p6/Λ6)V (p, p′) exp(−p′6/Λ6) . (5.35)

The results of the numerical analysis are presented in tab. 5.4. There are
now two separate power countings when ChPT potentials for the P - and T -
conserving component of the NN potential are considered: one for the P - and



90 CHAPTER 5. THE EDM OF THE DEUTERON

Table 5.4: Leading order nuclear contributions to the deuteron EDM from the g1

vertex without (dPW , PW: plane wave) and with (dMS, MS: multiple scattering)
intermediate 3P1-interactions and the total leading order nuclear contribution d2H

in units of 10−2G1
π e fm with G1

π = g1gAmN/Fπ – calculated with the Argonne v18

potential [56], the CD-Bonn potential [54] and chiral potentials up to N3LO for
several combinations of Lippmann-Schwinger cutoffs (LS) and Spectral Function
Regularization cutoffs (SFR) [57].

Potential LS SFR This work [27] [33]
[MeV] [MeV] dPW dMS d2H d2H d2H

Av18 − − −1.93 0.48 −1.45 −1.43 −1.45
CD-Bonn − − −1.95 0.51 −1.45 − −

ChPT (NLO) 400 500 −1.86 0.21 −1.65 − −
ChPT (NLO) 550 500 −1.88 0.23 −1.65 − −
ChPT (NLO) 550 600 −1.87 0.24 −1.63 − −
ChPT (NLO) 400 700 −1.86 0.22 −1.63 − −
ChPT (NLO) 550 700 −1.86 0.25 −1.61 − −
ChPT (N2LO) 450 500 −1.88 0.32 −1.56 − −
ChPT (N2LO) 600 500 −1.92 0.43 −1.49 − −
ChPT (N2LO) 550 600 −1.92 0.50 −1.43 − −
ChPT (N2LO) 450 700 −1.89 0.42 −1.47 − −
ChPT (N2LO) 600 700 −1.94 0.65 −1.29 − −
ChPT (N3LO) 450 500 −1.65 0.25 −1.40 − −
ChPT (N3LO) 600 600 −1.60 0.26 −1.34 − −
ChPT (N3LO) 550 600 −1.62 0.26 −1.36 − −
ChPT (N3LO) 450 700 −1.68 0.26 −1.42 − −
ChPT (N3LO) 600 700 −1.62 0.27 −1.35 − −

T -violating component of the NN potential which has been described in sec-
tion 5.1 and one for the P - and T -conserving component of the NN potential.
Only the leading order P - and T -violating NN operator which does not vanish
in the deuteron channel, eq. (5.8), is considered in this section, whereas P - and
T -conserving ChPT potentials up to N3LO are utilized. The reason for the con-
sideration of ChPT potentials up to N3LO is to investigate the uncertainty of P -
and T -conserving component of the nuclear potential. Since only the leading P -
and T -violating potential operator is considered, the power counting mentioned
below and in tab. 5.4 is exceptionally the one of the P - and T -conserving com-
ponent of the nuclear potential. As pointed out in [57], the cutoff parameters Λ
and Λ̃ of the ChPT potentials have to be chosen carefully in order to ensure that
only the momentum regime where ChPT has full predictive capacity is consid-
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ered. The numerical analysis of the leading order EDM contribution from ChPT
potentials has been performed for various combinations of Lippmann-Schwinger
cutoffs (LS) and Spectral Function Regularization cutoffs (SFR).

The results from the Av18 and CD-Bonn potentials are in agreement with the
results obtained in section 5.2 and with those of [27, 33]. The phenomenological
potentials do not allow for an assessment of the uncertainties attributed to the P -
and T -conserving component of the nuclear potential. When ChPT potentials are
employed, estimates of the inherent uncertainties can be obtained by considering
different orders and by studying the cutoff dependence, i.e. different combina-
tions of LS- and SFR-cutoff parameters. The ChPT potentials yield results which
do not significantly deviate from the results based on the considered phenomeno-
logical potentials. In particular, the NLO ChPT potential gives plane-wave (PW)
contributions which are very close to those obtained from the phenomenological
potentials. This observation can be attributed to the fact that the dominating
3S1 channel of the deuteron wave function is already quite accurately described
by the LO one-pion exchange potential (see [57]). The inclusion of N2LO nuclear
interactions does not alter the plane-wave contributions significantly. Surpris-
ingly, this order-independence of the plane-wave contributions does somehow not
extend to N3LO nuclear interactions: the plane-wave contributions from the N3LO
ChPT potential are well outside the bands defined by plane-wave contributions
from the NLO and N2LO ChPT potentials. By inspection of the plots of the radial
component of the deuteron wave function in [128], unexpected oscillations in the
large-distance part of the deuteron wave function (& 2 fm) were revealed3. Due
to this unexpected observation, the results from the N3LO ChPT potential are
disregarded in the assessment of the uncertainty of the deuteron EDM, but are
still displayed for completeness.

The multiple-scattering (MS) contributions –the contributions from P - and
T -conserving interactions in the intermediate 3P1 state– do not exhibit any order
independence: the band defined by the N2LO multiple-scattering results is much
broader and does not comprise the band defined by the NLO results. The N2LO
contributions to the nuclear ChPT potential include two-pion exchange diagram
classes which cause a significant difference to the NLO ChPT potential [57]. The
smaller cutoff dependence of the NLO results with respect to the N2LO results
has to be attributed to the following reason: since for the NLO ChPT potential
the next higher-order contact interactions appear at N3LO, the cutoff dependence
is regarded as an N3LO effect [57]. However, the cutoff dependence of N2LO
results reveals that this inferred uncertainty profoundly understates the actual
uncertainty. The SFR regularization of the two-pion exchange diagrams enhanced
by a factor of π is mainly responsible for the larger cutoff dependence of the total
N2LO results. Therefore, the difference between d2H from the NLO and from

3Private communication with the author of [57]: numerical implementation of the N3LO
ChPT potential is currently being revised.
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Table 5.5: Nuclear contributions to the deuteron EDM from the g1 induced one-
meson exchange without (dPW , PW: plane wave) and with (dMS, MS: multiple
scattering) intermediate 3P1-interactions and the total nuclear contribution d2H

for heavier mesons in units of 10−3G1
η,ρ,ω e fm with G1

η,ρ,ω = gη,ρ,ω1 Gη,ρ,ω, where
Gη,ρ,ω are the P - and T -conserving ηN , ρN , ωN coupling constants, respectively,
and gη,ρ,ω1 their P - and T -violating counterparts. The EDM contributions are
calculated with the Argonne v18 [56] potential and the CD-Bonn potential [54].

Meson Potential This work [27] [33]
dPW dMS d2H d2H d2H

η Av18 −0.30 0.15 −0.16 −0.16 −0.16
η CD-Bonn −0.34 0.17 −0.17 − −
ρ Av18 −0.14 0.08 −0.06 −0.06 −0.06
ρ CD-Bonn −0.17 0.10 −0.07 − −
ω Av18 0.14 −0.08 0.06 0.06 0.06
ω CD-Bonn 0.17 −0.10 0.07 − −

the N2LO ChPT potential is largely due to the dMS contributions. The cutoff
dependence of the N2LO ChPT potential is therefore the most accurate one and
the N2LO ChPT potential is used to compute the nuclear contribution to the
deuteron EDM and its uncertainty.

The center of the range of values defined by the results obtained from the two
phenomenological potentials and the N2LO ChPT potential is chosen to be the
final result for the nuclear contribution to the deuteron EDM. The uncertainty is
then determined by the maximum deviation of these values from the center. The
leading order nuclear contribution to the deuteron EDM and its uncertainty are
given by:

dθ2H = (−1.43 ± 0.14) · 10−2 g
θ
1

gθ0
G0
π · e fm . (5.36)

This result is consistent with the analytical result in tab. (5.3). The results for
contributions from higher-order P - and T -violating diagrams obtained in section
5.2 can be exploited to refine the uncertainty, which yields:

dθ2H = (−1.43 ± 0.18) · 10−2 g
θ
1

gθ0
G0
π · e fm

= −(0.55± 0.37) · 10−16 θ̄ e cm . (5.37)

For completeness, the contributions to the deuteron EDM from P - and T -
violating one-meson exchange potentials for the heavier η, ρ and ω mesons are
listed in tab. 5.5, which provide an additional assessment of the short-range con-
tributions encoded in the P - and T -violating 4N vertices of eq. (4.113). Due to
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Figure 5.6: P - and T -violating dimension-six sources. The P - and T -violating
vertex is depicted by a solid black box.

isospin selection rules, only the isospin violating 4N vertex is of relevance in the
deuteron system, which is classified as N3LO. The one-meson exchange potentials
are given by eqs. (F.16), (F.17) and (F.18), whereas their partial wave decom-
positions are easily obtained from the decomposition of the g1 induced one-pion
exchange potential operator eq. (F.9).

Taking into consideration that the P - and T -conserving ηNN , ρNN and
ωNN coupling constants (for vector couplings) are numerically smaller than the
P - and T -conserving πNN coupling constant [33] and assuming that the P - and
T -violating ηNN , ρNN and ωNN coupling constants are in agreement with
their NDA estimates, the power counting of the short-range 4N contribution
to deuteron EDM is confirmed. Furthermore, the short-range sensitivity of the
potentials are revealed: the larger the mass of the considered meson, the larger is
the relative deviation of the result from the CD-Bonn potential to the one from
the Av18 potential, for instance.

5.4 EDM from effective dimension-six sources

The different hierarchies of coupling constants of P - and T -violating vertices
for the considered sources of P and T violation translate into different nuclear
contributions to the deuteron EDM. The coupling constants of the P - and T -
violating vertices from the effective dimension-six sources can not be computed
within ChPT as established in section 4.2.2, which requires supplementary input
from other non-perturbative techniques, e.g. Lattice QCD. Since such predictions
for these coupling constants are not likely to be available soon, the only means
at our disposal to assess their sizes is NDA. Section 4.3 provides NDA estimates
of the leading coupling constants as defined in eq. (4.113) for each considered
source of P and T violation. The NDA estimates and the hierarchies of coupling
constants presented in section 4.3 allow for the following statements on nuclear
contributions to the deuteron EDM from the effective dimension-six sources.

• qCEDM :
As demonstrated in section 4.3, the qCEDM which is graphically depicted
in fig. 5.6 gives rise to an isospin-conserving g0 πNN vertex and an isospin-
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breaking g1 πNN vertex at leading order. Therefore, the estimates of two
P - and T -violating potential or current operators which only differ by the
type of the P - and T -violating πNN vertex (g0 or g1 vertex) are identical.
The leading-order contribution is again defined by the P - and T -violating
one-pion exchange potential induced by the g1 vertex. The contribution to
the deuteron EDM from this potential is given in tab. 5.3 with gθ1 replaced
by g1. Due to the absence of a suppression of g1 with respect to g0, the
order estimates of operators for the qCEDM is obtained from the one for
the θ-term by multiplying the order estimates of g1 induced operators for
the θ-term by mN/Mπ.

Contributions from the one-loop potential operators depicted in figs. 5.2 (b)-
(d) are now of order N2LO with respect to the contribution from the leading
g0 and g1 induced potential operator shown in fig. 5.2 (a). Contributions
from the irreducible current operators figs. 5.4 (b)-(f) are counted as N3LO
— with a possible π-enhancement for triangular diagrams. Furthermore,
the leading 4N vertex induced by the isospin-violating component of the
qCEDM which does not vanish in the deuteron channel appears at N2LO.
It is thus sufficient to consider only those one-loop diagrams with the largest
expected yield in order to ensure that no extraordinary enhancements occur
and the uncertainty estimates are reliable.

The relevant contributions from the P - and T -violating potential operators
were already discussed in the previous section. Additionaly, the share of the
deuteron EDM generated by the class of diagrams depicted in fig. 5.4 (b)
with g1 vertices is found to be equal to the one generated by the class
shown in fig. 5.4 (c) with g1 vertices and non-vanishing. The contributions
of the diagram classes depicted in fig. 5.4 (d) and fig. 5.4 (f) vanish, whereas
the contribution of the diagram class pictured in fig. 5.4 (e) is equal to the
sum of contributions of the diagrams shown in figs. 5.4 (b) and (c) times a
factor of −g2

A. All these diagram classes are enhanced by a factor of π that
commonly appears for triangle topologies:

d5.4(b)+(c) = −1.34 · 10−4 g1
gAmN

Fπ
e fm = d5.4(e)/(−g2

A) (5.38)

These numerical results for each single diagram are in perfect agreement
with their π-enhanced N3LO power counting estimates, which demonstrates
that no extraordinary enhancements of particular diagrams occur. The
other diagram classes (fig. 5.4 (g), (h), (i) and (j)) are suppressed due to
the absence of a π-enhancement and the smallness of δmstr

np as previously
noted.

The leading order nuclear contribution to the EDM of the deuteron is given
by

d2H = (−1.43 ± 0.18) · 10−2 g1
gAmN

Fπ
e fm . (5.39)
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• 4qLR-op:
According to eq. (4.205), the 4qLR-op depicted in fig. 5.6 induces the g1

πNN vertex as well the ∆3 3π vertex at leading order. The leading or-
der contribution to the deuteron EDM is again defined by the g1 induced
one-pion exchange potential, which is given in tab. 5.3 with gθ1 replaced by
g1. The corresponding g0 induced potential operator (which vanishes in the
deuteron channel) is an N2LO operator. The 3π ∆3 vertex starts to con-
tribute at the one-loop level and yields only suppressed EDM contributions.
The leading order nuclear contribution to the deuteron EDM is thus given
by eq. (5.39), where g1 is induced by the 4qLR-op.

• qEDM :
All coupling constants of vertices which do not involve photon fields are
suppressed by a factor of αem/(4π). The deuteron EDM induced by the
qEDM therefore equals its single-nucleon contributions at leading order:

dtot2H = dn + dp + d2H = dn + dp +O(αem/(4π)) . (5.40)

• 4q-op and gCEDM :
The leading order contributions to the deuteron EDM for these two
dimension-six sources (depicted in fig. 5.6) are induced by the P - and T -
violating γNN coupling constants d0,1 and 4N coupling constants C0,3

1,2 of
eq. (4.113). P - and T -violating πNN vertices are suppressed by at least two
orders in magnitude. Since the leading coupling constants are not quanti-
tatively known, the leading order contributions to the deuteron EDM are
difficult to asses. The deuteron EDM from can tentatively be estimated
to equal the sum of the single-nucleon contributions if the leading P - and
T -violating γNN - and 4N vertices are indeed of the same order:

dtot2H ≈ dn + dp . (5.41)

These results confirm the conclusions presented in [30].

5.5 Summary

As already stated in the introduction, the established relation between the QCD
θ-term and the P - and T -violating πNN coupling constant is not sufficient to pre-
dict the size of the electric dipole moment of a single nucleon (neutron or proton)
within ChPT, since the calculable one-loop contributions are of the same order as
undetermined counter terms, which could be estimated by resonance saturation.
However, this unpleasant feature is not present for the two-nucleon contributions
to the deuteron EDM and other light nuclei, which contribute already at tree-
level order — unaffected by any counter terms — and which can be derived —
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admittedly with a large uncertainty — up-to-and-including N2LO, see eqs. (5.19)
and (5.20) at the end of section 5.2.2. The N2LO contributions of these results are
(up to vertex corrections discussed in sect. 5.1) solely governed by the irreducible
transition currents. The latter include loops which for the first time have been
calculated in this chapter. Any contribution with unknown coefficients can only
appear at N3LO. All nuclear EDM contributions are in perfect agreement with
their power counting estimates.

The dominant part of the deuteron’s two-nucleon EDM from the QCD θ-
term resulted from the isospin-violating and P - and T -violating πNN coupling
constant g1. The isospin violation of this coupling can be estimated from the
strong contribution to the pion mass-square splitting (δM2

π)str/(M2
πε). Although

this ratio gives a small number, its contribution to gθ1 gets enhanced by the
relatively large pion-nucleon sigma term. Nominally, gθ1 should be suppressed by
two orders relative to its isospin-conserving counter part, gθ0. However, the latter
is governed by the strong part of the neutron-proton mass splitting and therefore
is found to be exceptionably small. Thus the isospin-violating coupling gθ1 — as
already observed by Lebedev et al. [26] — is effectively only suppressed by one
power in the counting.

This is important since the one-pion exchange with one gθ0 vertex cannot con-
tribute to the two-nucleon part of the deuteron EDM because of isospin selection.
This was summarized in the folklore that the deuteron would be blind to the two-
nucleon contributions generated by the θ-term. This folklore, however, should be
abandoned. A measurement of a non-vanishing neutron, a non-vanishing proton
and a non-vanishing deuteron EDM would suffice to determine the strength of
the QCD θ-term, θ̄, from data. In fact, the two-nucleon part of the deuteron
EDM given in (5.20) is of the same magnitude and therefore comparable in size
with the non-analytic isovector part of the nucleon EDM as calculated in ref. [48],
which is, using as input the value of gθ0 from eq. (4.158),

dnon-analyt.
N = −(21± 9)× 10−4 θ̄ e fm , (5.42)

where the uncertainty contains both the variation of the loop scale as proposed in
ref. [48] as well as the uncertainty in gθ0. This number may presumably be taken
as a scale which governs the single nucleon EDMs. However, the non-analytic
contribution to the isoscalar part of the nucleon EDM is an order of magnitude
smaller due to a suppression by a factor Mπ/mN as well as the absence of a
chiral logarithm. Whether the proton or neutron EDM are really of the same
magnitude as the two-nucleon part of the deuteron EDM is a question which only
experiments might eventually be able to answer in the foreseeable future.

The computation of the leading order nuclear contribution to the deuteron
EDM has been performed in two different ways. The first is a largely analyti-
cal computation up to N2LO utilizing paramterizations of the CD-Bonn deuteron
wave function [54] and of the PEST separable rank-two potential to account for
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interactions in the intermediate state [55]. Such parametrizations of the inter-
mediate state wave function are not available for most potentials. In order to
assess the uncertainty of the result from the P - and T -conserving component of
the NN potential, the cutoff and order dependence of the result when using P -
and T -conserving ChPT potentials have to be investigated. This has been done
by the second computational approach, which entails a numeric calculation of
the leading order nuclear EDM contribution by utilizing various phenomenolog-
ical and ChPT potentials for the P - and T -conserving component of the NN
potential. Out of all ChPT potentials considered, the N2LO ChPT potential is
identified to reflect the inherent uncertainties most accurately and is therefore
chosen in combination with the Av18 and CD-Bonn phenomenological potentials
to define the final result and its uncertainty. The uncertainty has then been ad-
justed to account for the uncertainty of the P - and T -violating component of the
NN potential obtained within the analytical computation.

Under the assumption that EDMs are driven by P and T violation that is
induced by the QCD θ-term, a relation between the EDMs of the deuteron dtot2H ,
the neutron dn and the proton dp and the calculated nuclear EDM contribution
of the deuteron d2H can be given:

dtot2H = dn + dp − (5.5± 3.7) · 10−4 θ̄ e fm. (5.43)

A cross-check of the so-extracted θ̄ value would be possible — still solely from
data — by a measurement of the EDM of 3He. Another strategy to test or falsify
the θ̄ value would involve lattice QCD calculations and just two successful EDM
measurements, namely one single-nucleon EDM, i.e. the one of the neutron or
proton, and the deuteron EDM. If even all three of them are measured, then one
could use lattice QCD for a first test correlating the proton and neutron EDM
results in terms of the parameter θ̄ and to use formula (5.43) for an additional,
orthogonal test.

If indeed the QCD θ-term would have failed these tests — either by a direct
comparison of data or by the additional involvement of lattice QCD — then
the following picture would emerge: in case dD − dn − dp is sizable compared to
what eq. (5.43) in combination with experimental or lattice data predicts, then
the dimensional analysis reveals a dominance of the qCEDM and/or 4qLR-op,
feeding the coupling proportional to g1

4. On the other hand, if this difference is
very small, the θ-term, qCEDM and 4qLR-op are probably not at work, but one
or several of the other three dimension-six P - and T -violating operators. More
insight can be gained from a study of the EDM for 3He. This reasoning stresses
once more the need for high-precision measurements, not only of the neutron
EDM but also of the EDMs of charged particles as the proton, deuteron and 3He.

4Note that ref. [30] stated the dominance of the quark-color mechanism already under the
assumption that dD − dn − dp itself is sizeable. The difference emerges since in ref. [30] the
relative suppression between gθ1 and gθ0 was taken from naive dimensional analysis that predicts
a negligible contribution from the gθ1 term.



Chapter 6

The EDMs of helion and triton

After the detailed analysis of the nuclear contributions to the EDM of the
deuteron presented in the preceding chapter, the focus will now shift to the analy-
sis of nuclear contributions to the EDMs of bound states of three nucleons, namely
the 3He and 3H nuclei1. The isospin selection rules which cause the EDM con-
tribution of the potential operator eq. (5.7) to vanish in the deuteron channel are
absent in the helion and triton channel and the LO contribution is now defined by
eq. (5.7). As for the deuteron, the aim of this chapter is to provide an analysis of
these EDMs within the framework of ChPT. Proceeding analogously to the pre-
vious chapter we begin with the analysis of the 3He and 3H EDMs induced by the
θ-term and discuss the 3He and 3H EDMs induced by the effective dimension-six
sources afterwards. The power counting of the single-nucleon EDM contributions
and of P - and T -violating NN - and 3N -potential and current operators are pre-
sented in section 6.2. The numerical analysis technique is employed in section
6.3 and the results are presented and discussed in section 6.4. Section 6.5 is con-
cerned with the effective dimension-six sources. The NN and 3N contributions
to the 3He and 3H EDMs are referred to as nuclear contributions below.

6.1 Single nucleon contributions

It is well known that the contribution of the EDMs of the constituent nucleons
to the EDM of the nucleus largely equals the neutron EDM dn for 3He, since the
spins of the protons almost cancel each other to form a system of spin 0 by the
Pauli principle. The opposite is true for 3H system, in which the two neutron
spins are anti-aligned, such that the single nucleon contribution to the 3H EDM
is approximately given by the proton EDM dp. More precisely, the total EDMs of
3He and 3H, denoted by dtot3He,3H, equal the weighted sums of their single-nucleon

1The content of this chapter will be published in [129].
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Figure 6.1: In order to compare P - and T -violating NN to 3N operators, a
P - and T -conserving one-pion exchange is extracted from the 3He (or 3H) wave
function for a P - and T -violating NN operator, rendering it a P - and T -violating
3N operator.

components (dn and dp) and nuclear components (d3He and d3H) [30]:

dtot3He = 0.88 dn − 0.047 dp + d3He , (6.1)

dtot3H = −0.050 dn+ 0.90 dp + d3H . (6.2)

The subsequent sections in this chapter are dedicated to the analysis of the nuclear
contributions.

6.2 Power counting

The power counting scheme for P - and T -violating NN operators presented in
section 5.1 can be extended to the 3N system by embedding it into a power
counting scheme for 3N operators as proposed in [116] and graphically depicted
in fig. 6.1: by exploiting the Schroedinger equation |ψ3N〉 = G0V |ψ3N〉 for a 3N
bound state, a P - and T -conserving NN interaction can be extracted from the
wave function in which the nucleon unaffected by the P - and T -violating NN
interaction is involved. The resulting combination of the P - and T -conserving
one-pion exchange, the free 3N propagator and the P - and T -violating one-pion
exchange can then be considered a P and T -violating 3N interaction. To be
more specific, let V/P /T (12) be a P - and T -violating interaction of the nucleons
labelled by (1) and (2) in the 3N system. When V (23) denotes the P - and T -
conserving NN component of the 3N potential V of the nucleons labelled by (2)
and (3), the product V/P /T (12)G0 V (23) is a 3N interaction, which allows for a
direct comparison to other P - and T -violating 3N interactions.

The order estimate of an irreducible P - and T -violating NN operator has
therefore to be multiplied by a factor of mN/(F

2
πM

2
π) (a factor of mN/M

2
π for the

free 3N propagator and by a factor of 1/F 2
π for the P - and T -conserving NN

one-pion exchange operator extracted from the wave function) in order to obtain
the order estimate of this operator in the 3N system.

This power counting scheme should be compared to the one of Weinberg [113],
according to which a factor of 1/M3

π is generated when an NN potential operator
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Table 6.1: Power-counting scales of the P - and T -violating 3N potentials and
(total) transition currents relevant for the three-nucleon contributions to the θ-
term-induced EDMs of the 3He and 3H, where the equivalence 4πFπ ∼ mN is
assumed. The power counting scales of the three-nucleon potentials and three-
nucleon currents expressed in terms of gθ1 are obtained by the replacement gθ0 →
gθ1mN/Mπ. The dimensionless quantities gθ0 and gθ1 are considered to be O(1).

3N potential (total) 3N transition current

LO gθ0mN/(F
3
πM

3
π) gθ1m

2
N/(F

3
πM

4
π) gθ0 em

2
N/(F

3
πM

5
π) gθ1 em

3
N/(F

3
πM

6
π)

NLO gθ0/(F
3
πM

2
π) gθ1mN/(F

3
πM

3
π) gθ0 emN/(F

3
πM

4
π) gθ1 em

2
N/(F

3
πM

5
π)

N2LO gθ0/(F
3
πMπmN) gθ1/(F

3
πM

2
π) gθ0 e/(F

3
πM

3
π) gθ1 emN/(F

3
πM

4
π)

is embedded into a 3N system. The ratio of the corresponding factor in our power
counting scheme, mN/(F

2
πM

2
π), to this factor is MπmN/F

2
π ∼ 4πMπ/Fπ, where

4πFπ ∼ mN has been assumed. The difference between both power counting
schemes regarding an NN potential operator embedded into a 3N system is
therefore is a factor of approximately 4π.

