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Abstract

A scheme to derive hadronic interactions induced by effective multi-quark terms is pre-
sented within the framework of chiral effective field theory. It is employed to work out the
list of parity- and time-reversal-symmetry-violating hadronic interactions that are relevant
for the computation of nuclear contributions to the electric dipole moments of the hydrogen-
2, helium-3 and hydrogen-3 nuclei. We also derive the scattering and Faddeev equations
required to compute electromagnetic form factors in general and electric dipole moments in
particular.
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1 Introduction

Electric Dipole Moments (EDMs) of non-degenerate quantum systems with non-vanishing total
spin and at least one non-vanishing charge imply the simultaneous violation of parity (P ) and
time-reversal (T ) symmetry and hence by the CPT theorem also the violation of CP (C: charge-
conjugation symmetry). For a comprehensive review, see, e.g., Ref. [1]. The non-vanishing
charge can be of a more general nature such as the baryon, flavor or lepton number. Possi-
ble candidates for these non-degenerate quantum systems are: all non-selfconjugate subatomic
particles with non-vanishing spin — whether elementary and stable such as the electron or un-
stable such as the muon or even composite as the nucleon or nuclei — but also specially chosen
dia- or paramagnetic atoms or even molecules with a non-degenerate ground state. According
to [2], CP violation is a necessary condition for an asymmetry between matter and anti-matter
in the universe to be dynamically generated. However, CP violation by the complex phase of
the Cabibbo-Kobayashi-Maskawa (CKM) matrix of the Standard Model (SM) is insufficient to
account for the observed matter-antimatter asymmetry [3, 4]. This indicates the existence of
other mechanism(s) of CP violation within and/or beyond the SM.

EDMs of