6.2.1 Power counting of single-nucleon operators

The 3N power counting of contributions from single-nucleon operators is obtained
in exactly the same fashion. The power counting of the single nucleon γNN
operator eq. (5.1) is explained in section 5.1. Embedding this power counting into
the 3N power counting requires the multiplication by a factor of (mN/(F

2
πM

2
π))2,

which gives:
gθ0 e FπMπ

m2
N

×
(

mN

F 2
πM

2
π

)2

= gθ0
e

F 3
πM

3
π

(N2LO) . (6.3)

This single-nucleon operator formally induces an N2LO contribution here as
demonstrated in the next subsection.

6.2.2 Power counting of irreducible potential operators

Due to the absence of the strict isospin selection rules imposed on NN operators
in the deuteron system, the leading order (LO) contribution is now defined by
the diagram class of the one-pion exchange NN potential operator induced by
the gθ0 vertex which is depicted in fig. 6.2 (a): its NN power counting is given
by gθ0/(FπMπ) according to tab. 5.1 in section 5.1.2. The power counting of this
operator in the 3N system requires the multiplication of this NN power counting
by the above mentioned factor mN/(F

2
πM

2
π):

gθ0
FπMπ

× mN

M2
π

× 1

F 2
π

= gθ0
mN

F 3
πM

3
π

(LO) . (6.4)



6.2. POWER COUNTING 101

VP/T/

(a) (b) (c)

(d)

= + +

+ + · · ·+

(e)

Figure 6.2: Contributions to the P - and T -violating 3N potential: (a) LO contri-
butions (for a gθ0 vertex), (b) N2LO contributions (for a gθ0 vertex), (c)-(e) N2LO
contributions. The diagrams (a) and (b) with gθ1 vertices instead of a gθ0 ver-
tices are further suppressed by one order in magnitude. The P - and T -violating
pion-nucleon vertex is depicted by a black box. A P - and T -conserving pion-
nucleon vertex is depicted by a solid dot. For each class of diagrams only one
representative is shown.

The power counting scales of the three leading orders are listed in tab. 6.1. Due to
the suppression of gθ1 with respect to gθ0 by one order in our counting (see eq. 4.173
and the discussion in section 4.3), the order estimate of this diagram class induced
by the gθ1 vertex is obtained by a multiplication of the above result by a factor of
Mπ/mN and is thus counted as NLO. The gθ1-induced one-pion exchange operator
has defined the LO contribution in section 5.1 because of the isospin selection rule
of the deuteron. The power counting scales of P - and T -violating NN operators
in the 3N system can be obtained from the power counting scales of P - and
T -violating operators in the NN system in section 5.1 by the multiplication by
Mπ/mN . An LO P - and T -violating operator in section 5.1 is an NLO P - and
T -violating operator in the 3N system, an NLO operator in section 5.1 is an N2LO
operator in the 3N system here and so on.

The order estimate of the Weinberg-Tomozawa vertex in the diagram class
depicted in fig. 6.2 (b) is M2

π/(F
2
πmN). The order estimate of the diagram class

of fig. 6.2 (b) with a gθ0 vertex then reads

Mπ

Fπ
× 1

M2
π

× M2
π

F 2
πmN

× 1

M2
π

× gθ0 =
gθ0

F 3
πMπmN

(N2LO) , (6.5)

which is the order estimate of an N2LO contribution. The P - and T -violating
ππNN vertex in the diagrams of the class depicted in in fig. 6.2 (c) comes from
the terms proportional to the LECs d17 and d19 in the third-order Lagrangian in
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the pion-nucleon sector eq. (D.14). The LECs d17 and d19 are related to the β1

coefficient in [42] by

β1

2Fπ
N †∂µπ3S

µN =
8(−d17 + d19)M2

πε

2Fπ
N †∂µπ3S

µN , (6.6)

for which an upper bound of β1 = (0± 9) · 10−3 [30, 130, 131] exists. Expressing
(d17 − d19) in terms of β1 and inserting the resulting expression into eq. (D.14),
the coupling constant of the leading P - and T -violating ππNN vertex becomes:

β1(1− ε2)θ̄

4εF 2
π

N †~π · ∂µ~πSµN =
β1g

θ
0

δmstr
npFπ

N †~π · ∂µ~πSµN ≡
β̄1

Fπ
N †~π · ∂µ~πSµN , (6.7)

where equation eq. (4.158) has been used. The NDA estimate of β1/δm
str
np is

1/mN . Although the actual value of δmstr
np is smaller than its NDA estimate, the

upper bound on β1 indicates that it might also be smaller than its NDA esti-
mate εM2

π/m
2
N [132]. Furthermore, using the upper bound for β1 and eq. (4.157),

β1/δm
str
np approximately equals its NDA estimate times a factor of π. The order

estimate of the diagram class depicted in fig. 6.2 (c) then reads:

Mπ

Fπ
× 1

M2
π

× β̄1
Mπ

Fπ
× 1

M2
π

× Mπ

Fπ
=

β̄1

F 3
πMπ

∼ gθ0
F 3
πMπmN

(N2LO) , (6.8)

This is the order estimate of an N2LO diagram class. Since the above value for β1

is only an upper bound and the uncertainty of gθ1 which induces the LO diagram
class is rather large, the digram class of fig. 6.2 (c) can safely be regarded as N2LO.

The order estimate of the diagram class depicted in fig. 6.2 (d) can be obtained
by the following reasoning: the P - and T -violating 4N vertices can be regarded to
encode P - and T -violating exchanges of heavy mesons of mass mN . Taking gθ0 as
a scale (or rather as an upper bound) for the P - and T -violating meson-nucleon
coupling, Mπ/Fπ as a scale (upper bound) for the P - and T -conserving meson-
nucleon vertex and a factor of 1/m2

N for the heavy meson propagator, one arrives
at an order estimate of gθ0Mπ/(m

2
NFπ) for the P - and T -violating 4N vertex. The

order estimate of the diagram class ig. 6.2 (d) is then given by:

gθ0
Mπ

Fπm2
N

× mN

M2
π

× Mπ

Fπ
× 1

M2
π

× Mπ

Fπ
=

gθ0
F 3
πMπmN

(N2LO) , (6.9)

which is the order estimate of an N2LO digram class.
According to eq. (4.177), the coupling constant ∆3 of the P - and T -violating

3π vertex in fig. 6.2 (e) equals mN∆3 = gθ0M
2
π/mN . Inserting this expression

gθ0
M2

π

mN

×
(

1

M2
π

)3

×
(
Mπ

Fπ

)3

=
gθ0

F 3
πMπmN

(N2LO) , (6.10)

which means that it is also an N2LO diagram class. All other P - and T -violating
irreducible potential operators with vertices from L(4)

π , L(3)
πN and L(4)

πN which are
listed in appendix D yield order estimates of at least N2LO.
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Figure 6.3: Contributions to the P - and T -violating 3N transition current:
(a)+(b) N2LO contribution (for a gθ0 vertex) , (c)+(d) N4LO contributions (for a
gθ0 vertex), (e)+(f) N4LO contributions, (g) N2LO contribution (for a gθ0 vertex).
Diagrams (a)-(d) and (f) with gθ1 vertices are further suppressed by one order in
magnitude. the P - and T -violating pion-nucleon vertex is depicted by a black
box. A P - and T -conserving pion-nucleon vertex is depicted by a solid dot. For
each class of diagrams only one representative is shown.

6.2.3 Power counting of irreducible transition current op-
erators

In order to compare the power counting of a 3N potential operator to the one of
a 3N transition current operator, the former has to be multiplied by a factor of
mN/M

2
π accounting for an additional free three-nucleon propagator and a factor

of e for the γNN coupling. The power counting scales of the P - and T -violating
3N transition currents from LO to N2LO are listed in tab. 6.1. Various diagram
classes of irreducible transition current operators are displayed in fig. 6.3.

The diagram classes of fig. 6.3 (a) and (b) have the same order estimates since
they only differ by a transposition of the P - and T -violating vertex and a P - and
T -conserving vertex. The order estimate of the P - and T -conserving γNN vertex
is given by emN/M

2
π , which yields the following order estimates for the diagram
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classes fig. 6.3 (a) and (b):

Mπ

Fπ
× 1

M2
π

×gθ0×
mN

M2
π

×Mπ

Fπ
× 1

M2
π

× eM
2
π

mN

× 1

M2
π

×Mπ

Fπ
=

gθ0e

F 3
πM

3
π

(N2LO) , (6.11)

which is the order estimate of an N2LO diagram class. The power counting of
the diagrams pictured in fig. 6.3 (c) and (d) with one Weinberg-Tomozawa vertex
each is straight forward and yields N4LO:

Mπ

Fπ
× 1

M2
π

× M2
π

F 2
πmN

× 1

M2
π

× eM2
π

mN

× 1

M2
π

× gθ0 =
gθ0e

F 3
πMπm2

N

(N4LO) . (6.12)

The P - and T -violating ππNN vertex in fig. 6.3 (e) is same as the one in fig. 6.2 (c),
which gives the following N4LO order estimate:

Mπ

Fπ
× 1

M2
π

× eM2
π

mN

× 1

M2
π

× Mπg
θ
0

FπmN

× 1

M2
π

× Mπ

Fπ
=

gθ0e

F 3
πMπm2

N

(N4LO) . (6.13)

Finally, the P - and T -violating γππNN vertex in fig. 6.3 (f) originates from terms
of the fouth-order pion-nucleon Lagrangian eq. (D.21). The order estimate of such
a vertex is gθ0eMπ/(Fπm

2
N). The order estimate of the diagram class depicted in

fig. 6.3 (f) is then given by:

gθ0eMπ

Fπm2
N

×
(

1

M2
π

)2

×
(
Mπ

Fπ

)2

=
gθ0e

F 3
πMπm2

N

(N4LO) , (6.14)

which is the order estimate of an N4LO diagram class. The order estimate of the
P - and T -conserving γππNN vertex in fig. 6.3 (g) is e/F 2

π . The order estimate of
the entire diagram fig. 6.3 (g) is then given by:

e

F 2
π

×
(

1

M2
π

)2

× Mπ

Fπ
× gθ0 =

gθ0e

F 3
πM

3
π

(N2LO) . (6.15)

This means that there is no irreducible transition current operator to be con-
sidered in this chapter. Other classes of diagrams not mentioned here are either
NN diagrams which have been discussed in the previous chapter or are of irrel-
evant subleading orders, i.e. of an order beyond NLO. The order estimates of all
vertices mentioned in this section are also listed in tab. 5.2.

6.3 Numerical analysis technique

The numerical analysis technique of the leading nuclear contributions to the
EDMs of 3He and 3H from P - and T -violating NN potential operators is ex-
plained in this section. The technique described below is a generalization of the
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(a) (b)

Figure 6.4: Total LO P - and T -violating 3He transition current. The P - and
T -violating pion-nucleon vertex is depicted by a black box. For each class of
diagrams only one representative is shown. The shaded box in the center of
diagram (b) denotes P - and T -conserving interactions in the intermediate state.

numerical analysis of the leading order NN contribution to the deuteron EDM
presented in section 5.3 to the 3N system. The subsequent explanation of our
numerical analysis technique is exactly the same for both 3N bound states. The
form factor of 3He (or 3H) is given by the generalization of eq. (5.28) to the 3N
system:

〈ψ3He|Ψ〉 = 〈ψ3He|O(~q)|ψ3He〉
+ 〈ψ3He|

(
V/P /T G0 + V/P /T G0 V G

)
O(~q)|ψ3He〉+ · · · , (6.16)

where V/P /T is either the P - and T -violating one-pion exchange NN potential
operator induced by a general g0 or g1 vertex. Since the focus of this section is
on the leading EDM contributions, the transition current operator O(~q) can be
identified with the leading order P - and T -conserving γNN coupling in heavy
baryon ChPT to all nucleon lines as in section 5.3. The P - and T -violating
component of the 3He form factor is then given by the second matrix element on
the right-hand side of eq. (6.16).

The development of the parallel program designed to run on the supercom-
puters JUROPA and JUQUEEN in order to numerically compute this matrix
element involved a considerable programing effort. The architecture of the pro-
gram requires all operators to be decomposed into their partial wave components.
The partial wave decomposition of V/P /T for the considered NN potential opera-
tors in the 3N system is provided by eqs. (F.26) and (F.27) and the partial wave
decomposition of O(~q)|ψ3He〉 by eq. (F.28) in appendix F. The second matrix ele-
ment on the right-hand side of eq. (6.16) has to be multiplied by a factor of two to
account for the inverse time ordering. The completely symmetrized form for all
potential and transition current operators is implied. The two matrix elements
on the right-hand side of eq. (6.16) correspond either to diagrams without P -
and T -conserving interactions in the intermediate state as the one depicted in
fig. 6.4 (a) or to diagrams with intermediate state interactions as the one depicted
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in fig. 6.4 (b).
Whereas V/P /T is a pure NN potential operator, the P - and T -conserving

3N potential V comprises NN and 3N interactions. Let V ij
2N denote the NN -

interaction of nucleons (i) and (j) for i, j = 1, 2, 3 and i 6= j. The 3N -interaction
of nucleons can be decomposed into three parts with each of them being symmet-
ric under an exchange of two nucleons:

V = V 12
2N + V

(1)
3N + V 23

2N + V
(2)

3N + V 13
2N + V

(3)
3N , (6.17)

where the 3N potentials V
(i)

3N are defined by

P23 V
(1)

3N P23 = V
(1)

3N , P13 V
(2)

3N P13 = V
(2)

3N , P12 V
(3)

3N P12 = V
(3)

3N . (6.18)

The nucleon transposition operator Pij, i 6= j, transposes nucleon (i) and nucleon
(j) in the 3N system. By the means of nucleon transposition operators, the

potential V can be re-expressed solely in terms of V
(12)

2N and V
(3)

3N :

V = V 12
2N + V

(3)
3N + P12P23 (V 12

2N + V
(3)

3N )P23P12 + P13P23 (V 12
2N + V

(3)
3N )P23P13 .

(6.19)

Exploiting the fact that cyclic permutation operators commute with the full
3N propagator G and do not alter O(~q)|3He〉, one arrives at

P23P12GO(~q)|ψ3He〉 = P23P13GO(~q)|ψ3He〉 = GO(~q)|ψ3He〉 . (6.20)

Inserting eq. (6.19) into eq. (6.16) the third term on the right-hand side becomes

V GO(~q)|ψ3H〉 = (1+ P12P23 + P13P23)(V 12
2N + V

(3)
3N )GO(~q)|ψ3He〉

≡ (1+ P )(V 12
2N + V

(3)
3N )GO(~q)|ψ3He〉 , (6.21)

where P is defined by P = P12P23 +P13P23 such that 1+P is the (cyclic) nucleon
symmetrization operator. This allows us to define the Faddeev component |U (3)〉
by

V GO(~q) |ψ3He〉 ≡ (1+ P ) |U (3)〉 . (6.22)

A concise introduction into Faddeev equations can be found in [125]. The Faddeev
component |U (3)〉 obeys the following equation:

|U (3)〉 = (V 12
2N + V

(3)
3N )GO(~q)|ψ3He〉

= (V 12
2N + V

(3)
3N )G0O(~q)|ψ3He〉

+(V 12
2N + V

(3)
3N )G0(1+ P )(V 12

2N + V
(3)

3N )GO(~q)|ψ3He〉
= (V 12

2N + V
(3)

3N )G0O(~q)|ψ3He〉+ (V 12
2N + V

(3)
3N )G0(1+ P )|U (3)〉 ,

(6.23)
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where the resolvent identity eq. (5.27) has been utilized. However, this equation
does not have a compact kernel. Since the term V 12

2NG0|U (3)〉 contains a δ-function
for nucleon (3), the kernel is not fully connected even after a finite number of
iterations. The troubling term V 12

2NG0|U (3)〉 can be re-summed independently by
the application of an appropriately chosen operator to this equation. We therefore
write

(1− V 12
2NG0)|U (3)〉 = (V 12

2N + V
(3)

3N )G0O(~q)|ψ3He〉+ V 12
2NG0P |U (3)〉

+V
(3)

3N G0(1+ P )|U (3)〉 , (6.24)

and exploit the identity

t12 = V 12
2N + t12G0V

12
2N

⇔ (t12 − V 12
2N − t12G0V

12
2N)G0 = 0

⇔ (1+ t12G0)(1− V 12
2NG0) = 1 . (6.25)

By multiplication of the left-hand side and the right-hand side of eq. (6.24) by
(1+ t12G0), the Faddeev component |U (3)〉 is found to obey

|U (3)〉 = t12G0O(~q)|ψ3He〉+ (1+ t12G0)V
(3)

3N G0O(~q)|ψ3He〉
+t12G0P |U (3)〉+ (1+ t12G0)V

(3)
3N G0(1+ P )|U (3)〉 , (6.26)

which has a connected kernel upon iteration and, therefore, has a well defined
solution. A numerical routine which iteratively solves a Faddeev equation of the
kind

|U (3)〉 = t12G0|A〉+ (1+ t12G0)V
(3)

3N G0|A〉
+t12G0P |U (3)〉+ (1+ t12G0)V

(3)
3N G0(1+ P )|U (3)〉 , (6.27)

for an arbitrary state |A〉 developed by David Minossi [133] has been applied in
the numerical analysis of the 3He and 3H EDMs in this work.

6.4 EDMs of 3He and 3H from the θ-term

3He and 3H are 3N bound states of total angular momentum J = 1/2. The
nuclear contributions to the EDMs of 3He and 3H , d3He and d3H respectively, are
obtained in the same fashion as the one of the deuteron by extracting it from the
P - and T -violating 3He and 3H form factor F3(q2):

dtot3He,3H = lim
q→0

F3(q2)

2m3He,3H

, (6.28)

which is defined by

〈J=1/2, Jz=1/2, P ′|(J total/P /T )0|J=1/2, Jz=1/2, P 〉 = iq3 F3(q3)

2m3He,3H

. (6.29)
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Jz in the above equation is the z-component of the total angular momentum of
the nucleus, P (P ′) is the initial (final) four-momentum of the nucleus, qµ is the
photon four-momentum, m3He,3H is the mass of the 3He or 3H nucleus and J total/P /T

is
the total P - and T -violating transition current operator. The calculation of the
EDMs of 3He and 3H are most efficiently performed in the Breit frame where no
transfer of energy takes place and which enables us to choose P = (0, ~q/2) and
P ′ = (0,−~q/2). ~q can be chosen to point into the direction of the z-axis for further
convenience: ~q = (0, 0, q). The EDM of the 3N bound system is then given by
the derivative with respect to q of the P - and T -violating form factor eq. (6.16),
which has been computed numerically for the considered nuclear contributions as
explained in section 6.3:

dtot3He,3H = −i lim
q→0

2

|q|〈ψ3He,3H; J=1/2, Jz=1/2,−~q/2|Ψ; J=1/2, Jz=1/2, ~q/2〉 .
(6.30)

A set of numerical routines based on the Gauß-Legendre numerical integra-
tion method have been developed in order to compute the matrix element on
the right-hand side of eq. (6.30). The numerical routines have been subjected to
several tests: without the P - and T -violating one-pion exchange potentials the
above matrix element reduces to the P - and T -conserving 3He (or 3H) form fac-
tor at leading order in ChPT. By a computation of the dependence of the form
factor on the square of the photon momentum q2, the results of [134] for 3He
have been confirmed. The implementation of the considered P - and T -violating
potential operator induced by the gθ1 vertex has been tested to reproduce the
deuteron results when confined to the corresponding NN subsystem. Further-
more, a completely complementary Monte-Carlo based numerical implementation
of the above matrix element developed by A. Nogga and S. Liebig [135] which
does not account for interactions in the intermediate state provides an additional,
independent cross check. Whereas our numerical implementation takes P - and
T -conserving 3N interactions in the nuclear wave functions into account, these
3N interactions are not accounted for in the intermediate state2. 3N interactions
in the intermediate state can be assumed to shift the results at most by a few
percent (which will be demonstrated below) and can be considered irrelevant for
our analysis due to the larger uncertainties of the final results (not to mention
the uncertainties of gθ0 and gθ1).

Two phenomenological potentials and three ChPT potentials have been uti-
lized in our analysis for the P - and T -conserving component of the nuclear poten-
tial: the CD-Bonn potential [54] with and without 3N interactions (subsequently
referred to as CD-Bonn TM and CD-Bonn, respectively), the Argonne v18 po-
tential [56] with and without 3N interactions (subsequently referred to as Av18

UIX and Av18, respectively), the N2LO ChPT potential with and without 3N

2The numerical routine provided by D. Minossi to solve the Faddeev type equation eq. (6.27)
does not yet include 3N interactions.
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Table 6.2: Binding energies Ebin of the 3He and the 3H nucleus with and without
3N interactions (3nf) in units of MeV from the Argonne v18 potential, the CD-
Bonn potential and N2LO and N3LO ChPT potentials for different combinations
of Spectral Function Regularization (SFR) and Lippmann-Schwinger (LS) cutoffs.

LS SFR 3He Ebin [MeV] 3H Ebin [MeV]
Potential [MeV] [MeV] no 3nf with 3nf no 3nf with 3nf

Av18 - - −6.920 −7.753 −7.619 −8.483

CD-Bonn - - −7.262 −7.728 −7.979 −8.460

ChPT N2LO 450 500 −7.603 −7.725 −8.323 −8.440
ChPT N2LO 600 500 −7.138 −7.716 −7.845 −8.428
ChPT N2LO 550 600 −7.378 −7.724 −8.091 −8.428
ChPT N2LO 450 700 −7.670 −7.738 −8.395 −8.448
ChPT N2LO 600 700 −7.165 −7.746 −7.868 −8.447

ChPT N3LO 450 500 −6.891 − −7.633 −
ChPT N3LO 600 600 −6.405 − −7.097 −
ChPT N3LO 550 600 −6.579 − −7.290 −
ChPT N3LO 450 700 −7.191 − −7.924 −
ChPT N3LO 600 700 −6.392 − −7.079 −

interactions [57] and the N3LO ChPT potential without 3N interactions [57]3.
The numerical implementations of the phenomenological potentials have been
provided by A. Nogga [126] and the numerical implementations of the ChPT
potentials have been developed by E. Epelbaum [57]. The routines generating
the wave functions of the considered nuclei from all these P - and T -conserving
potentials have also been created by A. Nogga [135]. For each of these poten-
tials, the isospin-1/2 and the less significant isospin-3/2 components of the 3He
and 3H wave functions have been taken into account as well as electromagnetic
interactions. The binding energies of the 3He and 3H nuclei from the considered
P - and T -conserving potentials are listed in tab. 6.2. The experimental binding
energies of 3He and 3H are given by Ebin = (−7.718043 ± 0.000002) MeV [136]
and Ebin = (−8.481798 ± 0.000002) MeV [136], respectively. The differences to
the binding energies from the N2LO ChPT potentials amount to significantly less
than 1%.

The results of our numerical analysis for the two phenomenological potentials
are presented in tab. 6.3 for the g0 and the g1 induced P - and T -violating one-
pion exchange potential operators and also for completeness for the g2 induced P -
and T -violating one-pion exchange potential operator. The g2 vertex is irrelevant

3Private communication with the author: numerical implementation of the N3LO ChPT
potential is currently being revised.
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Table 6.3: Leading order contributions to the 3He and 3H EDMs from the g0 and
g1 and g2 vertex without (dPW , PW: plane wave) and with (dMS, MS: multiple
scattering) intermediate interactions and the total contribution d3He,3H in units
of 10−2 · G0

π e fm with G0
π = g0gAmN/Fπ, 10−2 · G1

π e fm with G1
π = g1gAmN/Fπ

and 10−2 · G2
π e fm with G2

π = g2gAmN/Fπ , respectively – calculated with the
Argonne v18 [56] potential and the CD-Bonn potential [54] and the corresponding
potentials with P - and T -conserving 3N interactions, Av18 UIX and CD-Bonn
TM respectively.

This work [28] [33]
nucleus coupling Potential dPW dMS d3He,3H d3He,3H d3He,3H

3He g0 Av18 UIX −0.45 −0.12 −0.57 −1.20 −0.55
3He g0 CD-Bonn TM −0.56 −0.12 −0.68 −1.30 −
3He g1 Av18 UIX −1.09 −0.02 −1.11 −2.20 −1.06
3He g1 CD-Bonn TM −1.11 −0.03 −1.14 −2.20 −
3He g2 Av18 UIX −1.36 −0.35 −1.71 −3.40 −0.67
3He g2 CD-Bonn TM −1.46 −0.38 −1.83 −3.50 −
3He g0 Av18 −0.46 −0.13 −0.59 − −0.59
3He g0 CD-Bonn −0.57 −0.12 −0.69 − −
3He g1 Av18 −1.10 −0.01 −1.11 − −1.08
3He g1 CD-Bonn −1.11 −0.01 −1.12 − −
3He g2 Av18 −1.34 −0.37 −1.72 − −0.68
3He g2 CD-Bonn −1.43 −0.39 −1.81 − −
3H g0 Av18 UIX 0.44 0.13 0.57 − 0.55
3H g0 CD-Bonn TM 0.55 0.11 0.66 − −
3H g1 Av18 UIX −1.07 −0.05 −1.11 − −1.08
3H g1 CD-Bonn TM −1.09 −0.03 −1.12 − −
3H g2 Av18 UIX 1.35 0.38 1.73 − 0.69
3H g2 CD-Bonn TM 1.44 0.36 1.80 − −
3H g0 Av18 0.45 0.13 0.58 − 0.59
3H g0 CD-Bonn 0.56 0.11 0.67 − −
3H g1 Av18 −1.08 −0.04 −1.11 − −1.10
3H g1 CD-Bonn −1.09 −0.01 −1.10 − −
3H g2 Av18 1.33 0.41 1.74 − 0.70
3H g2 CD-Bonn 1.41 0.37 1.78 − −

for our analysis since it is not induced by any of the considered sources of P -
and T -violating. The g2 induced one-pion exchange potential operator is given
by eq. (F.11) in appendix F. The results demonstrate that the impact of the 3N
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interactions in the 3He and 3H wave functions amounts to less than 4% of d3He,3H.
Neglecting the relative sign, the results for 3H deviate insignificantly from those
for 3He, which is a mere reflection of the fact that 3He and 3H are isospin partners.
The difference between both phenomenological potentials manifests itself most
prominently in the results for g0. The nuclear contributions to the EDMs induced
by P - and T -violating one-pion exchange potentials have been previously studied
by [28] and [33] with disagreeing results. Our results are in agreement with those
of [33] as far as g0 and g1 induced potential operators are concerned, whereas a
significant discrepancy of the results for the g2 induced potential operator exists.
On the other hand our results appear to be approximately half the results of [28]
for all P - and T -violating one-pion exchange potential operators.

As briefly established in section 5.3 and explained in detail in [57], the ChPT
potentials require the imposition of two cutoffs: the Spectral Function Regular-
ization cutoff (SFR) and the Lippmann-Schwinger cutoff (LS). The results of our
numerical calculation from g0, g1 and g2 induced P - and T -violating one-pion
exchange potential operators and from ChPT potentials with different combina-
tions of cutoffs for the P - and T -conserving component of the nuclear potential
are listed in tab. 6.4 and tab. 6.5. Both sets of results obtained from the N2LO
and N3LO ChPT potentials resemble those from the phenomenological potentials
in tab. 6.3 quite accurately, where the larges deviations occur for the g0 vertex.

The fractions of the total EDM contributions attributed to the intermediate
state interactions, dMS, (MS: multiple scattering), amount to almost 45% in some
cases, which demonstrates that these are indeed non-negligible contributions. The
relative dMS contributions are significantly larger in the considered 3N systems
than in the deuteron system, which has to be attributed to the larger number of
partial wave components of the 3He and 3H wave functions. The set of all results
for a particular P - and T -violating πNN vertex defines the uncertainty of the
calculation: for g1 and g2 the values obtained from utilizing the phenomenological
potentials lie within the range of values obtained from the N2LO ChPT potential.
The results for g0 are found to be very close to but still outside the range of values
obtained from the N2LO ChPT potential. The range of values obtained from the
N3LO ChPT potential is much narrower as expected. However, the ranges of
dPW results for all three types of P - and T -violating πNN vertices from N2LO
and N3LO ChPT potentials either overlap only at the fringes (as for g0 and g2)
or do not overlap at all (as for g1). This observation resembles the findings of
section 5.3, where the range of N3LO dMS results was well outside the ranges of
the corresponding NLO and N2LO results. In a private communication with the
author of [57] we have been informed that the used numerical routines for the
N3LO ChPT potential are currently being revised. The results from the N3LO
ChPT potentials are therefore displayed but disregarded in the computation of
the final results and their errors.

The contributions of P - and T -conserving 3N interactions in the wave func-
tions account for up to 12% of the EDM contributions d3He,3H for the g0 induced
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P - and T -violating potential operator. This fraction is significantly less for the
g1 and g2 induced potential operators. In general, the contributions from P - and
T -conserving 3N interaction is much larger for P - and T -conserving ChPT po-
tentials compared to the considered phenomenological potentials. Since P - and
T -conserving interactions account for at most 45% of d3He,3H, the contributions
from P - and T -conserving 3N interactions in the intermediate state may safely
be assumed not to exceed 6% of d3He,3H. The uncertainties of our results have
thus to be increased accordingly. The total contributions from P - and T -violating
one-pion exchange potentials to the 3He and 3H EDMs are taken to be the center
of the range of values defined by the d3He,3H results from the Av18, CD-Bonn and
the N2LO ChPT potential for all considered combinations of cutoffs. The uncer-
tainties are defined by the maximum deviations from the centers of the ranges.
The hereby obtained uncertainties are increased by contributions of P - and T -
violating operators of not considered orders, i.e. N2LO and beyond. The nuclear
contribution to the 3He EDM is then given by

d3He = [(−0.77± 0.20)G0
π + (−1.11± 0.22)G1

π] · 10−2 e fm , (6.31)

and for the 3H EDM by

d3H = [(0.76± 0.19)G0
π + (−1.09± 0.22)G1

π] · 10−2 e fm , (6.32)

with G0
π = g0gAmN/Fπ and G1

π = g1gAmN/Fπ. In the case of the θ-term, gθ0
of eq. (4.158) and gθ1 of eq. (4.173) can be inserted into eq. (6.31) and eq. (6.32),
which gives:

dθ3He = [(1.78± 0.83) + (−0.43± 0.30)] · 10−16 θ̄ e cm

= (1.35± 0.88) · 10−16 θ̄ e cm , (6.33)

dθ3H = [(−1.74± 0.80) + (−0.42± 0.29)] · 10−16 θ̄ e cm

= (−2.16± 0.85) · 10−16 θ̄ e cm . (6.34)

These results have to be compared to the single-nucleon EDM contributions.
Predictions of the proton and neutron EDM are provided by [51], which read
after an adjustment of the signs:

dp = −(1.1± 1.1) · 10−16 θ̄ e cm , (6.35)

dn = (2.9± 0.9) · 10−16 θ̄ e cm . (6.36)

More recent Lattice QCD data [53] shows that the Lattice QCD input which
underlies these EDM predictions understates the uncertainties. These EDM pre-
dictions are currently being revised on the basis of [53]4. The single-nucleon

4Private communication with the authors of [51].
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contribution to the 3He EDM approximately equals the EDM of the neutron ac-
cording to eq. (6.1), which has the same sign as the nuclear contribution eq. (6.33).
The single-nucleon component and the nuclear component interfere constructively
for the 3He EDM, which is also true for the 3H EDM.

In analogy to section 5.3, a tentative assessment of the short-range contribu-
tions is possible by considering heavier exchange mesons, namely the η, ρ and ω
mesons. The results for the g0, g1 and g2 induces one-meson exchange potentials
are listed in tab. 6.6 as well as in tab. 6.7. These results agree with [33] for g0

and g1 induced one-meson exchange potential operators as in the pion case and
deviate by a factor of two from results of [28] for g0, g1 and g2 induced one-
meson exchange potential operators. The results amount to less than 10% of the
corresponding results for the g0, g1 and g2 πNN vertices if gη,ρ,ωi Gη,ρ,ω =Gi

π is
assumed. Taking into consideration that the sizes of the P - and T -conserving
meson-nucleon couplings are smaller than gA (see [33] for instance), one may
safely conclude that the short-range contributions are indeed in agreement with
our power counting estimate of the P - and T -violating 4N vertex in section 6.2.
The different short-range behaviors of the phenomenological potentials are also
revealed by the data presented in tabs. 6.6 and 6.7: whereas the only discrep-
ancy between the results for Av18 and CD-Bonn was seen for the g0 vertex in
the deuteron case, the different short-range behaviors now profoundly manifest
themselves for all three types of meson-nucleon vertices.

6.5 EDMs from effective dimension-six sources

The different hierarchies of the P - and T -violating operators for the effective
dimension-six sources translate into different single-nucleon and nuclear contri-
butions to the EDMs of 3He and 3H. The different hierarchies of coupling con-
stants of P - and T -violating vertices for each source of P and T violation implies
that the power counting of P - and T -violating operators is also different for each
source of P and T violation. The differences in the power counting of nuclear
operators for each source of P and T violation with respect to the one for the
θ-term and the implications on single-nucleon and nuclear contributions to the
3He and 3H EDMs are discussed in this section. The conclusions presented here
agree with the previous findings in [30].

• qEDM :
The qEDM is dominated by the single nucleon EDMs dn and dp, since each
P - and T -violating operator without an external photon field is heavily
suppressed by a factor of at least αem/(4π). Therefore, the EDMs of 3He and
3H essentially equal their single-nucleon contributions at leading order [30]:

dtot3He ≈ 0.88 dn − 0.047 dp , (6.37)

dtot3H ≈ −0.050 dn + 0.90 dp . (6.38)



114 CHAPTER 6. THE EDMS OF HELION AND TRITON

A quantitative prediction of dn and dp for the qEDM heavily depends on
the nature of the BSM physics as well as the precise value of the associated
hadronic matrix elements, which only Lattice QCD might eventually be
able to deliver.

• qCEDM :
According to section 4.3, the g0 and the g1 vertex are induced at the same
order by the qCEDM. The P - and T -violating one-pion exchange poten-
tial operators which they induce define the LO nuclear contributions to the
EDMs of 3He and 3H. Other P - and T -violating hadronic operators such as
the P - and T -violating γNN , 3π and 4N vertices yield N2LO contributions.
This implies a potentially significant enhancement of the nuclear contribu-
tions with respect to the single-nucleon contributions as pointed out in [30].
The quantitative assessment of g0 and g1 as functions of a certain param-
eter encoding the content of the BSM physics requires the computation of
hadronic matrix elements which might only be possible within the frame-
work of Lattice QCD. Expressed in terms of g0 and g1, the contributions to
the EDMs of 3He and 3H induced by the qCEDM up to NLO are given by:

dtot3He = 0.88 dn − 0.047 dp

+[(−0.77 ± 0.20)G0
π + (−1.11 ± 0.22)G1

π] · 10−2 e fm ,

(6.39)

dtot3H = −0.050 dn + 0.90 dp

+[(0.76 ± 0.19)G0
π + (−1.09 ± 0.22)G1

π] · 10−2 e fm .

(6.40)

• 4qLR-op:
As explained in section 4.3, the isospin-violating g1 πNN vertex as well as
the P - and T -violating and isospin breaking ∆3 3π vertex are induced at
leading order by the 4qLR-op and define the LO contributions to the EDMs
of 3He and 3H (by the diagram classes depicted in figs. 6.2 (a) and (e)).
The other P - and T -violating vertices including the g0 vertex yield N2LO
contributions. This implies again a significant enhancement of the nuclear
contributions compared to the single-nucleon contributions. A computation
of the contribution induced by the P - and T -violating 3π vertex has not
yet been completed and might ultimately provide the means to distinguish
between the 4qLR-op and the qCEDM.

• gCEDM and 4q-op:
The LO EDM contributions for these two chiral-singlet operators are in-
duced by P - and T -violating γNN and 4N operators with a priori un-
known coefficients. Due to the Goldstone Theorem, nuclear contributions
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from the g0 and the g1 πNN vertex are suppressed by two orders in magni-
tude and only give N2LO contributions. Any attempt at disentangling these
two sources of P and T violation requires the quantitative knowledge of the
currently unknown 4N coupling constants for both sources, which -again-
only Lattice QCD might be capable of producing. A tentative estimate of
their nuclear contribution as functions of these coupling constants based on
P - and T -violating exchanges of heavier mesons has been presented above.
A direct calculation of the nuclear contributions from the 4N vertices is
marred with some difficulties and is subject of an ongoing computation.

6.6 Summary

If a non-zero EDM of a nucleon or light nucleus which is significantly larger than
its SM prediction is measured, further EDM measurements of other nucleons or
light nuclei are required to identify the responsible source of P and T violation.
Lattice QCD might eventually magnify the information extracted from the mea-
surement of a particular nucleus and reduce the total number of necessary EDM
measurements. There are several strategies to infer the responsible mechanism of
the P and T violation, of which those falsifying the θ-term are the most refined
due to the quantitative knowledge of gθ0 and gθ1. This knowledge allows for the
computation of the EDMs of 2H, 3He and 3H induced by the θ-term as functions
of θ̄ entirely within standard ChPT. Without any Lattice QCD input, one can
measure, for instance, dn, dp and dD and then extract θ̄ by using eq. (5.37). On
the basis of eq. (6.33), the EDM of 3He can then be computed and compared
to a measurement. Alternatively, since the single-nucleon contributions to the
3He EDM are dominated by dn according to eq. (6.1), θ̄ can be inferred from the
measurement of dn and 3He only, which then combined with a measurement of
dp leads to a prediction for the EDM of 2H. Therefore, the measurements of the
EDMs of the neutron, the proton, 3He and 3H are required to test the θ-term
without supplementary input from, e.g., Lattice QCD.

When predictions for the nucleon EDMs as functions of θ̄ on the basis of sup-
plementary Lattice QCD input are available, the measurement of just one nucleon
EDM would suffice to extract θ̄. Since the single-nucleon as well as two-nucleon
contribution to the deuteron EDM from the θ-term would then be known, the
prediction for the deuteron EDM can then be compared to its measurement. Al-
ternatively, θ̄ can be extracted from the measurement of one nucleon and be used
as the input for the testable prediction of the other nucleon. A measurement of
the deuteron EDM or the 3He EDM would provide an additional, orthogonal cross
check. These examples illustrate that supplementary Lattice QCD input has the
potential to profoundly reduce the necessary experimental effort. Unfortunately,
current Lattice QCD predictions [52] for the single-nucleon EDMs are still per-
formed for too large unphysical pion masses. A prediction of the nucleon EDMs
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by interpolation to the physical pion mass is given in [51]. More recent Lattice
QCD data [53] indicate that the uncertainties of the data in [52] are profoundly
understated and therefore also the uncertainties of the predictions of the nucleon
EDMs in [51]. The EDM predictions in [51] are currently being revised on the
basis of the more recent Lattice QCD input from [53]5.

The unavailability of quantitative predictions with well defined uncertainties
for the EDMs induced by the effective dimension-six sources within the framework
of ChPT has to be attributed to the fact that these constitute extensions of the
standard QCD Lagrangian as pointed out in chapter 4. Any analysis within
the effective field theory needs to be supplemented by other non-perturbative
techniques – preferably Lattice QCD – to obtain quantitative predictions with
well-defined uncertainties. However, such supplementary input is not likely to
materialize soon. Therefore, one has at least for now to rely on NDA, which can
provide order of magnitude estimates of unknown coupling constants. However,
NDA might still be sufficient for a disentanglement of the effective dimension-six
sources and enable one to identify the responsible source of P - and T -violating
once several non-vanishing light nuclei EDMs – the more the better – have been
measured [30]: if the measurements reveal that deuteron and the 3He EDMs
approximately equal their single-nucleon EDM contributions, the involvement of
the qEDM can be inferred. If the EDMs of the deuteron and helion prove to
be larger than their single-nucleon contributions well outside the window of the
θ-term EDM predictions, either the qCEDM or the 4qLR-op are most likely the
source of the measured EDM. An assessment of the contribution from the P -
and T -violating 3π vertex for the 4qLR-op might ultimately provide a basis to
distinguish between these two sources and is subject of an ongoing computation.
If the EDM measurements do not fit to any of the above described patterns, the
gCEDM and/or the 4q-op are probably the sources of P and T violation. Precise
statements about the these two chiral-singlet effective dimension-six sources is
difficult, since P - and T -violating γNN and 4N vertices are induced at the leading
orders.

5Private communication with the authors of [51].
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Table 6.4: Leading order contributions to the 3He and 3H EDMs from the g0 and
g1 and g2 vertex without (dPW , PW: plane wave) and with (dMS, MS: multiple
scattering) intermediate state interactions and the total leading order nuclear
EDM contributions d3He,3H in units of 10−2 · G0

π e fm with G0
π = g0gAmN/Fπ,

10−2 ·G1
π e fm with G1

π = g1gAmN/Fπ and 10−2 ·G2
π e fm with G2

π = g2gAmN/Fπ ,
respectively – calculated with the N2LO ChPT potential [57] without and with P -
and T -conserving 3N interactions (3NF) for different combinations of Lippmann-
Schwinger (LS) cutoffs and Spectral Function Regularization (SFR) cutoffs.

nucleus/ LS SFR without 3NF with 3NF
vertex [MeV] [MeV] dPW dMS d3He,3H dPW dMS d3He,3H

3He g0 450 500 −0.71 −0.31 −1.02 −0.68 −0.29 −0.97
3He g0 600 500 −0.61 −0.25 −0.87 −0.56 −0.22 −0.78
3He g0 550 600 −0.65 −0.24 −0.90 −0.60 −0.22 −0.82
3He g0 450 700 −0.72 −0.28 −1.00 −0.69 −0.27 −0.96
3He g0 600 700 −0.62 −0.23 −0.85 −0.56 −0.19 −0.76

3He g1 450 500 −1.05 −0.16 −1.21 −1.08 −0.18 −1.25
3He g1 600 500 −1.07 −0.08 −1.15 −1.06 −0.09 −1.14
3He g1 550 600 −1.08 0.00 −1.08 −1.10 −0.01 −1.11
3He g1 450 700 −1.06 −0.05 −1.11 −1.10 −0.08 −1.18
3He g1 600 700 −1.10 0.15 −0.95 −1.09 0.14 −0.96

3He g2 450 500 −1.51 −0.44 −1.95 −1.55 −0.45 −2.00
3He g2 600 500 −1.35 −0.30 −1.65 −1.35 −0.29 −1.64
3He g2 550 600 −1.45 −0.31 −1.76 −1.48 −0.31 −1.79
3He g2 450 700 −1.55 −0.40 −1.95 −1.61 −0.43 −2.04
3He g2 600 700 −1.43 −0.15 −1.58 −1.42 −0.14 −1.57

3H g0 450 500 0.70 0.30 1.00 0.67 0.28 0.94
3H g0 600 500 0.60 0.24 0.84 0.55 0.21 0.76
3H g0 550 600 0.63 0.23 0.86 0.59 0.21 0.80
3H g0 450 700 0.71 0.27 0.97 0.68 0.25 0.93
3H g0 600 700 0.61 0.21 0.83 0.55 0.18 0.74

3H g1 450 500 −1.03 −0.16 −1.19 −1.06 −0.17 −1.23
3H g1 600 500 −1.05 −0.08 −1.12 −1.04 −0.08 −1.12
3H g1 550 600 −1.05 0.00 −1.04 −1.08 −0.01 −1.09
3H g1 450 700 −1.04 −0.05 −1.09 −1.08 −0.08 −1.16
3H g1 600 700 −1.07 0.15 −0.93 −1.07 0.13 −0.94

3H g2 450 500 1.49 0.42 1.91 1.54 0.43 1.97
3H g2 600 500 1.33 0.28 1.61 1.34 0.27 1.60
3H g2 550 600 1.42 0.28 1.70 1.47 0.29 1.76
3H g2 450 700 1.53 0.38 1.91 1.60 0.40 2.01
3H g2 600 700 1.41 0.13 1.54 1.41 0.12 1.53
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Table 6.5: Leading order contributions to the 3He and 3H EDMs from the g0 and
g1 and g2 vertex without (dPW , PW: plane wave) and with (dMS, MS: multiple
scattering) intermediate state interactions and the total leading order nuclear
contributions d3He,3H in units of 10−2 · G0

π e fm with G0
π = g0gAmN/Fπ, 10−2 ·

G1
π e fm with G1

π = g1gAmN/Fπ and 10−2 · G2
π e fm with G2

π = g2gAmN/Fπ ,
respectively – calculated with the ChPT N3LO [57] potential without P - and
T -conserving 3N interactions for different combinations of Lippmann-Schwinger
(LS) cutoffs and Spectral Function Regularization (SFR) cutoffs.

LS SFR 3He 3H
vertex [MeV] [MeV] dPW dMS d3He,3H dPW dMS d3He,3H

g0 450 500 −0.62 −0.27 −0.88 0.61 0.25 0.86
g0 600 500 −0.53 −0.19 −0.72 0.52 0.18 0.69
g0 550 600 −0.56 −0.19 −0.75 0.55 0.18 0.73
g0 450 700 −0.64 −0.24 −0.88 0.63 0.23 0.85
g0 600 700 −0.53 −0.19 −0.72 0.52 0.18 0.70

g1 450 500 −0.91 −0.17 −1.09 −0.89 −0.17 −1.07
g1 600 500 −0.90 −0.16 −1.07 −0.88 −0.16 −1.05
g1 550 600 −0.91 −0.16 −1.07 −0.89 −0.16 −1.05
g1 450 700 −0.94 −0.17 −1.11 −0.92 −0.17 −1.09
g1 600 700 −0.92 −0.16 −1.08 −0.90 −0.16 −1.06

g2 450 500 −1.34 −0.54 −1.87 1.33 0.52 1.85
g2 600 500 −1.33 −0.57 −1.90 1.32 0.55 1.87
g2 550 600 −1.33 −0.56 −1.89 1.32 0.55 1.87
g2 450 700 −1.43 −0.56 −1.99 1.42 0.55 1.97
g2 600 700 −1.31 −0.56 −1.87 1.30 0.54 1.85
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Table 6.6: Contributions to the 3He EDM from the gη,ρ,ω0 , gη,ρ,ω1 and gρ2 ηN ,
ρN and ωN vertices. The results without (dPW , PW: plane wave) and with
(dMS, MS: multiple scattering) intermediate state interactions and the total
nuclear EDM contributions d3He,3H are shown in units of 10−3 · gη,ρ,ω0 Gη,ρ,ω e fm,
10−3 · gη,ρ,ω1 Gη,ρ,ω e fm and 10−3 · gρ2 Gρ e fm, where Gη,ρ,ω are the P - and
T -conserving ηN , ρN and ωN coupling constants, respectively.

This work [27] [33]
meson coupling Potential dPW dMS d3He d3He d3He

η g0 Av18 UIX 0.41 0.06 0.47 − 0.48
η g0 CD-Bonn TM 0.68 0.05 0.73 − −
ρ g0 Av18 UIX 0.32 −0.04 0.27 0.60 0.27
ρ g0 CD-Bonn TM 0.69 −0.09 0.60 1.20 −
ω g0 Av18 UIX −0.20 0.01 −0.19 −0.50 −0.19
ω g0 CD-Bonn TM −0.38 0.04 −0.34 −0.80 −
η g1 Av18 UIX −1.42 0.40 −1.02 − −0.97
η g1 CD-Bonn TM −1.59 0.46 −1.13 − −
ρ g1 Av18 UIX −0.70 0.28 −0.42 −0.90 −0.40
ρ g1 CD-Bonn TM −0.86 0.35 −0.51 −1.10 −
ω g1 Av18 UIX 0.90 −0.32 0.57 1.1 0.52
ω g1 CD-Bonn TM 1.10 −0.42 0.68 1.1 −
ρ g2 Av18 UIX 0.94 −0.12 0.82 1.50 0.31
ρ g2 CD-Bonn TM 1.30 −0.24 1.06 1.90 −
η g0 Av18 0.47 0.09 0.56 − 0.57
η g0 CD-Bonn 0.74 0.08 0.83 − −
ρ g0 Av18 0.32 −0.05 0.27 − 0.30
ρ g0 CD-Bonn 0.70 −0.09 0.61 − −
ω g0 Av18 −0.22 0.01 −0.21 − −0.22
ω g0 CD-Bonn −0.41 0.02 −0.39 − −
η g1 Av18 −1.49 0.39 −1.10 − −1.07
η g1 CD-Bonn −1.66 0.45 −1.22 − −
ρ g1 Av18 −0.74 0.28 −0.45 − −0.44
ρ g1 CD-Bonn −0.89 0.35 −0.55 − −
ω g1 Av18 0.89 −0.33 0.56 − 0.52
ω g1 CD-Bonn 1.09 −0.43 0.67 − −
ρ g2 Av18 0.90 −0.11 0.79 − 0.30
ρ g2 CD-Bonn 1.25 −0.23 1.02 − −
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Table 6.7: Contributions to the 3H EDM from the gη,ρ,ω0 , gη,ρ,ω1 and gρ2 ηN ,
ρN and ωN vertices. The results without (dPW , PW: plane wave) and with
(dMS, MS: multiple scattering) intermediate state interactions and the total
nuclear EDM contributions d3He,3H are shown in units of 10−3 · gη,ρ,ω0 Gη,ρ,ω e fm,
10−3 · gη,ρ,ω1 Gη,ρ,ω e fm and 10−3 · gρ2 Gρ e fm, where Gη,ρ,ω are the P - and
T -conserving ηN , ρN and ωN coupling constants, respectively.

This work [27] [33]
meson coupling Potential dPW dMS d3H d3H d3H

η g0 Av18 UIX −0.40 −0.06 −0.46 − −0.48
η g0 CD-Bonn TM −0.67 −0.03 −0.70 − −
ρ g0 Av18 UIX −0.31 0.04 −0.28 − −0.27
ρ g0 CD-Bonn TM −0.68 0.09 −0.59 − −
ω g0 Av18 UIX 0.19 −0.01 0.18 − 0.19
ω g0 CD-Bonn TM 0.37 −0.04 0.33 − −
η g1 Av18 UIX −1.39 0.37 −1.01 − −0.97
η g1 CD-Bonn TM −1.56 0.46 −1.10 − −
ρ g1 Av18 UIX −0.69 0.27 −0.42 − −0.40
ρ g1 CD-Bonn TM −0.84 0.35 −0.49 − −
ω g1 Av18 UIX 0.88 −0.30 0.58 − 0.53
ω g1 CD-Bonn TM 1.09 −0.41 0.68 − −
ρ g2 Av18 UIX −0.94 0.11 −0.84 − −0.32
ρ g2 CD-Bonn TM −1.30 0.25 −1.05 − −
η g0 Av18 −0.45 −0.10 −0.55 − −0.57
η g0 CD-Bonn −0.73 −0.06 −0.79 − −
ρ g0 Av18 −0.32 0.05 −0.27 − −0.30
ρ g0 CD-Bonn −0.69 0.09 −0.61 − −
ω g0 Av18 0.22 0.00 0.21 − 0.22
ω g0 CD-Bonn 0.40 −0.03 0.37 − −
η g1 Av18 −1.46 0.37 −1.10 − −1.08
η g1 CD-Bonn −1.62 0.45 −1.18 − −
ρ g1 Av18 −0.72 0.27 −0.45 − −0.44
ρ g1 CD-Bonn −0.87 0.34 −0.53 − −
ω g1 Av18 0.88 −0.31 0.57 − 0.54
ω g1 CD-Bonn 1.08 −0.42 0.66 − −
ρ g2 Av18 −0.90 0.09 −0.81 − −0.32
ρ g2 CD-Bonn −1.25 −0.24 −1.01 − −



Chapter 7

Conclusions and outlook

This thesis provides a thorough analysis of the EDMs of the deuteron, helion and
triton. The existence of non-vanishing EDMs of nuclei with a non-degenerate
ground state implies the violation of the parity and the time-reversal symme-
tries in nuclear interactions. There are several sources of P and T violation: the
θ-term of QCD is the only source of P and T violation within the SM beyond
the complex phase of the CKM matrix. Depending on the size of the physical
parameter θ̄, the θ-term is capable of inducing EDMs of light nuclei & 10−29 e cm,
which is the envisioned accuracy of EDM measurements proposed by the Stor-
age Ring EDM collaboration and the JEDI collaboration [24]. Other sources
of significant P and T violation arise in BSM theories such as supersymmetry,
multi-Higgs scenarios, etc. All potential sources of significant P and T violation
would manifest themselves as EDMs of light nuclei. Since each source gives rise
to a specific hierarchy of EDMs of light nuclei, a disentanglement of the sources
of P and T violation on the basis of EDM measurements of several light nuclei is
feasible. These hierarchies of light nuclei EDMs have been derived in this thesis
and improve upon the results of previous studies [27–29,33] as described below.

In order to derive the hierarchies of the EDMs of light nuclei for each
source of P and T violation, hadronic observables at energies below the scale
ΛQCD ∼ 200 MeV have to be determined. This entails that the connection be-
tween operators at high energies ∼ ΛBSM with BSM degrees of freedom and oper-
ators at low energies . ΛQCD has to be established. This has been accomplished
by employing a two-step effective field theory approach as in [30,49]: in the first
step, high-energy BSM operators are evolved to the energy scale Λhad & 1 GeV
as proposed and performed in [10, 35–38, 40]. By integrating out all degrees of
freedom with masses above Λhad from P - and T -violating operators, the authors
compiled the complete set of leading effective operators at the energy scale of Λhad.
This list of effective dimension-six operators consists of the so called quark EDM
(qEDM), the quark-chromo EDM (qCEDM), the four-quark left-right operator
(4qLR-op), the gluon-chromo EDM (gCEDM) and the four-quark operator (4q-
op). They are graphically depicted in fig. 1.1. These effective, non-renormalizable

121



122 CHAPTER 7. CONCLUSIONS AND OUTLOOK

dimension-six operators at the energy scale Λhad and the dimension-four QCD θ-
term were the starting point of the analysis presented in this thesis.

The second step involved the employment of ChPT, the low-energy effective
field theory of QCD, in order to complete the connection to hadronic operators
at the energy scale ΛQCD. The QCD θ-term is a genuine element of the QCD
Lagrangian and allows for a treatment entirely within standard ChPT. Another
recent study of the θ-term induced effective Lagrangian in the Weinberg formu-
lation of two-flavor ChPT is presented in [42]. This thesis provides a thorough
derivation of the induced effective Lagrangian within the Gasser-Leutwyler for-
mulation of two-flavor ChPT in chapter 4 and quantitative predictions of the
coupling constants of the most important P - and T -violating vertices for the first
time. These coupling constants have proven to be functions of either the quark
mass induced component of the neutron-proton mass difference or the strong com-
ponent of the square of the mass difference between charged and neutral pions.
By resorting to the latest results for these two quantities, the coupling constants
of the leading P - and T -violating isospin-0 and isospin-1 pion-nucleon vertices
have been found to be the following functions of θ̄:

gθ0 =(−0.018± 0.007)θ̄ , gθ1 =(0.003± 0.002)θ̄ . (7.1)

The inclusion of effective P - and T -violating dimension-six operators consti-
tutes an amendment of the standard QCD Lagrangian and implies that the treat-
ment of the effective dimension-six operators at energies below ΛQCD is beyond
the realm of standard ChPT. The standard ChPT Lagrangian has to be amended
accordingly as pointed out in [30,39] by new, additional terms with unknown co-
efficients (LECs). The derivation of the amended ChPT Lagrangians induced by
the effective dimension-six operators in the Gasser-Leutwyler formulation of two-
flavor ChPT is presented in chapter 4 of this thesis. Since the new LECs are not
quantitatively known, the coupling constants of the leading P - and T -violating
vertices can not be computed explicitly as functions of parameters which encode
specific BSM physics. Other non-perturbative techniques are required to assess
the sizes of these coupling constants, among which Lattice QCD has the highest
predictive capacity. Lattice QCD results are, however, not likely to materialize
any time soon and one has – at least for now – to resort to Naive Dimensional
Analysis (NDA) in order to obtain order of magnitude estimates. In contrast
to the θ-term analysis, neither the signs nor the center values of the coupling
constants of leading P -and T -violating vertices can be inferred from NDA. These
order of magnitude estimates might still be sufficient to determine the hierarchies
of coupling constants of leading P - and T -violating vertices for each source of P
and T violation [39]. The leading coupling constants of the P - and T -violating
isospin-0 and isospin-1 pion-nucleon vertices, g0 and g1 respectively, are estimated
to be larger than the θ-term predictions and of the same order for the qCEDM ,
for instance. The coupling constants induced by other effective dimension-six



123

operators exhibit different hierarchies. These different hierarchies were found to
translate into different hierarchies of light nuclei EDMs, as described in chapters
5 and 6.

The isospin selection rules of the deuteron render it a rather selective system
in which the EDM contributions of most P - and T -violating operators vanish.
The selective nature of the deuteron and the quantitative knowledge of gθ0 and gθ1
allowed the θ-term induced deuteron EDM to be computed up to next-to-next-to-
leading order. Whereas previous studies of the deuteron EDM in [25–27, 29–33]
focused on the leading order EDM contribution (according to the counting in this
thesis), a detailed analysis of next-to-next-to-leading order nuclear contributions
and a quantitative prediction with a well-defined uncertainty of the NN contri-
bution to the deuteron EDM as a function of θ̄ is provided – for the first time –
in chapter 5. The uncertainty of the result accounts for the uncertainty of the P -
and T -violating component as well as the P - and T -conserving component of the
nuclear potential. The θ-term induced deuteron EDM result is given by

dtot2H = dn + dp + (−0.54± 0.37) · 10−16 θ̄ e cm , (7.2)

where dn and dp denote the EDMs of the neutron and proton, respectively.
When a single non-zero EDM of the deuteron, proton or neutron is measured,

additional information is required to identify (or rather falsify) the source of P
and T violation. The strict isospin selection rules of the deuteron are absent from
helion and triton systems and a measurement of the EDM of one of them would
provide necessary additional information. The analysis of the nuclear contribu-
tions to the helion and triton EDMs induced by the θ-term up to next-to-leading
order with quantitative predictions and well-defined uncertainties is presented in
chapter 6 of this thesis. The results for the EDMs of the helion and the triton
induced by the θ-term as functions of θ̄ are given by

dtot3He = 0.880 dn− 0.047 dp + ( 1.35± 0.88 ) · 10−16 θ̄ e cm , (7.3)

dtot3H = −0.050 dn + 0.900 dp + (−2.16± 0.85 ) · 10−16 θ̄ e cm . (7.4)

Effective field theory predictions for the EDMs of the neutron dn and of the
proton dp have limited predictive capacity due to unknown counter terms at
leading order as explained in the introduction. Supplementary input from, e.g.,
Lattice QCD is required to quantify these counter terms. The currently available
Lattice QCD predictions for the single-nucleon EDMs are at too large unphysical
pion masses [52]. By an interpolation to physical pion masses, the authors of [51]
found

dp = −(1.1± 1.1) · 10−16 θ̄ e cm , (7.5)

dn = (2.9± 0.9) · 10−16 θ̄ e cm . (7.6)

More recent Lattice QCD data [53] indicates that the uncertainty of the Lattice
QCD data in [52] that underlies [51] is profoundly understated. A revision of
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the single-nucleon EDM predictions in [51] on the basis of [53] with most likely
significantly larger uncertainties is in the pipeline1. According to eqs. (7.3)-(7.6),
the single-nucleon and nuclear contributions to the helion and triton EDMs would
interfere constructively.

Based on these accurate predictions for the nuclear contributions to the EDMs
of light nuclei induced by the θ-term, several schemes of testing the θ-term are
proposed at the end of chapter 6, which involve the measurements of several light
nuclei. The measurement of the EDM of the radioactive triton is only possible
in very few laboratories (with military research divisions) around the world. The
triton EDM is therefore highly unlikely to be measured and can be disregarded.

1. Let the non-vanishing EDMs of the proton, the neutron and deuteron be
measured. The parameter θ̄ can then be calculated by using eq. (7.2) and
be inserted into eq. (7.3) to obtain a prediction for the helion EDM. A
measurement of the helion EDM can then falsify a significant involvement
of the θ-term.

2. Since the single-nucleon contribution to the helion EDM approximately
equals the neutron EDM, the measurements of the neutron EDM and the
helion EDM would suffice to extract θ̄ by utilizing eq. (7.3). A comparison
of the θ-term prediction for the deuteron EDM on the basis of eq. (7.2) to
a measurement of the deuteron EDM and the proton EDM can then rule
out the θ-term.

3. Supplementary Lattice QCD input to quantify the unknown leading order
counter terms in the single-nucleon EDM calculation is capable of reducing
the necessary experimental effort. A measurement of one of the single-
nucleon EDMs would then be sufficient to extract θ̄ and to compute the
other nucleon EDM which has not been measured. By using eq. (7.2) or
eq. (7.3), testable predictions for the deuteron or helion EDM can be ob-
tained.

4. On the basis of Lattice QCD input, the θ̄ value obtained from the measure-
ment of one single-nucleon EDM can be taken as input for the a prediction of
the other nucleon EDM. A measurement of the other nucleon EDM would
provide a test of the θ-term involving only nucleon EDM measurements.
Measurements of the EDMs of the deuteron and/or the helion would then
provide an additional, orthogonal test of the θ-term.

If these θ-term tests fail, the source of P and T violation might be one (or
several) effective dimension-six operators. Chapter 6 provides predictions for the
nuclear contributions to the helion and triton EDMs induced by the effective

1Private communication with the authors of [51].
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dimension-six operators as functions of the coupling constants g0 and g1, which
deviate from those of [30] by a factor of two and agree with those of [33]. The NDA
estimates of these coupling constants yield different patterns of enhancements of
nuclear EDM contributions, which has also been pointed out in [30]:

• qCEDM :
The πNN coupling constants g0 and g1, which are both induced at leading
order, are potentially larger than their θ-term counterparts. This would
imply a significant enhancement of the nuclear EDM contributions to the
EDMs of the deuteron, helion and triton with respect to their single-nucleon
contributions. If the measurements of the EDMs of light nuclei reveal such
nuclear enhancements beyond the θ-term predictions, the qCEDM (or the
4qLR-op, see below) is most likely the source of P and T violation.

• 4qLR-op:
The leading P - and T -violating vertices induced by the 4qLR-op are the
isospin-1 pion-nucleon vertex with coupling constant g1 and the three-pion
vertex with coupling constant ∆3. The coupling constant of the P - and
T -violating isospin-0 pion-nucleon vertex, g0, is suppressed with respect to
g1 and ∆3. Since the leading nuclear contribution to the deuteron EDM
is defined by the g1 vertex, the nuclear contribution to the deuteron is
expected to be relatively larger for the 4qLR-op than for other effective
dimension-six sources. Furthermore, the ∆3 induced leading order nuclear
contribution to the helion EDM might be sizable and provide another means
of disentanglement from the qCEDM .

• qEDM :
Since all coupling constants of P - and T -violating vertices without the pho-
ton field are suppressed by at least a factor of αem/(4π), the EDMs of
the deuteron, the helion and the triton are approximately equal to their
single-nucleon EDM contributions. If EDM measurements confirm such a
scenario, the qEDM is likely to be the source of P and T violation.

• gCEDM and 4q-op:
If the θ-term, the qCEDM and the 4qLR-op are excluded, the gCEDM
and the 4q-op can also be the sources of P and T violation. These two
effective dimension-six sources are difficult to disentangle without Lattice
QCD input, since they induce P - and T -violating 4N and γNN vertices at
leading orders. Coupling constants of vertices involving pions are signifi-
cantly suppressed by a factor of M2

π/m
2
N according to Goldstone’s theorem.

Therefore, the EDMs of the deuteron, the helion and the triton can be es-
timated to roughly equal their single-nucleon EDM contributions. In this
case, a disentanglement from the qEDM which induces a smillar pattern
might prove to be difficult.
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The measurements of non-zero EDMs of light nuclei would therefore provide
valuable information on new physics coming from the θ-term and BSM theories.
The identification of a hierarchy among EDMs of light nuclei would falsify par-
ticular effective dimension-six sources and therefore certain BSM theories that
dominantly contribute to one of the four types, e.g. left-right symmetric mod-
els [137].

The analysis of EDMs of light nuclei can be further refined: the 4qLR-op
induces a leading order nuclear EDM contribution which involves the P - and T -
violating 3π ∆3 vertex. The inclusion of such 3N diagrams into our program is
subject of an ongoing effort. The computation of the EDM contributions from
P - and T -violating short-range 4N operators is another unresolved issue. Due to
the model dependence of the short-range components of the P - and T -conserving
nuclear potentials, this computation is marred with difficulties which we soon
expect to settle. Ultimate improvement of the results presented in this thesis
might come from Lattice QCD2 . The quantitative knowledge of yet unknown
coupling constants and counter terms would allow us to overcome the reliance
on NDA and to obtain accurate quantitative predictions for the EDMs of light
nuclei which are induced by the effective dimension-six sources.

2Note that the πNN coupling constant gθ0 can be extracted from a Lattice QCD computation
of the Schiff moment of the nucleon [50].



Appendix A

Ward identities

The aim of this appendix is to explain how the set of Ward identities of a quantum
field theory can be encoded in the generating functional by introducing external
source fields for composite operators as demonstrated by Gasser and Leutwyler
in [43, 44, 60], for instance. The presentation below is based on reference [60,
78]. Consider a quantum field theory with degrees of freedom {φi} and a set of
currents {Jµj }. Let the classical action S be invariant under infinitesimal local
transformations of a Lie group G, which is parametrized by local coordinates
{εk(x)}. The action of the quantum field theory is assumed to be the sum of the
classical action S and an action SJ which is comprised of all source terms ηi for
the degrees of freedom and fµj for the currents Jµj :

S[{φi}; {J jµ}] = S[{φi}] + SJ [{ηi}, {fµj }] . (A.1)

The extension of the classical Lagrangian SJ is given by

SJ [{ηi(x)}, {fµj (x)}] :=

∫
d4x

(∑
i

ηi(x)φi(x) +
∑
j

fµj (x)J jµ

)
. (A.2)

Whereas S is invariant under G transformations of {φi}, SJ is in general not
invariant under G because the external source fields {ηi} and {f jµ} transform
a priori trivially under G. Since Green functions do in general not depend on
particular gauge transformations, the generating functional

exp(iZ[{ηi(x)}, {fµj (x)}]) =

∫
{Dφi} exp

(
S[{φi(x)}] + SQ[{ηi(x)}, {fµj (x)}]

)
(A.3)

has to be invariant under local G transformations. Let us assume that the func-
tional integration measure is invariant under G and that the source fields {ηi(x)}
and {f jµ} transform in such a way that the complete action S is invariant un-
der G. The source fields transform complementary to the degrees of freedom
{φi(x)} of the theory and the currents {J jµ}, respectively. Since the currents are
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constructed from the degrees of freedom of the theory, i.e. J jµ = J iµ({φi}), their
transformation properties are induced by those of {φi}. Each source field ηi(x)
or f jµ(x) then transforms in general as a basis state of a particular representa-
tion D(i) or D(j). We may in general assume that one source field for each basis
state of such representations exists and label the set of source fields {f j,lµ }, where
l = 1, ..., dim(D(j)). Let the structure constants of the corresponding Lie algebras
be defined by

[t
(j)
l , t(j)m ] =

∑
n

iclmnt
(j)
n , (A.4)

where t
(j)
l are the generators of the representation D(j). The source fields {f j,lµ (x)}

then transform under local G transformations by (no summation over k)

F (j)(εk(x), f j,lµ (x)) = D(j)(ε
k(x))f j,lµ (x)D−1

(j)(ε
k(x))− i∂µD(j)(ε

k(x))D−1
(j)(ε

k(x)) ,

(A.5)
which amounts to the infinitesimal transformation

δf j,lµ (x) = ∂µε
l(x) + c

(j)
lmnf

j,m
µ εn(x) . (A.6)

Note that the pure gauge term −i∂µD(j)(ε
k(x))D−1

(j)(ε
k(x)) may not exist for all

source fields. Similar expressions hold for the source fields of the degrees of
freedom {ηi}.

For the generating functional whose functional integration measure transforms
trivially under G (i.e. in the absence of anomalies), one then finds:

exp(iZ[{ηi(x)}, {f j,lµ (x)}]) =

∫
D{φi} exp

(
S[{φi}; {ηi}, {f j,lµ }]

)
=

∫
D{φi} exp

(
S[{(φi)′}; {(ηi)′}, {(f j,lµ )′}]

)
=

∫
D{(φi)′} exp

(
S[{(φi)′}; {(ηi)′}, {(f j,lµ )′}]

)
=

∫
D{φi} exp

(
S[{φi}; {(ηi)′}, {(f j,lµ )′}]

)
.

(A.7)

Eq. (A.7) demonstrates that the generating functional

W [{ηi}, {f j,lµ }] := exp(iZ[{ηi(x)}, {f j,lµ (x)}]) , (A.8)

is invariant under G transformations of the source fields {ηi} and {f j,lµ }:

W [{ηi}, {f j,lµ }] = W [{(ηi)′}, {(f j,lµ )′}] . (A.9)

Therefore, in the absence of gauge anomalies, Ward identities can be derived
from the invariance of the generating functional under local G transformations
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applied to the source fields while the degrees of freedom remain unaffected by the
G transformations:∫

d4x εk(x)

[∑
i

ai
δ

δηi(x)
+
∑
j,l

O(j)l,µ
k

δ

δf j,lµ (x)

]
W [{ηi}, {f (j),l

µ }] = 0 , (A.10)

where ai ∈ C and the coefficientsO(j)l,µ
k denote in general operators. This relation

generates the set of Ward identities obeyed by the Green functions of the theory.
The completely G invariant generating functional W therefore encodes all Ward
identities.



Appendix B

Quark multilinears

The quark multilinears considered in section 4.2 of this theses are quark bilin-
ears and quark quadrilinears. A chiral SU(2)L×SU(2)R transformation of the
left-handed and right-handed quark fields in quark multilinears induces a trans-
formation in the space of quark mutlilinears. It will be shown in this appendix
that a quark multilinear in general admits a decomposition into quark mutlilin-
ears which transform as basis states of particular irreducible representations of
O(4), for which SU(2)L×SU(2)R is the double covering group. In order to provide
a systematic study of quark bilinears and quadrilinears the connection between
the representation theory of O(4) and quark multilinears is explained and the set
of all quark bilinears and quark multilinears which transform as basis states of
irreducible representations of O(4) is compiled.

We will explain that the relationship between quark multilinears and the rep-
resentation theory of SO(4) is established by the set of SU(2)L×SU(2)R group
actions on (symmetric) tensor products of elements of the quaternion algebra H4.
There is a one-to-one correspondence between the quaternion algebra H4 and the
real vector space of matrices spanned by the set {1, iτ1, iτ2, iτ3} with τi being the
Pauli matrices. A group action F of a group G and a space X is defined as the
group homomorphism of G into the group of homeomorphic maps from X onto
itself:

F : G×X → X , (g, x) 7→ Fg(x) ,

Fg1 ◦ Fg2(x) = Fg1·g2(x) ∀g1, g2 ∈ G ,∀x ∈ X . (B.1)

The connection between SU(2)L×SU(2)R group actions on H4 and quark
multilinears can be illustrated by the following example. The quark bilinear
−q̄γµτ3q can be re-expressed in terms of left- and right-handed quark fields:

iq̄γµ(iτ3)q = iq̄Lγ
µ(iτ3)qL + iq̄Rγ

µ(iτ3)qR . (B.2)

The Dirac matrix γµ can therefore be considered to define a group action on
(iτk) ∈ H4:

(iτk) + (iτk) 7→ L†(iτk)L+R†(iτk)R , (L,R) ∈ SU(2)L×SU(2)R . (B.3)
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This appendix is therefore organized as follows: the algebra of quaternions
H4 is introduced in the first section of this appendix. The second section is
concerned with the investigation of SU(2)L×SU(2)R group actions on H4 and
the representation theory of SO(4). The third section of this appendix explains
the connection between the representation theory of O(4) and group actions on
(tensor products of) H4, from which the set of all quark bilinears and quark
quadrilinears which transform as basis states of irreducible representations of
O(4) is derived.

B.1 Quaternions

The quaternion algebra H4 is a four dimensional, non-commutative, associative
algebra over the real numbers (a detailed explanation of the quaternion algebra
can be found in e.g. [138–140]). H4 is generated by {1, i, j, k} where i, j and k
obey

i2 = j2 = k2 = ijk = −1 (B.4)

For a general element q ∈ H4, the conjugate q∗ ∈ H4 is defined by

q = a+ bi+ cj + dk → q∗ = a− bi− cj − dk . (B.5)

The quaternion algebra H4 is isomorphic to the associative algebra generated by
{1, iτ1, iτ2, iτ3}, where τi denote Pauli matrices. The norm of a quaternion q ∈ H4

is defined by
||q|| = √q∗q =

√
a2 + b2 + c2 + d2 . (B.6)

Exploiting the isomorphism to the associative algebra generated by the set
{1, iσ1, iσ2, iσ3}, the norm of a quaternion can be expressed in terms of the de-
terminant of a complex 2× 2 matrix:

det

(
a+ ib id+ c
id− c a− ib

)
= a2 + b2 + c2 + d2 . (B.7)

This proves that the group of quaternions of norm equal to one –called unit
quaternions– is isomorphic to SU(2):

{q ∈ H4| ||q|| = 1} ' SU(2) . (B.8)

Let M be the isomorphism

M : a+ ib+ jc+ kd 7→
(
a+ ib id+ c
id− c a− ib

)
, (B.9)

and F be the group action of SU(2)L×SU(2)R on H4 defined by:

F : SU(2)L×SU(2)R ×H4 → H4 , q 7→ LM(q)R† . (B.10)
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Since F preserves the norm for all q ∈ H4, this group action is an automorphism
of SU(2) if restricted to unit quaternions. For all g ∈ SU(2) the negative −g
is also an element of SU(2), which implies that F is not injective on SU(2)L×
SU(2)R since the pairs (L,R), (−L,−R) ∈ SU(2)L×SU(2)R map onto the same
homeomorphism of H4 onto H4.

B.2 The representation theory of SO(4)

The connection between the group SU(2)L×SU(2)R and the Lie group SO(4)
is drawn by the well-known Cayley-Klein decomposition of SO(4) matrices (a
detailed explanation of this connection between the quaternion algebra and SO(4)
is given in e.g. [138–143]). Let N denote the isomorphism between R4 and H4:

N : R4 → H4 , (a, b, c, d) 7→ a+ ib+ jc+ kd . (B.11)

An SO(4) rotation matrix A can be re-expressed as (Cayley-Klein)

A ∈ SO(4) , x ∈ R4 : Ax = (M ◦N)−1(LM ◦N(x)R†) , L,R ∈ SU(2)L,R ,
(B.12)

which demonstrates that the group action F of eq. (B.10) defines a 2-1 homo-
morphism SU(2)L×SU(2)R → SO(4), since (L,R) ∈ SU(2)L×SU(2)R and
(−L,−R) ∈ SU(2)L×SU(2)R map onto the same element of SO(4).

LetD(j1,j2) be a representation of SU(2)L×SU(2)R of dimension (2j1+1)(2j2+1)
for integers or half integers j1, j2. In order for D(j1,j2) to be also a representation
of SO(4), it has to obey:

D(j1,j2)(L,R) = D(j1,j2)(−L,−R) , ∀ (L,R) ∈ SU(2)L×SU(2)R , (B.13)

which requires j1 +j2 to equal integer values. In general, multiple tensor products
of (fundamental) two-dimensional representations of SU(2)L × SU(2)R,

D(1/2,0)⊗· · ·⊗D(1/2,0)︸ ︷︷ ︸
m−times

⊗D(0,1/2)⊗· · ·⊗D(0,1/2)︸ ︷︷ ︸
n−times

:

SU(2)L × SU(2)R ×C2 ⊗ · · · ⊗C2︸ ︷︷ ︸
m−times

⊗C2 ⊗ · · · ⊗C2︸ ︷︷ ︸
n−times

→ C
2 ⊗ · · · ⊗C2︸ ︷︷ ︸
m−times

⊗C2 ⊗ · · · ⊗C2︸ ︷︷ ︸
n−times

, (B.14)

are (not necessarily irreducible) representations of SO(4) if m+n is even. Let us
consider the set of such tensor products of rank two (i.e. m+ n = 1). The group
actions corresponding to irreducible representations of SO(4) of rank 1 can be
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defined by

dim = 4 D(1/2,1/2) : M(q) 7→ LM(q)R† , (B.15)

dim = 4 D(1/2,1/2) : RM(q)L† , (B.16)

dim = 3 D(1,0) : M(q) 7→ LM(q)L† , (B.17)

dim = 3 D(0,1) : M(q) 7→ RM(q)R† , (B.18)

dim = 1 D(0,0) : M(1) = 1 7→ LM(1)L† , (B.19)

dim = 1 D(0,0) : M(1) = 1 7→ RM(1)R† , (B.20)

for q ∈ H4 and (L,R) ∈ SU(2)L×SU(2)R. Note that the group action on H4

corresponding to a particular irreducible representation of SO(4) (and SU(2)L×
SU(2)R) is not necessarily unique. All group actions defined in eqs. (B.15)-(B.20)
are formally different group actions.

Group actions F on the tensor product space of multiple copies of H4,

F : SU(2)L×SU(2)R × (H4 ⊗ · · · ⊗H4)→ (H4 ⊗ · · · ⊗H4) , (B.21)

can constitute higher dimensional irreducible representations of SO(4). Let the
notation (iτj)L and (iτj)R, j = 1, 2, 3 , imply the following definitions of SU(2)L×
SU(2)R group actions on a subspace of H4:

dim = 3 : (iτj)L 7→ (LiτjL
†)L , (B.22)

dim = 3 : (iτj)R 7→ (RiτjR
†)R . (B.23)

The group actions on H4 ⊗H4 – subsequently referred to as the (rank 2) tensor
product of two elementary (rank 1) SU(2)L×SU(2)R group actions – correspond-
ing to tensor products of the representations D(1,0) and D(0,1) are then given by
(the ’⊗’ is omitted for convenience below, e.g. (iτj)L,R(iτk)L,R is meant to imply
(iτj)L,R ⊗ (iτk)L,R)

(0, 1)⊗ (0, 1) : (iτj)R(iτk)R 7→ (RiτjR
†)R(RiτkR

†)R , (B.24)

(1, 0)⊗ (1, 0) : (iτj)L(iτk)L 7→ (LiτjL
†)L(LiτkL

†)L , (B.25)

(1, 0)⊗ (0, 1) : (iτj)L(iτk)R 7→ (LiτjL
†)L(RiτkR

†)R , (B.26)

which do a priori not constitute irreducible representations of SO(4) and may
decompose into direct sums of irreducible representation of SO(4). The basis
states of the lowest-dimensional irreducible representations are obtained by iden-
tifying linear combinations of the basis vectors (iτj)L/R(iτk)L/R with well defined
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properties under exchanges of j and k (summation of identical indices implied):

dim = 1 : (0, 0) : (iτm)L(iτm)L , (B.27)

dim = 1 : (0, 0) : (iτm)R(iτm)R , (B.28)

dim = 3 : (1, 0) : (iτj)L(iτk)L − (iτk)L(iτj)L , (B.29)

dim = 3 : (0, 1) : (iτj)R(iτk)R − (iτk)R(iτj)R , (B.30)

dim = 5 : (2, 0) : (iτj)L(iτk)L + (iτk)L(iτj)L − 2(iτm)L(iτm)L , (B.31)

dim = 5 : (0, 2) : (iτj)R(iτk)R + (iτk)R(iτj)R − 2(iτm)R(iτm)R , (B.32)

dim = 9 : (1, 1) : (iτj)L(iτk)R , (B.33)

dim = 9 : (1, 1) : (iτj)R(iτk)L . (B.34)

In order to explore the SU(2)L×SU(2)R group actions on H4⊗H4 correspond-
ing to the tensor product of representations D(1/2,1/2) ⊗D(1/2,1/2), the quantities
(tα) and (t†α) are introduced to imply the group actions on H4 defined by

dim = 4 : (tα) 7→ (LtαR
†) , (B.35)

dim = 4 : (t†α) 7→ (Rt†αL
†) , (B.36)

with
t0 = 1 , t1 = iτ1 , t2 = iτ2 , t3 = iτ3 . (B.37)

For gαβ = diag(1,−1,−1,−1)1, the basis states of the lowest-dimensional irre-
ducible representations of SO(4) expressed in terms of tensor products of the
four-dimensional group action eq. (B.35) are given by:

dim = 1 (0, 0) : (tα)(tβ) gαβ , (B.38)

dim = 3 + 3 (1, 0)⊕ (0, 1) : (tα)(tβ)− (tβ)(tα) , (B.39)

dim = 9 (1, 1) : (tα)(tβ) + (tβ)(tα)− 2(tα)(tβ) gαβ . (B.40)

By replacing (tα,β) by (t†α,β) the lowest-dimensional irreducible representations
of SO(4) expressed in terms of tensor products of the group action defined in
eq. (B.36) are obtained.

B.3 The representation theory of O(4)

The well-known connection between the quaternion algebra H4 and the Lie group
O(4) is the following [140,142–144]: the group O(4) = SO(4)×Z2 consists of two
copies of SO(4) and is thus not connected. The parity transformation P defined
as the spacial inversion of three components of a general real four-vector,

P : R4 → R
4 , (x1, x2, x3, x4) 7→ (x1,−x2,−x3,−x4) , (B.41)

1We do not distinguish between covariance and contravariance here.
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transforms an element of one connected component into an element of the other
connected component. By exploiting the isomorphism N of eq. (B.11) between
R

4 and H4, the parity transformation P is found to correspond to the following
Z2 group action on H4:

P̃ = NPN−1 : Z2 ×H4 → H4 , 1 , iτ1 , iτ2 , iτ3 7→ 1 ,−iτ1 ,−iτ2 ,−iτ3 , (B.42)

i.e. to be equivalent to the conjugation of quaternions (or to hermitian conjuga-
tion of 1 and iτ1,2,3). The composition of the parity transformation with an SO(4)
matrix A then amounts to an exchange of the left and right unit quaternion in
the Cayley-Klein 2-1 isomorphism of eq. (B.12):

P Ax = (M ◦N)−1([LM ◦N(x)R†]†)

= (M ◦N)−1(R [M ◦N(x)]† L†) = (M ◦N)−1(RM ◦N(Px)L†) .

(B.43)

Let D(j,j) be a representation of O(4) and v1 ⊗ v2 and element of the base
space of D(j,j). Eq. (B.43) demonstrates that the representation of the element P
has to obey

D(j,j)(P )D(j,j)(L,R) v1 ⊗ v2 = D(j,j)(P ) (D(j)(L) v1 ⊗D(j)(R) v2)

= D(j,j)(R,L)D(j,j)(P )v1 ⊗ v2 .

(B.44)

Therefore, a representation D(j1,j2) of SO(4) is also a representation of O(4) if
and only if it is symmetric under an exchange of the indices j1 and j2. For
arbitrary j1 and j2, the irreducible representation D(j1,j2) of SO(4) induces the
symmetrized representation D(j1,j2)⊕(j2,j1) of O(4), which is irreducible if j1 6= j2

and decomposes into two irreducible representation of equal dimensions if j1 = j2.
This observation implies that irreducible representations D(j1,j2) of SO(4) with
j1 6= j2 induce exactly one irreducible O(4) representation, whereas irreducible
representations D(j,j) of SO(4) induce two separate representations of O(4).

For arbitrary half integers or integers j1, j2 with j1+j2 ∈ N, the generalization
of eq. (B.44) reads:

D(j1,j2)⊕(j2,j1)(P )D(j1,j2)⊕(j2,j1)(L,R) = D(j1,j2)⊕(j2,j1)(R,L)D(j1,j2)⊕(j2,j1)(P ) .
(B.45)

The action of D(j1,j2)⊕(j2,j1)(P ) on an element of the base space v1 ⊗ v2 ⊕ v3 ⊗ v4

is required to be

D(j1,j2)⊕(j2,j1)(P )(v1 ⊗ v2 ⊕ v3 ⊗ v4) = v4 ⊗ v3 ⊕ v2 ⊗ v1 , (B.46)
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which can be proven by the following brief computation:

D(j1,j2)⊕(j2,j1)(L,R) (v1 ⊗ v2 ⊕ v3 ⊗ v4)

= [D(j1,j2)⊕(j2,j1)(P )]2D(j1,j2)⊕(j2,j1)(L,R) (v1 ⊗ v2 ⊕ v3 ⊗ v4)

= D(j1,j2)⊕(j2,j1)(P )D(j1,j2)⊕(j2,j1)(R,L)D(j1,j2)⊕(j2,j1)(P ) (v1 ⊗ v2 ⊕ v3 ⊗ v4)

= D(j1,j2)⊕(j2,j1)(P )D(j1,j2)⊕(j2,j1)(R,L) (v4 ⊗ v3 ⊕ v2 ⊗ v1)

= D(j1,j2)⊕(j2,j1)(P ) (D(j1)(R)v4 ⊗D(j2)(L)v3 ⊕D(j2)(R)v2 ⊗D(j1)(L)v1)

= D(j1)(L)v1 ⊗D(j2)(R)v2 ⊕D(j2)(L)v3 ⊗D(j1)(R)v4)

= D(j1,j2)⊕(j2,j1)(L,R) (v1 ⊗ v2 ⊕ v3 ⊗ v4) .

(B.47)

Due to

[D(j1,j2)⊕(j2,j1)(P )]2 = 1 , (B.48)

D(j1,j2)⊕(j2,j1)(P ) must have eigenvalues ±1 and the basis states of the irreducible
representations have definite parity, p = ±1. It is convenient to refer to the two
irreducible representations of O(4) in D(j,j)⊕(j,j) by D(j,j)± .

B.3.1 Representations of O(4) and quaternions

Utilizing the notation introduced by eq. (B.22), eq. (B.23), eq. (B.35) and eq. (B.36)
and defining

(0, 0) dim = 1 : (1)L 7→ (L1L†)R = (1)L , (B.49)

(0, 0) dim = 1 : (1)R 7→ (R1R†)R = (1)R , (B.50)

the group actions of SU(2)L×SU(2)R on H4 which correspond to the lowest-
dimensional irreducible representations of O(4) are given by:

(0, 0)± dim = 1 : (1)L ± (1)R , (B.51)

(1/2, 1/2)± dim = 4 + 4 : (t0)± (t†0) , (ti)∓ (t†i ) , (B.52)

(1, 0)⊕ (0, 1) dim = 6 : (iτj)L + (iτj)R , (iτj)L − (iτj)R . (B.53)

For convenience, the tensor products (iτj)L,R⊗(iτk)L,R and (t
(†)
α )⊗(t

(†)
β ) are de-

noted by (iτj)L,R(iτk)L,R and (t
(†)
α )(t

(†)
β ), respectively, in this subsection. The basis

states of the lowest-dimensional irreducible representations of O(4) expressed in
terms of tensor products of (iτj) read (which can also be proven by a direct
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computation):

(0, 0)± : (iτm)R(iτm)R ± (iτm)L(iτm)L , (B.54)

(1, 0)⊕ (0, 1) : (δjlδkm − δjmδkl)[(iτl)L(iτm)L ± (iτl)R(iτm)R] , (B.55)

(2, 0)⊕ (0, 2) : (δjlδkm + δjmδkl − 2δjkδlm)[(iτk)L(iτl)L ± (iτk)R(iτl)R] , (B.56)

(1, 1)+ : (iτj)L(iτk)R − (iτj)R(iτk)L − (j ↔ k) , (B.57)

(iτj)L(iτk)R + (iτj)R(iτk)L + (j ↔ k) , (B.58)

(1, 1)− : (iτj)L(iτk)R − (iτj)R(iτk)L + (j ↔ k) , (B.59)

(iτj)L(iτk)R + (iτj)R(iτk)L − (j ↔ k) . (B.60)

The tensor product of two six-dimensional representations of O(4) decomposes
into:

[(1, 0)⊕ (0, 1)]⊗ [(1, 0)⊕ (0, 1)]

= [(2, 0)⊕ (0, 2)]⊕ (1, 1)+ ⊕ (1, 1)− ⊕ [(1, 0)⊕ (0, 1)]⊕ (0, 0)+ ⊕ (0, 0)− ,

(B.61)

i.e. into one 10-dimensional, two 9-dimensional, one 6-dimensional and two one-
dimensional irreducible representations of O(4), whose basis states with their
implied group actions are given by eq. (B.54) and eqs. (B.55)-(B.60).

The other relevant tensor products of irreducible representations of O(4) de-
compose into

(1/2, 1/2)± ⊗ (1/2, 1/2)± = (1, 1)+ ⊕ [(1, 0)⊕ (0, 1)]⊕ (0, 0)+ , (B.62)

(1/2, 1/2)± ⊗ (1/2, 1/2)∓ = (1, 1)− ⊕ [(1, 0)⊕ (0, 1)]⊕ (0, 0)− . (B.63)

Utilizing the notation for group actions defined by eq. (B.35) and eq. (B.36), the
basis states with implied group actions of the lowest-dimensional irreducible rep-
resentations of O(4) expressed in terms of tensor products of (tα) and (t†α) are
given by:

(0, 0)± dim = 1 : [(tα)(tβ)± (t†α)(t†β)]gαβ , (B.64)

(1, 0)⊕ (0, 1) dim = 6 : [(tα)(tβ)± (t†α)(t†β)]− [(tβ)(tα)± (t†β)(t†α)] , (B.65)

(1, 1)± dim = 9 + 9 : (gαρgβσ + gβρgασ − 2gαβgρσ)[(tρ)(tσ)± (t†ρ)(t
†
σ)] .

(B.66)

Note that the different relative signs in eq. (B.65) define two identical (Fierz-
equivalent) sets of tensors (which are given explicitly by eqs. (B.67)-(B.68) and
eqs. (B.71)-(B.72), respectively). The basis states of the (1, 1)+ and (1, 1)− repre-
sentations are given by eq. (B.69)-(B.70) and eq. (B.73)-(B.74) below, respectively.
The basis states of the irreducible representations of O(4) in the decompositions
of specific tensor products of four-dimensional irreducible representations of O(4)
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read:
(1/2, 1/2)± ⊗ (1/2, 1/2)±: i, j = 1, 2, 3, i 6= j

(1, 0)⊕ (0, 1) dim = 6 : (ti)(tj) + (t†i )(t
†
j)− (i↔ j) , (B.67)

(t0)(ti)− (t†0)(t†i )− (0↔ i) , (B.68)

(1, 1)+ dim = 9 : (ti)(tj) + (t†i )(t
†
j) + (i↔ j) , (B.69)

(t0)(ti)− (t†0)(t†i ) + (0↔ i) , (B.70)

(1/2, 1/2)± ⊗ (1/2, 1/2)∓: i, j = 1, 2, 3, i 6= j

(1, 0)⊕ (0, 1) dim = 6 : (ti)(tj)− (t†i )(t
†
j)− (i↔ j) , (B.71)

(t0)(ti) + (t†0)(t†i )− (0↔ i) , (B.72)

(1, 1)− dim = 9 : (ti)(tj)− (t†i )(t
†
j) + (i↔ j) , (B.73)

(t0)(ti) + (t†0)(t†i ) + (0↔ i) , (B.74)

where only the six ”off-diagonal” (α 6= β) basis states for the (1, 1)± representa-
tions are shown.

The ”off-diagonal” basis states of the (1, 1)± representations in terms of tensor
products of (tα) and (t†β) are given by (i, j = 1, 2, 3 and i 6= j):

(1, 1)+ dim = 9 : (t0)(t†i )− (t†0)(ti) + (t†i )(t0)− (ti)(t
†
0) , (B.75)

(ti)(t
†
j) + (t†i )(tj) + (t†j)(ti) + (tj)(t

†
i ) , (B.76)

(1, 1)− dim = 9 : (t0)(t†i ) + (t†0)(ti) + (t†i )(t0) + (ti)(t
†
0) , (B.77)

(ti)(t
†
j)− (t†i )(tj) + (t†j)(ti)− (tj)(t

†
i ) . (B.78)

The basis states of the (1, 1)+ representation in eqs. (B.75)-(B.76) are identical
(Fierz-equivalent) to the basis states given in eqs. (B.57)-(B.58) since they define
exactly the same SU(2)L×SU(2)R tensors. Phrased differently, representations of
O(4) allow for different expressions in terms of group actions on (multiple) tensor
products of copies of H4. In fact, the existence of Fierz identities is a direct
consequence of this statement. By the means of a Fierz-type projection [145] a
connection between them can be drawn: let

(Xs ⊗X ′t)ijkl, (Yu ⊗ Y ′v)ijkl , Xs, X
′
t, Yu, Y

′
v ∈ C2 ⊗C2 , (B.79)

be two bases of the same space which can be expressed as a tensor product of
two spaces in more than one way. A scalar product B is defined by

B(Xs ⊗X ′t, Yu ⊗ Y ′v) =
∑
ijkl

(Xs ⊗X ′t)ijkl(Yu ⊗ Y ′v)†ijkl . (B.80)
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For instance, two different expressions of the basis states of the irreducible (1,0)
SO(4) representation are given by

(τs)R = (1)R(τs)R , iεs
′tu(τt)R(τu)R . (B.81)

The scalar product eq. (B.80) of basis states from two different expressions in
terms of tensor products yields:

[(1)R]ij[(τs)R]kl[(τt)R]ij[(τu)R]klε
s′tu/4 = 0 , (B.82)

[(1)R]kl[(τs)R]ij[(τt)R]ij[(τu)R]klε
s′tu/4 = 0 , (B.83)

[(1)R]li[(τs)R]jk[(τt)R]ij[(τu)R]klε
s′tu/4 = −δss′ , (B.84)

[(1)R]jk[(τs)R]li[(τt)R]ij[(τu)R]klε
s′tu/4 = δss′ . (B.85)

B.3.2 O(4) representations and quark multilinears

So far only the regular tensor product of basis states of SO(4) representations
with implied SU(2)L×SU(2)R group actions have been considered. However,
quark mutlilinears with more than two quarks constitute symmetric tensor prod-
ucts of basis states with implied SU(2)L×SU(2)R group actions, since a general
quark multilinear is the commutative product of multiple quark bilinears. The
symmetric tensor product, denoted by ’�’, is defined for n vectors vi by

v1 � · · · � vn =
∑
σ

1

n!
vσ(1) ⊗ · · · ⊗ vσ(n) , (B.86)

where the sum is over all permutations σ(1), · · · , σ(n) of the index set {1, · · · , n}.
The symmetric tensor product of two irreducible representations of dimension d
yields a representation of dimension D = d+ (d− 1) + · · ·+ 1.

The interest of this thesis is in the decompositions of the symmetric tensor
products of the lowest-dimensional irreducible representations of O(4). The sym-
metric tensor product of the two 6-dimensional irreducible representations yields
a reducible representation of dimension 21 which decomposes into the irreducible
representations

[(1, 0)⊕(0, 1)]�[(1, 0)⊕(0, 1)] = (1, 1)+⊕(2, 0)⊕(0, 2)⊕(0, 0)+⊕(0, 0)− , (B.87)

where the basis states of the irreducible representations (1, 1)+, (2, 0) ⊕ (0, 2)
and (0, 0)± are given by eq. (B.54), eq. (B.56), eq. (B.57) and eq. (B.58) with
(iτj)L(iτk)R = (iτk)R(iτj)L. Note that the basis states of the (1, 1)− can not
be expressed in terms of symmetric tensor products of (iτi)L,R. The symmetric
tensor product of two identical 4-dimensional irreducible representations yields a
10-dimensional reducible representation which decomposes into

(1/2, 1/2)± � (1/2, 1/2)± = (1, 1)+ ⊕ (0, 0)+ . (B.88)
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The basis state of the base states of (0, 0)+ and (1, 1)+ are defined by eq. (B.64),

eqs. (B.69)-(B.70) and eqs. (B.75)-(B.76) with (t
(†)
α )(t

(†)
β ) = (t

(†)
β )(t

(†)
α ). The de-

composition of the symmetric tensor product of two different 4-dimensional irre-
ducible representations reads:

(1/2, 1/2)± � (1/2, 1/2)∓ = (1, 1)− ⊕ (0, 0)− , (B.89)

where the basis states of the of (0, 0)− and (1, 1)− are defined by eq. (B.64),

eqs. (B.73)-(B.74) and eqs. (B.77)-(B.78) with (t
(†)
α )(t

(†)
β ) = (t

(†)
β )(t

(†)
α ).

When the quark field is defined to be the SU(2) flavor doublet of the two
lightest quark flavors (u, d), the space of quark bilinears is given by the symmetric
tensor product of the Clifford algebra of Dirac matrices (AD) and the algebra of
the isospin Pauli matrices (AI):

AD = {1, γµ, γµγ5, γ5, σ
µν}, AI = {i1, τ1, τ2, τ3} . (B.90)

Whereas the matrices in AD define the chiralities of the quark fields in a quark
bilinear, the isospin matrices in AI determine the quark flavors in a quark bilin-
ear. Since quark bilinears are hermitian, they have to be eigenstates of the parity
transformation P : (L,R) 7→ (R,L) which converts a right-handed quark field
into a left-handed quark field and vice versa. This is also true for quark quadri-
linears and quark multilinears in general which demonstrates the connection of
quark multilinears to the representation theory of O(4): a matrix in AD defines
a particular SU(2)L×SU(2)R group action on the isospin algebra AI , which can
be identified with the quaternion algebra H4 (the above defined basis of the AI
is obtained from the standard basis of H4 by multiplication of each element by
−i). The set AD therefore corresponds to all possible SU(2)L×SU(2)R×Z2 group
actions on AI ∼ H4, where Z2 denotes the group of parity transformations. This
is however not a one-to-one correspondence, since two different matrices in AD
can in general define the same SU(2)L×SU(2)R×Z2 group action, e.g. 1 and
σµν . To illustrate this statement, consider the quark bilinear

iq̄τkγ5q = iq̄LτkqR − iq̄RτkqL . (B.91)

The Dirac matrix γ5 defines the SU(2)L×SU(2)R group action on the element
iτk of H4 which is associated with a basis state of the (1/2, 1/2)+ representation
(see eq. (B.52).

One has to emphasize the subtle difference between the parity transformation
in relativistic quantum field theory and the parity group action on H4: the parity
operation on H4 amounts to a combination of the exchange of the elements of
SU(2)L and SU(2)R and the hermitian conjugation of the basis elements such
that all states of a particular irreducible representation have the same parity
eigenvalue. In the field theory case, the requirement of hermiticity causes quark
bilinears which transform under SU(2)L×SU(2)R×Z2 as basis states of a particular
O(4) representation to have in general different parity eigenvalues.



B.3. THE REPRESENTATION THEORY OF O(4) 141

Based on the findings of this appendix, the list of all quark quadrilinears
which transform as basis states of particular irreducible O(4) representations can
be compiled. The set of P - and/or T -violating quark quadrilinears, the irre-
ducible O(4) representation to which they belong (first column) and the number
of P - and/or T -violating quark quadrilinears each representation contains (second
column) is given by (summation over k implied, no summation over i′):

(0, 0)− 1 /P -state : q̄γµτkqq̄γ
µγ5τkq , (B.92)

(1, 1)+ 3 /P /T -states : εkij q̄γµτiqq̄γ
µγ5τjq , (B.93)

(2, 0)⊕ (0, 2) 5 /P -states : (δikδjl+δjkδil−2δijδkl)q̄γµτiqq̄γ
µγ5τjq , (B.94)

(0, 0)− 1 /P /T -state : q̄qq̄iγ5q − q̄τkqq̄iγ5τkq , (B.95)

(1, 1)+ 3 /P /T -states : q̄qq̄iγ5τiq ± q̄τiqq̄iγ5q , (B.96)

(1, 1)− 6 /P /T -states : q̄τiqq̄iγ5τjq ± q̄τjqq̄iγ5τiq i 6= j , (B.97)

q̄τi′qq̄iγ5τi′q + q̄qq̄iγ5q . (B.98)

Note that the different relative signs in eq. (B.96) and eq. (B.97) define two dif-
ferent sets of tensors which transform as the same respective basis states of the
same representation.

This derivation of quark multilinears presented in this appendix immediately
reveals Fierz identities among quark multilinears. A Fierz identity between two
quark multilinears exists when they transform as the same basis state of the same
irreducible representation and as identical tensors. This is the case for

q̄qq̄iγ5τkq − q̄τkqq̄iγ5q and εkij q̄γµτiqq̄γ
µγ5τjq , (B.99)

for instance, which transform as the same basis state of the (1, 1)+ representation
and as identical tensors.



Appendix C

The Weinberg formulation of
SU(2) ChPT

The aim of this appendix is to demonstrate the connection between the two
equivalent formulations of SU(2) ChPT, by Gasser and Leutwyler [43] and by
Weinberg [41], respectively. The equivalence of these two formulations is based
on the observation made in appendix B: a chiral SU(2)L×SU(2)R transformation
of the quark fields in a quark bilinear induces a vector or tensor SO(4) rotation
on the set of quark bilinears. The chiral SU(2)L×SU(2)R transformation of the
quark fields and the induced SO(4) transformation are just two sides of the same
coin. The relationship between quark fields in a quark bilinears and the vector
space of quark bilinears is resemblant of the relationship between vector spaces
and their dual vector spaces. The same is true for quark multilinears in general.

In order establish the relationship between the two formulations of SU(2)
ChPT, the derivation of the transformation properties of the Goldstone boson
fields has to be revisited. Let v0 ∈ B be the ground state in the field space B (i.e.
the state without Goldstone bosons) and let F : G×B → B be a group action of
the group G on this space, with the ground state v0 invariant under H ⊂ G:

Fg1g2(v) = Fg1(Fg2(v)) ∀v ∈ B , v0 7→ Fh(v0) = v0 ∀h ∈ H . (C.1)

F defines a one-to-one map from the set of left cosets G/H onto B:

F : G× B → G/H × B → B , F |G/H×{v0} : G/H × {v0} ↔ B . (C.2)

Since H ⊂ G is a subgroup of G, any product g1 · g2, g1, g2 ∈ G, equals g′ · h for
some h ∈ H and g′ ∈ G and the group action thus obeys

Fg1·g2 = Fg′◦h , (C.3)

for all g1, g2 ∈ G and suitable g′ ∈ G, h ∈ H. Let {πi} be the set of Goldstone
boson fields, which are essentially the parameters of G/H, whose elements act on
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the ground state v0. According to eq. (C.3), the Goldstone boson fields transform
under G by

Fg ◦ Fg({πi})(v0) = Fg′({πi},g) ◦ Fh({πi},g)(v0) = Fg′({πi},g)(v0) , (C.4)

where g′ and h depend on g and g({πi}).
Eq. (C.4) is the starting point for both formulations of SU(2) ChPT. Both

formulations are discussed in the exponential parametrization [88, 89] first. The
realization of the SU(2)L×SU(2)R group action on the ground state v0 chosen
by Gasser and Leutwyler [43] is defined by an axial rotation of the ground state
v0 = 1:

Fg({πi})(v0) = u(~π)1u(~π) = U(~π) , u, U ∈ SU(2) , (C.5)

where U = u2 is the standard U matrix (the group action F for a general g=(L,R)
is given by 1 7→ R1L†). The matrix U = exp(i~π · ~τ) is essentially an axial
SU(2)A rotation of the ground state v0 = 1 parametrized by the Goldstone
boson fields {πi}. For this definition of F (the Gasser-Leutwyler realization) the
transformation law eq. (C.4) reads:

Fg ◦ Fg({πi})(v0) = Ru(~π)1u(~π)L† = u(~π ′)V 1V †u(~π ′) = U(~π ′)

= Fg′({π},g) ◦ Fh({πi},g)(v0) = Fg′({πi},g)(v0) ,
(C.6)

for V ∈ SU(2)V = H.
The other realization of the group action employed by Weinberg utilizes the

induced SO(4) transformation: since the Goldstone bosons map bijectively onto
G/H = SU(2)L×SU(2)R/SU(2)V where SU(2)V is the diagonal vector subgroup
{(V, V )|V ∈ SU(2)}, the elements {1,1} and {−1,−1} are in the same left coset.
The spontaneous symmetry breaking pattern SU(2)L×SU(2)R → SU(2)V is then
equivalent to SO(4)→ SO(3) because of

SU(2)/{1,−1} = RP 3 = SO(3) , (C.7)

where RP 3 is the real projective 3-space. Let the group action F on G now be
explicitly defined by the SO(4) rotations g ∈ SO(4) and h ∈ SO(3) ⊂ SO(4)
which act on the ground state denoted by the real four-vector v0. The Goldstone
boson fields map bijectively onto SO(4)/SO(3) and can be represented by an
SO(4) matrix U4 (the Goldstone bosons parametrize the S3 ∼ SO(4)/SO(3)
manifold). The generators of SO(4) are readily obtained from the group action
of SU(2)L×SU(2)R on H4 eq. (B.12) and read:

(T k)i4 = −(T k)4i = −iδki, (T k)ij = (T k)44 = 0 , (C.8)

(H l)ij = −iεijl, (H l)i4 = (H l)4i = (H l)44 = 0 , (C.9)
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where Hk are the generators of H⊂G. A possible parametrization of the SO(4)
matrix U4 corresponding to an axial transformation of the ground state (i.e.
parameterizing SO(4)/SO(3)) is then given by:

U4 = exp

i


0 0 0 −iπ1/Fπ
0 0 0 −iπ2/Fπ
0 0 0 −iπ3/Fπ

iπ1/Fπ iπ2/Fπ iπ3/Fπ 0


 . (C.10)

The four vector v0 = (0, 0, 0, n), n ∈ R, represents a ground state which is
invariant under H. The transformation law eq. (C.4) of the Goldstone bosons
then reads:

F ∗g ◦ F ∗g({πi})(v0) = g U4(~π) v0 = U4(~π ′)h(~π, g) v0 = U4(~π′)v0

= F ∗g′({πi},g) ◦ F ∗h({πi},g)(v0) = F ∗g′({π},g)(v0) , (C.11)

where g ∈ G and h ∈ H ⊂ G are SO(4) matrices. The F in eq. (C.4) has been
replaced by F ∗ here since the Weinberg realization of the group action can be
regarded as the group action induced by the Gasser-Leutwyler realization of F in
the same manner as a map of the quark fields in a quark bilinear induces a map
on the vector space of quark bilinears.

Whereas in the Gasser-Leutwyler formulation the leading kinetic term, for
instance, in the effective Lagrangian is given by

cGL〈∂µU∂µU †〉 = cGL2(∂µ~π)(∂µ~π) + · · · , (C.12)

the leading kinetic term in the effective Lagrangian in the Weinberg formulation
would read (see section 19.5 of [41])

2cW (∂µU4v0)T (∂µU4v0) = 2cWn(∂µ~π)(∂µ~π) + · · · , (C.13)

for some real constants cGL and cW . The connection between both realizations
of the group action is established by the 2-1 homomorphism of SU(2)L×SU(2)R
onto SO(4) eq. (B.12).

There is another more convenient parametrization for the Weinberg realization
of the group action which is based on the standard stereographic projection of
the 3-sphere S3 (the north pole is taken to lie on the fourth axis, π2 =π2

1+π
2
2+π

2
3):(

2π1/F0

1 + π2/F0

,
2π2/F0

1 + π2/F0

,
2π3/F0

1 + π2/F0

,
1− (π2

1 + π2
2 + π2

3)/F0

1 + π2/F0

)
, F0 = 2Fπ .

(C.14)
This parametrization can be expressed as an (axial) SO(4) rotation given by the
matrix

U4 =


1− 2π2

1/F
2
0

1+π2/F 2
0
−2π1π2/F 2

0

1+π2/F 2
0

−2π1π3/F 2
0

1+π2/F 2
0

2π1/F0

1+π2/F 2
0

−2π2π1/F 2
0

1+π2/F 2
0

1− 2π2
2/F

2
0

1+π2/F 2
0
−2π2π3/F 2

0

1+π2/F 2
0

2π2/F0

1+π2/F 2
0

−2π3π1/F 2
0

1+π2/F 2
0

−2π3π2/F 2
0

1+π2/F 2
0

1− 2π2
3/F

2
0

1+π2/F 2
0

2π3/F0

1+π2/F 2
0

− 2π1/F0

1+π2/F 2
0

− 2π2/F0

1+π2/F 2
0

− 2π3/F0

1+π2/F 2
0

1−π2/F 2
0

1+π2/F 2
0

 , (C.15)
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which acts on the north pole (0, 0, 0, n). This is the preferred parametrization in
the Weinberg formulation of SU(2) ChPT.

It has been demonstrated in appendix B that quark multilinears can be re-
garded as basis states of irreducible representations of O(4). In general, a chiral
symmetry breaking quark structure Sq (i.e. a quark multilinear) exhibits the
same transformation properties under G as a corresponding structure Seff in the
effective Lagrangian:

Sq[{qi}] 7→ Sq[F q
g ({qi})] = F ∗g (Sq[{qi}]) ,

Seff [Fg({πi}), v0] 7→ Seff [Fg ◦ Fg({πi}), v0] = F ∗g ◦ F ∗g({πi})(Seff [Fe, v0]) ,

(C.16)

where F q is the group action on the quark fields, F is the corresponding group
action in the effective theory (on the ground state or on the Goldstone boson
fields) and F ∗ is the induced map on the (vector-)space of chiral structures,
which is identical for quark structures and chiral structures in the effective field
theory. The group action F is in general a group action on an element of the
set {1, τ1, τ2, τ3}. The equation in the second line of eq. (C.16) reveals the two
equivalent methods of constructing chiral symmetry breaking structures in the
effective field theory Lagrangian. In the Gasser-Leutwyler formulation, a chiral
symmetry breaking term in the effective Lagrangian can be constructed from
the Goldstone boson matrix U and its hermitian conjugate to transform under
SU(2)L×SU(2)R (or equivalently O(4)) identically to the corresponding quark
multilinear. As an example one may consider the isospin violating component of
the quark mass matrix and its leading counter part in the pion-sector effective
Lagrangian, which read in the Gasser-Leutwyler formulation:

S[{qi}] = q̄Lτ3qR + q̄Rτ3qL 7→ S[F q
g ({qi})] = q̄LL

†τ3RqR + q̄RR
†τ3LqL ,

(C.17)

Seff [Fg({πi}), v0] = 〈Uτ3 + U †τ3〉 7→Seff [Fg◦Fg({πi}), v0] = 〈RUL†τ3+LU †R†τ3〉 .
(C.18)

In the Weinberg formulation of SU(2) ChPT, a term without Goldstone
bosons is constructed which exhibits the same transformation properties under
O(4) (or equivalently SU(2)L × SU(2)R) as its corresponding quark multilinear.
The Goldstone bosons are then introduced by an axial SO(4) rotation (i.e. ex-
pressible in terms of U4 of eq. (C.10) or eq. (C.15)) which is paramterized by the
Goldstone boson fields:

Seff [Fe, v0] 7→ F ∗g({πi})(Seff [Fe, v0]) . (C.19)

We demonstrate the Weinberg procedure of constructing chiral symmetry
breaking terms in the pion and pion-nucleon sector effective Lagrangian for the
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quark bilinears in the 4-dimensional (1/2, 1/2)+ representation of O(4). The
fourth component of a vector in this representation transforms as the isospin
conserving component of quark mass term, i.e. it transforms as a scalar under
H ⊂G. The other components of a vector in this representation transform as a
P - and T -violating three-vector under H⊂G. The application of U4 of eq. (C.10)
to the four vectors in the pion sector and the pion nucleon sector with the correct
transformation properties yields:

(U4(0, 0, 0, 1)T )4 = (~π/Fπ, (1− ~π2/(2F 2
π ))) + · · · , (C.20)

(U4(0, 0, 0, N †N)T )4 = (~π/Fπ, (1− ~π2/(2F 2
π )))N †N + · · · , (C.21)

which is identical to the expressions obtained within the Gasser-Leutwyler for-
mulation. The list of further structures in the Weinberg formulation with their
corresponding structures in the Gasser-Leutwyler formulation reads:

N †N ↔ N †N ,

(U4(0, 0, 0, N †N)T )4 ↔ 〈χ+〉N †N ,

(U4(N †~τN, 0)T )3 ↔ N †χ̂N = N †(χ+ − 〈χ+〉)N ,

eFµν
(
((U4)ik(U4)jl − (U4)jk(U4)il)N

†TklN
)

34
↔ N †f̂+

µνN = N †(f+
µν − 〈f+

µν〉)N ,

where the antisymmetric matrix T is given by

T =


0 0 0 τ1

0 0 0 τ2

0 0 0 τ3

−τ1 −τ2 −τ3 0

 . (C.22)

Higher terms in the effective Lagrangian are tensor products of these repre-
sentations. They can be obtained in exactly the same manner by constructing
tensors without Goldstone bosons and with the correct transformation properties
under O(4) transformations. Whereas in the Gasser-Leutwyler formulation such
structures in the pion sector and pion-nucleon sector are easily obtained by com-
position of fundamental building blocks, the construction of higher order struc-
tures in the Weinberg formulation proves to be increasingly tedious. Furthermore,
the simple extension of SU(2) ChPT to SU(3) ChPT in the Gasser-Leutwyler
formulation is not possible for the Weinberg formulation of SU(2) ChPT.



Appendix D

The effective Lagrangian from
the θ-term

Based on the findings of section 4.2, this appendix provides the complete list
of P - and T -violating terms in the pion sector Lagrangian Lπ and in the pion-
nucleon sector Lagrangian LπN up to O(p4) which are induced by the θ-term.
The Lagrangians listed below are the Lagrangians prior to the selection of the
correct ground state and represent the most general set of independent P - and
T -violating terms. The complete list of P - and T -violating terms in the pion-
nucleon sector induced by the θ-term up to O(p4) is already implicitly contained
in [91]. The lists of pion-nucleon terms found below are thus compilations of the
P - and T -violating terms relevant for our analysis from [91].

The P - and T -violating terms in the effective Lagrangian from the θ-term are
essentially those with insertions of the source field χ, i.e. terms proportional to p0

and p3 and powers thereof. As explained in section 4.2, the qCEDM and 4qLR-
op require the introduction of new source fields. The P - and T -violating terms in
the effective Lagrangian induced by these two sources of P and T violation can
be obtained by a duplication of χ± structures. The eigenvalues of fundamental
building blocks and external fields and combinations thereof under P and T
transformations utilized to compile the lists in this appendix are given in appendix
I.

The following notation is adopted below: the quantities s̄0, s̄3, p̄0 and p̄3 de-
note 2Bs0, 2Bs3, 2Bp0 and 2Bp3, respectively. Furthermore, a Lagrangian L̄
consists of all terms in the corresponding Lagrangian L in standard ChPT which
contain P - and T -violating terms relevant for our analysis. The additional super-
scripts 0 and 3 indicate that the Lagrangian L̄ contains only terms proportional
to p̄0 and p̄3, respectively.

The only external field relevant for the analysis of EDMs is the electromagnetic
field and the left- and right-handed source fields are therefore set to

rµ → −
e

2
τ3Aµ, lµ → −

e

2
τ3Aµ , v(s)

µ → −
e

2
Aµ. (D.1)
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The P - and T -violating terms provided below constitute the complete set of in-
dependent P - and T -violating terms before the correct ground state within QCD
and ChPT in the presence of P and T violation has been selected. The ground-
state selection procedure results in a mixing of source fields as demonstrated in
section 4.3. Furthermore, in order to obtain terms in an arbitrary parametriza-
tion, the matrix U in the exponential parametrization has to be replaced by the
matrix U of eq. (4.73).

D.1 The P - and T -violating Lagrangian in the

pion sector

The leading order P - and T -violating terms in the pion sector Lagrangian are
contained in the mass term of the chiral Lagrangian of [43]:

L(2)
π =

Fπ
4
〈χU † + Uχ†〉 , (D.2)

which gives rise to a leading order term (the wiggled arrow indicates that only
the leading P - and T -violating terms in the chiral structure are displayed)

Fπ
4
〈χU † + Uχ†〉; p̄3 Fπ

π3

Fπ

(
1− π2

6F 2
π

)
. (D.3)

Within the selection procedure of the correct ground state the tadpole term is
removed, which reinstates the stability of the vacuum. The next-to-leading order
pion sector Lagrangian of [43,78],

L(4)
π = +

l3
16
〈χU † + Uχ†〉2 − l7

16
〈χU † − Uχ†〉2 + · · · , (D.4)

yields the P - and T -violating terms

l3
16
〈χU † + Uχ†〉2 ; 2l3 s̄0 p̄3

π3

Fπ

(
1− 2π2

3F 2
π

)
, (D.5)

− l7
16
〈χU † − Uχ†〉2 ; −2l7 p̄0 s̄3

π3

Fπ

(
1− 2π2

3F 2
π

)
, (D.6)

which give rise to yet another pion-tadpole terms which are eliminated by the
ground state selection procedure.

D.2 The P - and T -violating Lagrangian in the

pion-nucleon sector

The complete pion-nucleon Lagrangian up to O(p4) is presented in [91], which
implicitly contains all P - and T -violating terms up to O(p4). The additional
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fundamental building blocks in the pion-nucleon sector which contain derivatives
of the pion fields and photon fields are the connection Γµ, the axial vector uµ and
the symmetric tensor hµν . The building blocks Γµ and uµ are defined by eq. (4.43)
and eq. (4.44), respectively. The building block hµν is defined by

hµν = [Dµ, uν ] + [Dν , uµ] . (D.7)

The expansions of these building blocks in powers of pion fields for the electro-
magnetic field as the sole external field read:

uµ = − 1

Fπ
∂µ~π · ~τ +

1

6F 3
π

(π2 ∂µ~π · ~τ − ~τ · ~π ~π · ∂µ~π)

+eAµ
(~π × ~τ)3

Fπ

(
1− π2

6F 2
π

)
+ · · · , (D.8)

Γµ = i
(~π × ∂µ~π) · ~τ

4F 2
π

+
ieAµ

2

(
τ3 −

(π2τ3 − ~π · ~τ π3)

2F 2
π

)
+ · · · , (D.9)

hµν = −2
∂µ∂ν~π · ~τ

Fπ
+ 2e

Aµ(∂ν~π × ~π)3 + Aν(∂µ~π × ~π)3

Fπ

+2e2AµAν
π1τ1 + π2τ2

Fπ
+ · · · . (D.10)

The leading order P - and T -violating terms in the pion-nucleon sector emerge
from the O(p2) ChPT pion-nucleon sector Lagrangian given by

L̄(2)
πN := c1〈χ+〉N †N + c5N

†χ̂+N , (D.11)

which leads to the leading order P - and T -violating pion-nucleon terms

c1〈χ+〉N †N ; 4 c1 p̄3
π3

Fπ

(
1− π2

6F 2
π

)
N †N , (D.12)

c5N
†χ̂+N ; 2 c5 p̄0N

†~π · ~τ
Fπ

(
1− π2

6F 2
π

)
N . (D.13)

Further P - and T -violating terms are contained in the O(p3) pion-nucleon sector

Lagrangian L(3)
πN :

L̄(3)0
πN = d17N

†〈S · u χ̂+〉N + d19N
†[S · D, 〈iχ−〉]N , (D.14)

L̄(3)3
πN = d5N

†[χ̂−, v · u]N + d16〈χ+〉N †S · uN + d18N
†[S · D, iχ̂−]N ,

(D.15)

L̄(3)0
πN and L̄(3)3

πN are the sums of all structures in L(3)
πN which contain terms propor-

tional to p̄0 and p̄3, respectively. The operators with pions in L̄(3)0
πN in-between
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N † and N give

〈S · uχ̂+〉 ; −4p̄0S
µ~π · ∂µ~π

F 2
π

, (D.16)

[S · D, 〈iχ−〉] ; 4p̄0S
µ~π · ∂µ~π

F 2
π

, (D.17)

whereas the operators with pions in L̄(3)3
πN yield

[χ̂−, v · u] ; 4p̄3
(∂0~π × ~τ)3

Fπ

(
1− π2

6F 2
π

)
+ 2p̄3

(~π × ~τ)3 ~π · ∂0~π

3F 2
π

−2p̄3
(~π × ∂0~π) · ~τπ3

F 3
π

+ 4p̄3eA0
π1τ1 + π2τ2

Fπ

(
1− π2

6F 2
π

)
−2p̄3eA0

(π2π3τ3 − ~π · ~τπ2
3)

F 3
π

, (D.18)

S · u〈χ+〉 ; −4p̄3S
µ∂µ~π · ~τπ3

F 2
π

+ 4p̄3eS
µAµ

(~π × ~τ)3π3

F 2
π

, (D.19)

[S · D, iχ̂−] ; 2p̄3S
µ∂µ~π · ~τπ3

F 2
π

− 2p̄3eS
µAµ

(~π × ~τ)3π3

F 2
π

. (D.20)

The list of all terms containing the source field χ in the O(p4) pion-nucleon

sector Lagrangian L(4)
πN is fairly extensive. By resorting to the same notation

as above, all structures in L(4)
πN which give terms proportional to p̄0 and p̄3 are

combined into L̄(4)0
πN and L̄(4)3

πN , respectively. All structures in L(4)
πN which yield

terms simultaneously proportional to p̄0 as well as p̄3 are combined into L̄(4)03
πN .

Those terms proportional to p̄0 are included in the Lagrangian

L̄(4)0
πN = N †

(
e23χ̂+〈u · u〉+ e24χ̂+〈(v · u)2〉+ e25uµ〈χ̂+u

µ〉+ e26v · u〈χ̂+u
µ〉

+e27[Sµ, Sν ]〈χ̂+[uµ, uν ]〉+ e28iS
µvν [χ̂+, hµν ] + e29iS

µ[[Dµ, χ̂+], v · u]

+e30[Dµ, [Dµ, χ̂+]] + e31〈χ−〉[S · u, v · u] + e32v
µvν〈iχ−〉hµν

+e33uµ[Dµ, 〈iχ−〉] + e40〈χ̂+χ̂+〉+ e107i[S
µ, Sν ]〈f+

µν〉χ̂+

+e108i[S
µ, Sν ]〈f̂+

µνχ̂+〉+ e109iS
µvν [f−µν , χ̂+] + e110iS

µvν〈f+
µν〉〈χ−〉

+e111iS
µvν f̂+

µν〈χ−〉
)
N , (D.21)
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whose expansion in powers of pion fields yield the following terms:

χ̂+〈u · u〉

; 4p̄0
~π · ~τ
Fπ

(
∂µ~π · ∂µ~π

F 2
π

+ e2AµAµ
π2

F 2
π

− 2eAµ
(~π × ∂µ~π)3

F 2
π

)
, (D.22)

χ̂+〈(v · u)2〉

; 4p̄0
~π · ~τ
Fπ

(
(∂0~π)2

F 2
π

+ e2A2
0

π2

F 2
π

− 2eA0
(~π × ∂0~π)3

F 2
π

)
, (D.23)

uµ〈χ̂+u
µ〉

; 4p̄0

(
(∂µ~π · ~τ) (∂µ~π · ~π)

F 3
π

− e(~π × ~τ)3 · ~πAµ(∂µ~π)

F 3
π

)
, (D.24)

v · u〈χ̂+v · u〉

; 4p̄0

(
(∂0~π · ~τ) (∂0~π · ~π)

F 3
π

− e(~π × ~τ)3 · ~πA0(∂0~π)

F 3
π

)
, (D.25)

[Sµ, Sν ]〈χ̂+[uµ, uν ]〉

; 8ip̄0[Sµ, Sν ]

(
~π · (∂µ~π × ∂ν~π)

F 3
π

+ e
π3(Aν~π · ∂µ~π − Aµ~π · ∂ν~π)

F 3
π

+e
π2(Aν∂µπ3 − Aµ∂νπ3)

F 3
π

)
, (D.26)

iSµvν [χ̂+, hµν ]

; 8p̄0S
µvν
(

(~π × ∂µ∂ν~π) · ~τ
F 2
π

− eAµ(~π · ∂ν~πτ3 − ∂ν~π · ~τπ3)

F 2
π

−eAν(~π · ∂µ~πτ3 − ∂µ~π · ~τπ3)

F 2
π

− e2AµAν
(~π × ~τ)i(δi1π1 + δi2π2)

F 2
π

)
,

(D.27)

iSµ[[Dµ, χ̂+], v · u]

; 4p̄0S
µ

(
i
(∂µ~π × ∂0~π) · τ

F 3
π

+ eA0
∂µ~π · ~πτ3 − ~π · ~τ∂µπ3

F 3
π

−eAµ
∂0~π · ~πτ3 − ~π · ~τ∂0π3

F 3
π

)
, (D.28)

[Dµ, [Dµ, χ̂+]]

; 2p̄0

(
∂µ∂

µ~π · ~τ
Fπ
− eAµ

(∂µ~π × ~τ)3

Fπ
− 2e∂µAµ

(~π × ~τ)3

Fπ

+e2AµA
µ (π1 + π2)

Fπ

)
, (D.29)
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〈χ−〉[S · u, v · u]

; −8p̄0S
µvν
(

(∂µ~π × ∂ν~π) · ~τ
F 2
π

+ e
(Aν~π · ∂µ~π − Aµ~π · ∂ν~π)τ3

F 2
π

−e(Aν∂µπ3 − Aµ∂νπ3)~π · ~τ
F 2
π

)
, (D.30)

ivµvν〈χ−〉hµν

; 8p̄0v
µvν
(
∂µ∂ν~π · ~τ

Fπ
− eAµ(∂ν~π × ~τ)3 + Aν(∂µ~π × ~τ)3

Fπ

)
, (D.31)

iuµ[Dµ, 〈χ−〉]

; 4p̄0

(
∂µ~π · ~τ~π · ∂µ~π

F 3
π

− eAµ
(~π × ~τ)3~π · ∂µ~π

F 3
π

)
, (D.32)

and

〈χ̂+χ̂+〉 ; 16s̄3p̄0
π3

Fπ

(
1− 2π2

3F 2
π

)
, (D.33)

i[Sµ, Sν ]〈f+
µν〉χ̂+ ; −i4p̄0e[S

µ, Sν ]Fµν
~π · ~τ
Fπ

(
1− π2

6F 2
π

)
, (D.34)

i[Sµ, Sν ]〈f̂+
µνχ̂+〉 ; −i4p̄0e[S

µ, Sν ]Fµν
π3

Fπ

(
1− π2

6F 2
π

)
, (D.35)

iSµvν [f̂−µν , χ̂+] ; −4p̄0eS
µvνFµν

π3~π · ~τ − π2τ3

F 2
π

, (D.36)

Sµvν〈f+
µν〉〈iχ−〉 ; 8p̄0eS

µvνFµν

(
1− π2

2F 2
π

)
, (D.37)

Sµvν f̂+
µν〈iχ−〉 ; 4p̄0eS

µvνFµν

(
τ3 +

~π · ~τπ3 − 2π2τ3

2F 2
π

)
. (D.38)

Terms proportional to p̄3 are contained in the Lagrangian

L̄(4)3
πN = N †

(
e19〈χ+〉〈u · u〉+ e20〈χ+〉〈(v · u)2〉+ e21[Sµ, Sν ]〈χ+〉[uµ, uν ]

+e22[Dµ, [Dµ, 〈χ+〉]] + e34〈χ̂−[S · u, v · u]〉+ e35v
µvν〈χ̂−hµν〉

+e36i〈uµ[Dµ, χ̂−]〉+ e37i[S
µ, Sν ][uµ, [Dν , χ̂−]] + e38〈χ+〉〈χ+〉

+e105i[S
µ, Sν ]〈f+

µν〉〈χ+〉+ e106i[S
µ, Sν ]f̂+

µν〈χ+〉+ e112iS
µvν〈f+

µν〉χ̂−
+e113iS

µvν〈f̂+
µνχ̂−〉+ e114i[S

µ, Sν ][f−µν , χ̂−]
)
N , (D.39)
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whose expansion in powers of pion fields gives the P - and T -violating terms

〈χ+〉〈u · u〉

; 8p̄3

(
π3∂µ~π · ∂µ~π

F 3
π

+ e2AµAµ
π2π3

F 3
π

− 2ieAµ
(~π × ∂µ~π)3π3

F 3
π

)
,

(D.40)

〈χ+〉〈(v · u)2〉

; 8p̄3

(
π3(∂0~π)2

F 3
π

+ e2A2
0

π2π3

F 2
π

− 2ieA0
(~π × ∂0~π)3π3

F 2
π

)
, (D.41)

[Sµ, Sν ][uµ, uν ]〈χ+〉

; 8ip̄3[Sµ, Sν ]

(
(∂µ~π × ∂ν~π) · ~τπ3

F 3
π

+ e
(Aµ~π · ∂ν~π − Aν~π · ∂µ~π)π3τ3

F 3
π

−e(Aµ∂νπ3 − Aν∂νπ3)~π · ~ττ3

F 3
π

)
, (D.42)

[Dµ, [Dµ, 〈χ+〉]

; 4p̄3∂µ∂
µ

[
π3

Fπ

(
1− π2

6F 2
π

)]
, (D.43)

〈χ̂−[S · u, v · u]〉

; −8p̄3S
µvν
(

(∂µ~π × ∂ν~π)3

F 2
π

+ e
(Aν~π · ∂µ~π − Aµ~π · ∂ν~π)

F 2
π

−e(Aν∂µπ3 − Aµ∂νπ3)π3

F 2
π

)
, (D.44)

ivµvν〈χ̂−hµν〉

; 8p̄3v
µvν

∂µ∂νπ3

Fπ
, (D.45)

i〈uµ[Dµ, χ̂−]〉

; −4p̄3

(
∂µ~π · ∂µ~π π3

F 3
π

− eAµ
(~π × ∂µ~π)3π3

F 3
π

+ eAµA
µ (π2

1 + π2
2)π3

F 2
π

)
,

(D.46)

i[Sµ, Sν ][uµ, [Dν , χ̂−]]

; −i4p̄3[Sµ, Sν ]

(
(∂µ~π × ∂ν~π) · ~τπ3

F 3
π

− 2eAν
∂µ~π · ~πτ3 − ∂µπ3~π · ~τ

F 3
π

)
,

(D.47)
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and

〈χ+〉〈χ+〉 ; 32s̄0p̄3
π3

Fπ

(
1− 2π2

3F 2
π

)
(D.48)

i[Sµ, Sν ]〈f+
µν〉〈χ+〉 ; −i8p̄3e[S

µ, Sν ]Fµν
π3

Fπ

(
1− π2

6F 2
π

)
, (D.49)

i[Sµ, Sν ]f̂+
µν〈χ+〉 ; −i4p̄3e[S

µ, Sν ]Fµν

(
π3τ3

Fπ
+

3π2~π · ~τ − 4π2π3τ3

6F 3
π

)
,

(D.50)

Sµvν〈f+
µν〉iχ̂− ; 4p̄3eS

µvνFµν

(
τ3 −

~τ · ~ππ3

2F 2
π

)
, (D.51)

Sµvν〈f̂+
µνiχ̂−〉 ; 4p̄3eS

µvνFµν

(
1− π2

2F 2
π

)
, (D.52)

[Sµ, Sν ][f−µν , iχ̂−] ; 4ip̄3e[S
µ, Sν ]Fµν

(
π1τ1 + π2τ2

Fπ
+
π2π3τ3 − π2

3~π · ~τ
2F 3

π

)
.

(D.53)

Finally, terms proportional to p̄0 to p̄3 are included in the Lagrangian

L̄(4)03
πN = N †

(
e39χ̂+〈χ+〉+ e41χ̂−〈χ−〉

)
N . (D.54)

The expansion in powers of pion fields of the terms in this Lagrangian yields at
leading orders

χ̂+〈χ+〉 ; 8s̄0p̄0
~π · ~τ
Fπ

(
1− 2π2

3F 2
π

)
+ 8s̄3p̄3

π3

Fπ

(
τ3 −

~π · ~τπ3

2F 2
π

− π2τ3

6F 2
π

)
,

(D.55)

χ̂−〈χ−〉 ; 8s̄0p̄0
~π · ~τ
Fπ

(
1− 2π2

3F 2
π

)
+ 8s̄3p̄3

π3

Fπ

(
τ3 −

~π · ~τπ3

2F 2
π

− π2τ3

6F 2
π

)
.

(D.56)

Only a fraction of the P - and T -violating terms presented above are relevant
for computation of the EDMs of light nuclei. The power counting of of a par-
ticular EDM contribution from each of the above vertices has to be discussed
separately. However, terms containing two photon fields generate highly sup-
pressed contributions, since one photon has to be integrated out giving a loop
factor of αem/(4π).



Appendix E

Fundamental integrals

This appendix provides the list of some master integrals in the analytic compu-
tation of the nuclear contributions to the deuteron EDM in section 5.2. As usual,
divergences are absorbed into the quantity

L :=
µ4−d

16π2

{
1

d− 4
+

1

2
[γE − 1− ln(4π)]

}
, (E.1)

where the scale µ is introduced in dimensional regularization and γE = 0.577215...
is the Euler-Mascheroni constant. The integrals below are calculated for

M2
π + z(z − 1)k2 − z2(k · v)2 > 0 , k · v = 0 + · · · . (E.2)

Expression proportional to vµ, vµvν , etc. are disregarded since they would vanish
upon contraction with Sµ, SµSν , etc. The zero-components of nucleon momenta
are also disregarded since they are considered to yield subleading contributions.
Furthermore, the definition ξ := |~k|2/(4M2

π) will be utilized below. The integrals
I00, I10 , I12 already appear in [58]. The solution of the integral I11 has already
been presented in [78].

1:

I00 =

∫
d4l

(2π)4

1

[v · l + iε][l2 −M2
π + iε][(l + k)2 −M2

π + iε]

= −i 1

8π

arccot(2Mπ/|~k|)
|~k|

+ · · · , (E.3)

2:

I10 =

∫
d4l

(2π)4

1

[v · l + iε]2[l2 −M2
π + iε][(l + k)2 −M2

π + iε]

=
i

8π2

∫ 1

0

dz
1

[M2
π + z(z − 1)k2 − iε] (E.4)

= − 1

4π2
ln

(√
1 + ξ +

√
ξ√

1 + ξ −√ξ

)
1

4M2
π

√
ξ
√

1 + ξ
+ · · · , (E.5)
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3:

I11 =

∫
ddl

(2π)4

µ4−d

[l2 −M2
π + iε][(l + k)2 −M2

π + iε]

= −i2L+ i
1

16π2

[
ln

(
µ2

M2
π

)
− 1

]
− i

16π2

∫ 1

0

dz ln

(
z(z − 1)k2

M2
π

+ 1− iε
)

= −i2L+ i
1

16π2

[
ln

(
µ2

M2
π

)
− 1

]
− i

16π2

(√
1 + ξ√
ξ

ln

(√
1 + ξ +

√
ξ√

1 + ξ −√ξ

)
− 2

)
+ · · · , (E.6)

4:

I12 =

∫
ddl

(2π)4

−iµ4−d

[v · l + iε]2[l2 −M2
π + iε]

= 4L− 1

8π2

[
ln

(
µ2

M2
π

)
− 1

]
+ · · · , (E.7)

5:

I20 =

∫
d4l

(2π)4

i

[v · l + iε]3[l2 −M2
π + iε][(l + k)2 −M2

π + iε]

=
1

32π

∫ 1

0

dz
1

[z(z − 1)k2 +M2
π − iε]3/2

(E.8)

=
1

8π

1

M3
π(1 + ξ)

+ · · · , (E.9)

6:

I21 =

∫
d4l

(2π)4

1

[v · l + iε]3[l2 −M2
π + iε]

=
i

16π

1

Mπ

. (E.10)

These scalar integrals emerge also in the solutions of the following tensorial
integrals:
1: ∫

d4l

(2π)4

lµ

[v · l + iε]2[l2 −M2
π + iε][(l + k)2 −M2

π + iε]
,

= C
(1)
1 kµ + · · · , (E.11)

C
(1)
1 = −I10

2
, (E.12)
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2: ∫
d4l

(2π)4

lµlν

[v · l + iε]2[l2 −M2
π + iε][(l + k)2 −M2

π + iε]

= C
(2)
1 kµkν + C

(2)
2 k2gµν + · · · , (E.13)

C
(2)
1 =

1

2k2

[
iI12

2
−
(

1− 3k2

4M2
π

)
M2

πI10 + I11

]
, (E.14)

C
(2)
2 =

1

2k2

[
iI12

2
+

(
1− k2

4M2
π

)
M2

πI10 − I11

]
, (E.15)

3: ∫
d4l

(2π)4

lµlνlρ

[v · l + iε]2[l2 −M2
π + iε][(l + k)2 −M2

π + iε]

= C
(3)
1 kµkνkρ + C

(3)
2 (kµgνρ + kνgµρ + kρgµν) + · · · , (E.16)

C
(3)
1 =

1

k2

[
−3iI12

8
+

(
1− 5

3

k2

4M2
π

)
3

4
M2

πI10 −
3I11

4

]
, (E.17)

C
(3)
2 =

[
−iI12

8
−
(

1− k2

4M2
π

)
3

12
M2

πI10 +
3I11

12

]
, (E.18)

4: ∫
d4l

(2π)4

lµ

[v · l + iε]3[l2 −M2
π + iε][(l + k)2 −M2

π + iε]

= D
(1)
1 kµ + · · · , (E.19)

D
(1)
1 = i

I20

2
, (E.20)

5: ∫
d4l

(2π)4

lµlν

[v · l + iε]3[l2 −M2
π + iε][(l + k)2 −M2

π + iε]

= D
(2)
1 kµkν +D

(2)
2 k2gµν · · · , (E.21)

D
(2)
1 =

1

2k2

[
I21

2
+

(
1− 3k2

4M2
π

)
M2

πiI20 + iI00

]
, (E.22)

D
(2)
2 =

1

2k2

[
I21

2
−
(

1− k2

4M2
π

)
M2

πiI20 − iI00

]
. (E.23)



Appendix F

NN- and 3N-Operators

This appendix is concerned with the matrix elements of the P - and T -violating
potential operators and the leading order current operator in systems consisting
of two and three nucleons, which are used in the numerical computation of the
EDMs of the 2H-, 3He- and 3H-nucleus. The conventions for reduced matrix
elements, 9j-symbols and spherical harmonics and Jacobi coordinates are those
adopted in [146].

F.1 NN Operators

The two-nucleon (NN) system is defined by the total momentum and the relative
momentum of the two nucleons,

~P = ~k1 + ~k2 , (F.1)

~p =
1

2
(~k1 − ~k2) , (F.2)

the total spin s with its z-component ms and the total isospin i with its z-
component mi. The NN system may equally be defined in terms of angular
momentum eigenfunctions with quantum number l, which couples with the total
spin s to a total angular momentum j and its z-component m. A state in this
basis is defined by the absolute value of the relative momentum of the two nu-
cleons, the total momentum of the NN system and the set of quantum numbers
{l, s, j,m, i,mi}.

An NN interaction such as the one-pion exchange conserves in general the
total momentum of the NN system, the total angular momentum j and its third
component m of the NN system and the isospin z-component mi of the NN
system, whereas all other quantum numbers as well as the absolute value of
the relative momentum may be subject to change. The matrix element in the
above defined basis of the spin-changing and isospin-conserving potential operator

158
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(equivalent to eq. (5.7))

Ṽ (0)
π = i

G
(0)
π

2mN

(~p− ~p′) · (~σ(1) − ~σ(2))

(~p− ~p′)2 +M2
π

~τ(1) · ~τ(2) , (F.3)

where G
(0)
π is defined by G

(0)
π = g0mNgA/Fπ, proves to be after a lengthy compu-

tation:

〈p′; (l′s′)j′,m′; i′,m′i|Ṽ (0)
π |p; (ls)j,m; i,mi〉 =

+i
G

(0)
π

mN

∑
λ1+λ2=1

∞∑
k=0

324
√

2(−1)k+l′πgk(p, p
′)(p′)λ1(−p)λ2(2k+1)3/2

×
√

(2λ1+1)(2λ2+1)

(2λ1+1)!(2λ2+1)!

√
(2s+1)(2s′+1)(2j+1)(2i+1)

×C(k, 0, λ1, 0, l
′, 0)C(k, 0, λ2, 0, l, 0)C(j,m, 0, 0, j′,m′)C(i,mi, 0, 0, i

′,m′i)

×


k k 0
λ1 λ2 1
l′ l 1



l′ l 1
s′ s 1
j′ j 0




1/2 1/2 1
1/2 1/2 0
s′ s 1

−


1/2 1/2 0
1/2 1/2 1
s′ s 1




×


1/2 1/2 1
1/2 1/2 1
i′ i 0

 . (F.4)

Here p and p′ denote the absolute values of the relative momenta of the initial and
finalNN system. The function gk(p, p

′) is the projection of the denominator of the
pion propagator onto the Legendre polynomial Pk(cos θ) with the normalization∫ +1

−1

d cos θPi(cos θ)Pj(cos θ) =
2δij

2i+ 1
, (F.5)

which is given by

gk(p, p
′) :=

∫ +1

−1

d cos θ
Pk(cos θ)

p2 + p′2 − 2 pp′ cos θ +M2
π

. (F.6)

The functions C(j1,m1, j2,m2, j,m) denote Clebsch-Gordan coefficients for two
particles with angular momentum quantum numbers (j1,m1) and (j2,m2) cou-
pling to a total angular momentum (j,m). The 9j-symbols in eq. (F.4) are defined
by

√
(2j12 + 1)(2j34 + 1)(2j13 + 1)(2j24 + 1)


j1 j2 j12

j3 j4 j34

j13 j24 j


= 〈((j1j2)j12, (j3j4)j34)j|((j1j3)j13(j2j4)j24)j〉 . (F.7)
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In the derivation of eq. (F.4), the identity

〈(l′s′)j′||{Aa ⊗Bb}c||(ls)j〉

=
√

(2l′ + 1)(2s′ + 1)(2j + 1)(2c+ 1)


l′ l a
s′ s b
j′ j c

 〈l′||Aa||l〉〈s′||Bb||s〉 ,

(F.8)

has been exploited, which relates the reduced matrix element of a tensor product
of two spherical tensors A and B of ranks a and b, respectively, to yield a spherical
tensor of rank c to the reduced matrix elements of the single tensors A and B.

The matrix element of the isospin-1 potential operator (equivalent to eq. (5.8))

Ṽ (1)
π = i

G
(1)
π

4mN

(~p− ~p ′)i
(~p− ~p ′)2 +M2

π

[
(σi(1) + σi(2))(τ

3
(1) − τ 3

(2)) + (σi(1) − σi(2))(τ
3
(1) + τ 3

(2))
]
,

(F.9)

G
(1)
π = g1mNgA/Fπ, which is comprised of two components that either conserve

the total spin and change the total isospin or change the total spin and conserve
the total isospin of the NN system, reads

〈p′; (l′s′)j′,m′; i′,m′i|Ṽ (1)
π |p; (ls)j,m; i,mi〉 =

−iG
(1)
π

mN

∑
λ1+λ2=1

∞∑
k=0

54
√

6(−1)k+l′πgk(p, p
′)(p′)λ1(−p)λ2(2k+1)3/2

×
√

(2λ1+1)(2λ2+1)

(2λ1+1)!(2λ2+1)!

√
(2s+1)(2s′+1)(2j+1)(2i+1)

×C(k, 0, λ1, 0, l
′, 0)C(k, 0, λ2, 0, l, 0)C(j,m, 0, 0, j′,m′)C(i,mi, 1, 0, i

′,m′i)

×


k k 0
λ1 λ2 1
l′ l 1



l′ l 1
s′ s 1
j′ j 0


×
[

1/2 1/2 1
1/2 1/2 0
s′ s 1

+


1/2 1/2 0
1/2 1/2 1
s′ s 1




1/2 1/2 1
1/2 1/2 0
i′ i 1

−


1/2 1/2 0
1/2 1/2 1
i′ i 1




+


1/2 1/2 1
1/2 1/2 0
s′ s 1

−


1/2 1/2 0
1/2 1/2 1
s′ s 1




1/2 1/2 1
1/2 1/2 0
i′ i 1

+


1/2 1/2 0
1/2 1/2 1
i′ i 1


] ,

(F.10)

The matrix element of the isospin-2 potential operator

Ṽ (2)
π = i

G
(2)
π

2mN

(~p− ~p ′) · (~σ(1) − ~σ(2))

(~p− ~p ′)2 +M2
π

(3τ 3
(1)τ

3
(2) − ~τ(1) · ~τ(2)) , (F.11)
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with G
(2)
π = g2mNgA/Fπ is given by

〈p′; (l′s′)j′,m′; i′,m′i|Ṽ (2)
π |p; (ls)j,m; i,mi〉 =

−iG
(1)
π

mN

∑
λ1+λ2=1

∞∑
k=0

648
√

5(−1)k+l′πgk(p, p
′)(p′)λ1(−p)λ2(2k+1)3/2

×
√

(2λ1+1)(2λ2+1)

(2λ1+1)!(2λ2+1)!

√
(2s+1)(2s′+1)(2j+1)(2i+1)

×C(k, 0, λ1, 0, l
′, 0)C(k, 0, λ2, 0, l, 0)C(j,m, 0, 0, j′,m′)C(i,mi, 2, 0, i

′,m′i)

×


k k 0
λ1 λ2 1
l′ l 1



l′ l 1
s′ s 1
j′ j 0




1/2 1/2 1
1/2 1/2 0
s′ s 1

−


1/2 1/2 0
1/2 1/2 1
s′ s 1




×


1/2 1/2 1
1/2 1/2 1
i′ i 2

 . (F.12)

So far only one-pion exchange operators have been considered. The potential
operators for heavier mesons, the η, ρ and ω mesons, are apart from the P -
and T -conserving and P - and T -violating πNN coupling constants identical up
to relative and overall signs. Let gηi , gρi , g

ω
i be the P - and T -violating meson-

nucleon coupling constants and gηN , gρN , gωN the P - and T -conserving meson-

nucleon coupling constants with i = 0, 1, 2. Furthermore, we define G
(i)
m :=

gmi mNgmN/Fπ for i = 0, 1, 2 and m = η, ρ, ω. The leading one-meson exchange
potential operators induced by such P - and T -violating meson-nucleon vertices
are then given by (see [33] for instance)

Ṽ (0)
η = i

G
(0)
η

2mN

(~p− ~p ′) · (~σ(1) − ~σ(2))

(~p− ~p ′)2 +M2
η

, (F.13)

Ṽ (0)
ρ = −i G

(0)
ρ

2mN

(~p− ~p ′) · (~σ(1) − ~σ(2))

(~p− ~p ′)2 +M2
ρ

~τ(1) · ~τ(2) , (F.14)

Ṽ (0)
ω = −i G

(0)
ω

2mN

(~p− ~p ′) · (~σ(1) − ~σ(2))

(~p− ~p ′)2 +M2
ω

, (F.15)
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for g0-type ηNN -, ρNN - and ωNN vertices,

Ṽ (1)
η = i

G
(1)
η

4mN

(~p ′ − ~p)i
(~p− ~p ′)2+M2

η

[
(σi(1)+σ

i
(2))(τ

3
(1)−τ 3

(2))−(σi(1)−σi(2))(τ
3
(1)+τ

3
(2))
]
,

(F.16)

Ṽ (1)
ρ = i

G
(1)
ρ

4mN

(~p ′ − ~p)i
(~p− ~p ′)2 +M2

ρ

[
(σi(1)+σ

i
(2))(τ

3
(1)−τ 3

(2))−(σi(1)−σi(2))(τ
3
(1)+τ

3
(2))
]
,

(F.17)

Ṽ (1)
ω = −i G

(1)
ω

4mN

(~p ′ − ~p)i
(~p− ~p ′)2 +M2

ω

[
(σi(1) + σi(2))(τ

3
(1)−τ 3

(2))+(σi(1)−σi(2))(τ
3
(1)+τ

3
(2))
]
,

(F.18)

for g1-type ηNN -, ρNN - and ωNN - and

Ṽ (2)
ρ = −i G

(2)
ρ

2mN

(~p− ~p ′) · (~σ(1) − ~σ(2))

(~p− ~p′)2 +M2
ρ

(3τ 3
(1)τ

3
(2) − ~τ(1) · ~τ(2)) , (F.19)

for the g2-type ρNN vertex. The partial wave decompositions of these potential
operators can be readily obtained from the decompositions of one-pion exchange
potential operators with the same type of P - and T -violating πNN vertex.

The operator O(q) describing the emission of a photon by one nucleon in the
NN system shifts the momentum of this nucleon by the photon four-momentum
q. Since all EDM calculations are performed in the Breit-frame where q = (0, ~q),
this operator is a function of the photon three-momentum O(~q). We assume that
the vector ~q points into the direction of the z-axis, i.e. ~q = q ~ez, and consider the
photon-nucleon coupling at leading order in heavy baryon ChPT, ie(1 + τ 3)/2.

Let Ψ2H denote the deuteron wave function and ~Pin the total momentum of
the incoming deuteron state. When the photon couples to one specific nucleon,
the transition matrix element of O(q) = O(~q) from the sum over all deuteron

states with total momentum ~Pin to an outgoing NN state defined by the total
momentum ~P o, relative momentum po and the set of NN quantum numbers
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{lo, so, jo,mo, io,mo
i} proves to be

〈po, ~P o; (loso)jo,mo; io,mo
i |O(~q)|Ψ2H, ~Pin〉 =

ieπ
∑
αI

min(lI ,lo)∑
mol=−min(lI ,lo)

∑
mIs

(−1)m
o
l δ(3)(~Pin − ~P o − ~q) δsIso

×C(lo,mo
l , s

I ,mI
s, j

o,mo)C(lI ,mI
l , s

I ,mI
s, j

I ,mI)

×
(∫ +1

−1

d cos θ Ylo,−mol (cos θ,0)YlI ,mIl (cos θ′,0)ΨαI
2H(p′)

)

×

δiI ioδmIimoi + 6
√

2iI+1C(iI,mI
i , 1, 0, i

o,mo
i )


1/2 1/2 1
1/2 1/2 1
io iI 1


 ,

(F.20)

where the angle θ′ and the momentum p′ are defined by

cos θ′ :=
po cos θ + 2q/3√

(po)2 + 4 q po cos θ/3 + 4 q2/3
, (F.21)

p′ :=
√

(po)2 + 4 q po cos θ/3 + 4 q2/9 . (F.22)

The first summation in eq. (F.20) is over all sets of quantum numbers αI =
{lI , sI , jI ,mI , iI ,mI

i }. The application of the transposition operator to the system
consisting of the two nucleons labelled by (1) and (2) in order to account for the
photon coupling to nucleon (2) simply yields a factor of two.

F.2 3N Operators

The three-nucleon (3N) system is most conveniently described by the Jacobi
momenta

~p12 =
1

2
(~k1 − ~k2) , (F.23)

~p3 =
2

3
~k3 −

1

3
(~k1 + ~k2) , (F.24)

~P = ~k1 + ~k2 + ~k3 , (F.25)

where ~k1, ~k2 and ~k3 are the three-momenta of the three nucleons in the 3N
system which may be labelled by (1), (2) and (3); ~p12 is the relative momentum
of nucleons (1) and (2), ~p3 is the relative momentum of the subsystem consisting

of nucleons (1) and (2) and the subsystem of nucleon (3) and ~P is the total
momentum of the 3N system. Alternatively, the 3N system can be defined by
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the absolute values of the relative momenta ~p12 and ~p3, the total momentum ~P
and the set of quantum numbers {l12, s12, j12, l3, s3, J,M, i12, i3, i,mi}. Here l12

and s12 denote the angular momentum and total spin of the subsystem consisting
of nucleons (1) and (2), which couple to a total angular momentum j12. The
angular momentum of nucleon (3), l3, with respect to the nucleon subsystem
comprised of the nucleons (1) and (2) and the spin of nucleon (3), s3, couple
to a total angular momentum j3. These total angular momenta then couple to
the total angular momentum J of the 3N system with its z-component M . The
isospin of the NN subsystem i12 couples with the isospin of nucleon (3), i3, to
the total isospin i of the 3N system with the z-component mi.

The matrix elements in this basis of the NN potential operators eq. (F.3),
eq. (F.9) and eq. (F.11) are obtained by embedding the NN system in the most
convenient way into the 3N system. Let the potential operators only affect the
NN subsystem of nucleons (1) and (2). The momentum and spin space matrix
elements of these potential operators are expressed in terms of the above NN
system matrix elements by

〈p′12, p
′
3; ((l′12s

′
12)j′12(l′3s

′
3)j′3)J ′,M ′|Ṽ (i)

m (12)|p12, p3; ((l12s12)j12(l3s3)j3)J,M〉

=

l12∑
m12=−l12

l′12∑
m′12=−l′12

l3∑
m3=−l3

C(j′12,m
′
12, j

′
3,m3, J

′,M ′)C(j12,m12, j3,m3, J,M)

× 〈p′12; (l′12s
′
12)j′12m

′
12|Ṽ (i)

m (12)|p12; (l12s12)j12m12〉
δ(p3 − p′3)

(p′3)2
δl3l′3δj3j′3δm3m′3

,

(F.26)

whereas the isospin space matrix elements are given by

〈(i′12i
′
3)i′,m′i|Ṽ (i)

m (12)|(i12i3)i,mi〉

=

i12∑
mi12=−i12

i′12∑
m′i12=−i′12

i3∑
mi3=−i3

C(i′12,m
′
i12, i

′
3,mi3, i

′,m′i)C(i12,mi12, i3,mi3, i,mi)

× 〈i′12,m
′
i12|Ṽ (i)

m (12)|i12,mi12〉 δi3i′3δmi3m′i3 .
(F.27)

The complete matrix elements for the 3N system are then obtained by summing
over all permutations of the three nucleons.

The operator O(~q) shifts the (three-)momentum of one of the nucleons of
the 3N system by ~q. We first consider the case when the photon couples
to nucleon (3). Let Ψ3He denote the 3He wave function, ~Pin its total mo-
mentum and ~q = q~ez the photon momentum in the Breit-frame. The tran-
sition matrix element of the operator O(~q) from sum over all 3He states to

an outgoing state defined by po12, po3, ~P o and the set of 3N quantum numbers
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{lo12, s
o
12, j

o
12, l

o
3, s

o
3, j

o
3 , J

o,M o, io12, i
o
3, i

o,mo
i} is given by

〈po12, p
o
3, ~P

o; ((lo12s
o
12)jo12(lo3s

o
3)jo3)Jo,M o; (io12i

o
3)io,mo

i |O(~q)|Ψ3He, ~Pin〉 =

ieπ
∑
αI

δ(3)(~Pin − ~P o − ~q) δsI12so12δlI12lo12δiI12io12

×
∑
lo

∑
lI

∑
so

lol12∑
mo12=−lo12

min(lo3,l
I
3)∑

mo3=−min(lo3,l
I
3)

(−1)m
o
3

×C(lo12,m
o
12, l

o
3,m

o
3, l

o,mo
12−mo

3)C(lo,mo
12 +mo

3, s
o,M o−mo

12−mo
3, J

o,M o)

×C(lo12,m
o
12, l

I
3,m

o
3, l

I ,mo
12−mo

3)C(lI ,mo
12 +mo

3, s
o,M I−mo

12−mo
3, J

I ,M I)

×


lo12 so12 jo12

lo3 so3 jo3
lo so Jo



lo12 so12 jI12

lI3 so3 jI3
lI so J I


×
√

(2lI+1)(2lo+1)(2jI12+1)(2jo12+1)(2jI3 +1)(2jo3 +1) (2so+1)

×
(∫ +1

−1

d cos θYlo3,−mo3(cos θ, 0)YlI3,mo3(cos θ′, 0)ΨαI
2H(p′)

)

×

δIoII δIo3 II3 δio12iI12 +
√

18(2io12+1)(2II+1)C(iI ,mI
i,1,0,i

o,mo
i )


io12 io12 0
1/2 1/2 1
io iI 1


 ,

(F.28)

where the angle θ′ and the momentum p′ are defined by

cos θ′ :=
po3 cos θ + 2q/3√

(po3)2 + 4 q po3 cos θ/3 + 4 q2/3
, (F.29)

p′ :=
√

(po3)2 + 4 q po3 cos θ/3 + 4 q2/9) .

(F.30)

The first sum is over all sets of 3N quantum numbers

αI = {lI12, s
I
12, j

I
12, l

I
3, s

I
3, j

I
3 , J

I ,M I , iI12, i
I
3, i

I ,mI
i } . (F.31)

In order to obtain the full 3N matrix element taking into account the couplings
of the photon to all three nucleons, the sum over all permutations of the nucleons
(1), (2) and (3) has to be computed.



Appendix G

Alternative derivations of gθ0 and

gθ1

This appendix has been published in [101].

G.1 An update of the derivation of Lebedev et

al.

This part of the appendix contains an update of the derivation of the P - and
T -violating πNN coupling constants gθ0 and gθ1 in [26]. In addition to the usual
parametrization of the θ-term-induced isospin-conserving and CP-violating πNN
coupling

gθ0 =
m∗θ̄

Fπ
〈N |ūu− d̄d|N〉 (G.1)

the authors of ref. [26] introduced — via the π0–η mixing1 — the isospin-breaking
counter part

gθ1 =
m∗θ̄

Fπ

√
3(md −mu)

4(ms − m̂)

1√
3
〈N |ūu+ d̄d− 2s̄s|N〉 . (G.2)

This is an alternative derivation of the result for gθ1 eq. (4.173) obtained from
the ground state selection procedure, discussed in section 4.3, because the l7
coefficient of the fourth-order Lagrangian effectively summarizes the π0–η mixing
by the quark-mass dependent shift to the pion-mass-squared (δM2

π)str.
Inserting the strong-interaction contribution to the neutron-proton mass dif-

ference (mu−md)〈N |ūu− d̄d|N〉 = δmstr
np and utilizing the parameter ε as defined

1Actually, via the π0–η8 mixing. For consistency, we replaced here their π0-η mixing angle
by the customary one of chiral perturbation theory [111] — note the explicit m̂ subtraction in
the denominator.
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Table G.1: The value of gθ0, gθ1, and the ratio gθ1/g
θ
0 predicted from eqs. (G.9) and

(G.10) with (i) the original SU(3) parameters bD and bF of ref. [58], with (ii) the
alternative set of parameters based on eqs. (G.13) and (G.14), (iii) in the case
that bD + bF of (i) are replaced by c5 of eq. (G.12). The listed uncertainties do
not contain systematical SU(3) errors.

gθ0 [θ̄] gθ1 [θ̄] gθ1/g
θ
0

(i) bD & bF from [58] −0.026± 0.002 0.00092± 0.00017 −0.036± 0.007
(ii) bD & bF alternative −0.023± 0.005 0.00088± 0.00016 −0.038± 0.011
(iii) bD+ bF → c5 −0.018± 0.007 0.00092± 0.00017 −0.051± 0.022

at the end of sect. 2.2, we derive (4.158) again:

gθ0 =
δmstr

np(1− ε2)

4Fπε
θ̄ .

Similarly, starting now from eq. (G.2), we get

gθ1 = − θ̄

8Fπ
(1− ε2) ε

M2
π

M2
K−M2

π

m̂〈N |ūu+d̄d−2s̄s|N〉 (G.3)

with M2
π = 2Bm̂ + O(M2) and M2

K = B(ms + m̂) + O(M2) for the square
of the pion and kaon mass, respectively, where here M is the quark mass ma-
trix for three light flavors. According to refs. [105, 147] we have m̂〈N |ūu+ d̄d−
2s̄s|N〉 = m̂〈N |ūu+ d̄d|N〉(1 − y) with σπN ≡ σπN(0) = m̂〈p|ūu + d̄d|p〉 and
y ≡ 2〈p|s̄s|p〉/〈p|ūu+ d̄d|p〉, where |p〉 denotes here the proton state. The final
result is therefore

gθ1 = − θ̄

8Fπ
(1− ε2) ε

M2
π

M2
K−M2

π

σπN(1− y) . (G.4)

Inserting δmstr
np = (2.6 ± 0.5) MeV from ref. [94], Fπ = 92.2 MeV, and the MS

quark masses at 2 GeV from [34], we get

gθ0 ≈ (−0.018± 0.007) θ̄ (G.5)

and
gθ1 ≈ (0.0012± 0.0004) θ̄ (G.6)

with σπN(0) = 45 MeV and y = 0.21± 0.20 from [147] as additional input.
Thus we find

gθ1
gθ0

= −ε
2

2

M2
π

M2
K−M2

π

σπN(0)(1− y)

δmstr
np

≈ −0.07± 0.04 (G.7)
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1

as the ratio of the isospin-breaking versus the isospin-conserving CP-violating
πNN coupling constants which are induced by the θ-term. If we rather applied
the values σπN(0) = 59(7) MeV and y ≈ 0 from refs. [148, 149] (for an update of
this work see ref. [150]), we would get

gθ1 ≈ (0.0021± 0.0004) θ̄ and
gθ1
gθ0
≈ −0.11± 0.05 (G.8)

as values for gθ1 and the ratio instead. In summary, the ratios listed in (G.7) and
(G.8) are compatible with the estimate (4.174).

G.2 Derivation via SU(3) chiral perturbation

theory

In SU(3) ChPT the D-type and F -type CP-violating π0NN coupling constants
are (see e.g. the U(3) ChPT calculation of ref. [151])

gDπ0NN =
4Bθ̄m∗
Fπ

bD and gFπ0NN =
4Bθ̄m∗
Fπ

bF ,

respectively, whereas

gDηNN =
−4Bθ̄m∗

Fπ

bD√
3

and gFηNN =
4Bθ̄m∗
Fπ

√
3bF

are the corresponding ηNN (actually η8NN) counter parts. Here 4B bD and
4B bF are the coefficients of the anticommutator (D-type) and commutator (F -
type) term of the quark mass matrix with the baryon matrix. Therefore, the
SU(3) counter parts of eqs. (4.158) and (G.4) are 2

gθ0 =
4Bθ̄m∗(bD+bF )

Fπ
= θ̄

M2
π

Fπ
(1−ε2)(bD+bF ), (G.9)

gθ1 =
4Bθ̄m∗
Fπ

3bF−bD√
3

√
3

4

md−mu

ms−m̂

= θ̄
M2

π

Fπ
(1−ε2) (3bF−bD)

εM2
π

4(M2
K −M2

π)
, (G.10)

where (
√

3/4)(md−mu)/(ms−m̂) is the π0-η (actually π0-η8) mixing angle. Thus,
in this case we get the ratio

gθ1
gθ0

=
εM2

π

4(M2
K −M2

π)

3bF − bD
bD + bF

. (G.11)

2The proportionality of gθ1 to 3bF−bD may come at first sight as a surprise. The strange-
quark content of the nucleon, however, is proportional to b0+bD−bF to leading order in the
chiral expansion, such that gθ1 for small or vanishing y is factually proportional to 2b0+bD+bF
which in turn is proportional to 2c1. For more details see e.g. refs. [152,153].
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If the values bF = −0.209 GeV−1 and bD = 0.066 GeV−1 of ref. [58] are inserted,
we get the first row of table G.1. However, there is a mismatch by a factor 1.5
approximately between the SU(3) octet quantity

bD + bF = − mΞ −mΣ

4(M2
K −M2

π)
≈ (−0.143± 0.004) GeV−1

used in [45,48,117] and the SU(2) low-energy coefficient (LEC)

c5 =
δmstr

np

4M2
πε
≈ (−0.097± 0.034) GeV−1 , (G.12)

although according to SU(3) ChPT both quantities should agree to leading order,
see eq. (27) of ref. [152]3.

Moreover, an alternative procedure to parametrize the above sum is

bD + bF =
δmstr

np

4(M2
K+ − (M2

π+ −M2
π0)−M2

K0)

≈ (−0.126± 0.024) GeV−1 , (G.13)

where the electromagnetic mass shifts are removed (via the Dashen theorem [100]
in the denominator) and where the prediction falls in-between the original one
and the c5 value. Using an analogous parametrization for bF , we get

bF =
mΣ− −mΣ+

8(M2
K+ − (M2

π+ −M2
π0)−M2

K0)
≈ −0.196 GeV−1 (G.14)

and bD = +(0.069± 0.024) GeV−1 from (G.13) instead of the above listed values
from [58], such that the values in the second row of table G.1 are generated in-
stead. The result for 3bF−bD is approximately the same in both parametrizations,
namely −0.69 GeV−1 in the original one [58] and −0.66 GeV−1 in the modified
one.

Finally, replacing bD + bF of [58] by c5 of eq. (G.12), we get the values in the
third row of table G.1.

Only the last SU(3) value of the ratio gθ1/g
θ
0 is in the range of our estimate

(4.174), but all three are compatible with the estimate of (G.7). The quoted
numbers of table G.1, however, do not contain a systematical error connected
with an SU(3) ChPT calculation. For standard quantities such an uncertainty
is certainly of the order of 50 %. For the quantity c5 this uncertainty should be
rather 100 %—200 %, see e.g. footnote 3. Taking these SU(3) errors into account,
the estimates of table G.1 are compatible with the range quoted in (4.174).

3In fact, the latter equation which is based on eq. (5.7) of ref. [153] predicts that the NLO
correction to c5 is much larger than c5 (or bD + bF ) itself, namely ∆c5 = 0.49 GeV−1. This
quantity is of similar size as ∆c1 = +0.2 GeV−1.



Appendix H

Trace technology

The aim of this appendix is to present an efficient technique to calculate spin
matrix elements of composite particles, which has been pointed out by Christoph
Hanhart. Let us consider a composite system which consists of two spin-1/2
particles. The spin space of particle (n) is spanned by

|v1
(n)〉 =

(
1

0

)
, |v2

(n)〉 =

(
0

1

)
, (H.0.1)

i.e. (|vin〉)k = δik. An arbitrary state of the composite two-particle system can be
described by a matrix A:

|ψ〉 = Aij |vi(1)〉 |vj(2)〉 . (H.0.2)

Another state can be defined in the same fashion by a matrix B.
Consider a matrix M(1) acting on particle (1) and a matrix N(2) acting on

particle (2). The multiplication of e.g. the matrix M(1) with the vector |vi(n)〉
returns column i of the matrix M(1): (M(1)|vi(n)〉)k = (M(1))ki. If both matrices
act on the composite state defined by the matrix A, the resulting state is given
by

(A)ij (M(1)|vi(1)〉)k (N(2)|vj(2)〉)l = (M(1))ki (A)ij (N(2))lj . (H.0.3)

The projection on the hermetian conjugate of the state defined by B then yields

〈vk(1)|〈vl(2)|(B∗)klM(1)N(2)(A)ij|vi(1)〉|vj(2)〉 = (B∗)kl (M(1))ki (A)ij (N(2))lj

= Tr
[
(B∗N(2))

TM(1)A
]

= Tr
[
NT

(2)B
†M(1)A

]
, (H.0.4)

where the T denotes the transposed matrix.
Spin-0 and spin-1 composite states, for instance, are expressible in terms of

Pauli σ-matrices by

|0, 0〉 =
1√
2

(σ2)ij|vi(1)〉 |vj(2)〉 , (H.0.5)

|1, k〉 =
1√
2

(σkσ2)ij|vi(1)〉 |vj(2)〉 , (H.0.6)
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for k = 1, 2, 3, which are just the regular Cartesian representations of the spin-0
and spin-1 states. Spin matrix elements of spin operators involving composite
states are thus expressible as traces of products of σ-matrices. By utilizing the
identity

σ2(σi)Tσ2 = −σi , (H.0.7)

matrix elements of arbitrary spin operators in systems consisting of two spin-1/2
particles are easily obtained.

As an example one may consider the matrix element 〈1, t|(σk(1) + σk(2))|1, s〉,
which gives:

1

2
〈vi(1)|〈vj(2)|(σtσ2)∗ij(σ

k
(1) + σk(2))(σ

sσ2)lm|vl(1)〉|vm(2)〉

=
1

2
Tr[σ2σtσk(1)σ

sσ2] +
1

2
Tr[(σk(2))

Tσ2σtσsσ2]

=
1

2
Tr[σtσk(1)σ

s]− 1

2
Tr[σk(2)σ

tσs]

= iεtks − iεkts = 2iεstk .



Appendix I

P and T transformations

This appendix provides the eigenvalues of operators under P - and T -transformations,
which are utilized in the derivation of the P - and T -violating Lagrangians.

I.1 Elementary observables

The behavior under P, T -transformations of the spatial four-vector xµ, the deriva-
tive ∂µ = ∂

∂xµ
, the momentum pµ, the four-velocity vµ , the orbital angular mo-

mentum ~l = ~x × ~p, the spin 1
2
~σ, and the total angular momentum ~J is given

by

xµ
P←→ +xµ and xµ

T←→ −xµ ,
∂µ

P←→ +∂µ and ∂µ
T←→ −∂µ ,

i∂µ
P←→ +i∂µ and i∂µ

T←→ +i∂µ ,

pµ
P←→ +pµ and pµ

T←→ +pµ ,

vµ
P←→ +vµ and vµ

T←→ +vµ ,
~l

P←→ +~l and ~l
T←→ −~l ,

1
2
~σ

P←→ +1
2
~σ and 1

2
~σ

T←→ −1
2
~σ ,

~J
P←→ + ~J and ~J

T←→ − ~J .

I.2 The external fields

The corresponding behavior of the external fields (the vector field vµ, the axial-
vector field aµ, the scalar field s, the pseudoscalar field p, the electric four-vector
Aµ) can e.g. be found – in the isoscalar case – in [154], Chap. 3-4-4; see also the
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table in appendix I.8. In detail:1

vµ
P←→ +vµ and vµ

T←→ +(vµ)∗ ,

aµ
P←→ −aµ and aµ

T←→ +(aµ)∗ ,

s
P←→ +s and s

T←→ +s∗ ,

p
P←→ −p and p

T←→ −p∗ ,
Aµ

P←→ +Aµ and Aµ
T←→ +Aµ ,

iDµ P←→ +iDµ and iDµ T←→ +iDµ ,
iDµ⊥ P←→ +iDµ⊥ and iDµ⊥ T←→ +iDµ⊥ ,

where Dµ = ∂µ + Γµ − iv
(s)
µ is the covariant derivative acting on nucleons and

Dµ⊥ = Dµ − vµ (v · D).

I.3 The pion field and composite quantities

The behavior of the pion (Goldstone boson) field π = ~τ ·~π follows from the one of
p of App. I.2. The matrix u ≡ exp(iπ/F0), χ = s + ip, the electromagnetic field

strength tensor Fµν = ∂µAν−∂νAµ, the electric field ~E, the magnetic field ~B, ∂µπ
and [π, ∂µπ] transform therefore according to App.I.1 and App. I.2 as follows:2

π
P←→ −π and π

T←→ −π∗ ,
u

P←→ u† and u
T←→ u∗ ,

U
P←→ U † and U

T←→ U∗ ,

χ
P←→ χ† and χ

T←→ χ∗ ,

Fµν
P←→ +F µν and Fµν

T←→ −F µν ,
~E

P←→ − ~E and ~E
T←→ + ~E ,

~B
P←→ + ~B and ~B

T←→ − ~B ,

∂µπ
P←→ −∂µπ and ∂µπ

T←→ +∂µπ∗ ,

[π, ∂µπ]
P←→ +[π, ∂µπ] and [π, ∂µπ]

T←→ −[π, ∂µπ]∗ .

1Of course, here and in the following the omitted arguments of the fields transform as

(~x, t)
P←→ (−~x, t) and (~x, t)

T←→ (~x,−t).

Note that the anti-unitary time-reversal operator T can be written as the product T = UK
where K complex conjugates everything to its right (KiK−1 = K−1iK = −i), such that U is
an unitary operator, see e.g. [155]. Thus A∗ is the complex conjugate of a non-Dirac matrix A
(here an isospin matrix, in general a flavor matrix). Remember τ∗i = τTi . Thus if A contains
only the unity and τ3 (or the unity, λ3 and λ8) as flavor matrices, the complex conjugation can
be dropped.

Note that xµ, s, p, vµ, aµ
PCT←→ −xµ, s, p,−vµ,−aµ, see e.g. Ref. [154].

2Remember that π
C←→ πT and U

C←→ UT , such that π
PCT←→ π† = π and U

PCT←→ U .
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I.4 Bilinears of relativistic nuclear spinors

Compare with Sec. 3-4-4 of Ref. [154] and with App. I.2.

n̄n
P←→ +n̄n and n̄n

T←→ +n̄n ,

n̄iγ5n
P←→ −n̄iγ5n and n̄iγ5n

T←→ −n̄iγ5n ,

n̄γµn
P←→ +n̄γµn and n̄γµn

T←→ +n̄γµn ,

n̄γµγ5n
P←→ −n̄γµγ5n and n̄γµγ5n

T←→ +n̄γµγ5n ,

n̄σµνn
P←→ +n̄σµνn and n̄σµνn

T←→ −n̄σµνn ,
n̄σµνγ5n

P←→ −n̄σµνγ5n and n̄σµνγ5n
T←→ −n̄σµνγ5n ,

n̄σµνiγ5n
P←→ −n̄σµνiγ5n and n̄σµνγ5n

T←→ −n̄σµνγ5n ,

n̄iσµνqνn
P←→ +n̄iσµνq

νn and n̄iσµνqνn
T←→ +n̄iσµνq

νn ,

n̄σµνqνγ5n
P←→ −n̄σµνqνγ5n and n̄σµνqνγ5n

T←→ −n̄σµνqνγ5n .

I.5 Bilinears of heavy-baryon nuclear spinors

Compare with Sec. 5.5.3 of Ref. [78] and App. I.4. Note that to leading order

N †iγ5N = 0 ,

N †γµN = vµN †N ,

N †γµγ5N = 2N †SµN ,

N †σµνN = 2εµνρσN †vρSσN ,

N †σµνγ5N = 2i
(
vµN †SνN − vνN †SµN

)
,

where Sµ = i
2
σµνvνγ5. Note that Sµ = (0, 1

2
~σ) if vµ = (1,~0). In summary, we

have

N †N
P←→ +N †N and N †N

T←→ +N †N ,

N †SµN
P←→ −N †SµN and N †SµN

T←→ +N †SµN .

Note that the latter is consistent with the angular momentum behavior given in
App. I.1.

I.6 The conventional building blocks

The combinations of hermitian conventional building blocks transform as
scalars:

χ+
P←→ +χ+ and χ+

T←→ +χ∗+ ,

χ̂+
P←→ +χ̂+ and χ̂+

T←→ +χ̂∗+ ,

N †N
P←→ +N †N and N †N

T←→ +N †N ;
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pseudoscalars:

iχ−
P←→ −iχ− and iχ−

T←→ −iχ∗− ,
iχ̂−

P←→ −iχ̂− and iχ̂−
T←→ −iχ̂∗− ,

vectors:

iΓµ
P←→ +iΓµ and iΓµ

T←→ + (iΓµ)∗ ,

N †vµN
P←→ +N †vµN and N †vµN

T←→ +N †vµN ;

axial-vectors:

uµ
P←→ −uµ and uµ

T←→ +(uµ)∗ ,

N †SµN
P←→ −N †SµN and N †SµN

T←→ +N †SµN ;

antisymmetric tensors:

Fµν
P←→ +F µν ,

Fµν
T←→ −F µν ,

f+
µν

P←→ +f+µν ,

f+
µν

T←→ − (f+µν)
∗
,

i[uµ, uν ]
P←→ +i[uµ, uν ] ,

i[uµ, uν ]
T←→ (i[uµ, uν ])∗ ,

εµνρσN †vρSσN
P←→ +εµνρσN

†vρSσN ,

εµνρσN †vρSσN
T←→ −εµνρσN †vρSσN ;

antisymmetric dual tensors:

F̃µν
P←→ −F̃ µν ,

F̃µν
T←→ +F̃ µν ,

εµνρσi[u
ρ, uσ]

P←→ −εµνρσi[uρ, uσ] ,

εµνρσi[u
ρ, uσ]

T←→ −εµνρσ(i[uρ, uσ)∗ ,

f−µν
P←→ −f−µν ,

f−µν
T←→ + (f−µν)

∗
,

N †[vµ, Sν ]N
P←→ −N †[vµ, Sν ]N ,

N †[vµ, Sν ]N
T←→ +N †[vµ, Sν ]N ;

symmetric tensors:

{uµ, uν} P←→ +{uµ, uν} and {uµ, uν} T←→ +{uµ, uν}∗
N †vµvνN

P←→ +N †vµvνN and N †vµvνN
T←→ +N †vµvνN ;
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symmetric ‘dual’ tensors:

hµν
P←→ −hµν ,

hµν
T←→ − (hµν)∗ ,

N †i{vµ, Sν}N P←→ −N †i{vµ, Sν}N ,

N †i{vµ, Sν ]N T←→ −N †i{vµ, Sν}N .

I.7 Some composites

N †iDµN P←→ +N †iDµN ,

N †iDµN T←→ N †iDµN ,

N †iv · ΓN P←→ +N †iv · ΓN ,

N †iv · ΓN T←→ N †iv · ΓN ,

N †SµuµN
P←→ +N †Sµu

µN ,

N †SµuµN
T←→ +N †Sµu

µN ,

N †AN
P←→ +N †AN ,

N †AN
T←→ +N †AN ,

N †i[Sµ, Sν ]BµνN
P←→ +N †i[Sµ, Sν ]BµνN ,

N †i[Sµ, Sν ]BµνN
T←→ +N †i[Sµ, Sν ]BµνN ,

N †εµνρσCµνρσN
P←→ +N †εµνρσCµνρσN ,

N †εµνρσCµνρσN
T←→ +N †εµνρσCµνρσN ,

with
A = (v · D)2, D2, {S · iD, v · u} , (v · u)2, u · u, 〈χ+〉, χ̂+;

Bµν = iuµuν , f
+
µν , v

(s)
µν ;

Cµνσρ ≡ vµSνBρσ.
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I.8 Table of discrete symmetry transformations

Qu. P C T PT PCT Qu.†

S S ST S∗ S∗ S S

P -P PT -P∗ P∗ P P

Vµ Vµ -VT
µ Vµ∗ V∗µ -Vµ Vµ

Aµ -Aµ AT
µ Aµ∗ -A∗µ -Aµ Aµ

Tµν Tµν -TT
µν -Tµν∗ -T∗µν Tµν Tµν

T̃µν -T̃µν -T̃T
µν T̃µν∗ -T̃∗µν T̃µν T̃µν

Hµν Hµν HT
µν Hµν∗ H∗µν Hµν Hµν

H̃µν -H̃µν H̃T
µν -H̃µν∗ H̃∗µν H̃µν H̃µν

Table I.1: Discrete symmetry transformation of the following quantities: scalar
field S, pseudo-scalar field P, vector field Vµ, axial-vector field Aµ, antisymmetric

tensor field Tµν and its dual T̃µν , symmetric tensor field Hµν and its ‘dual’ H̃µν .
The last column shows that all quantities are (defined to be) hermitian. With
the exception of the (axial) vector fields, all other quantities have the eigenvalue
+1 under the combined PCT transformation.
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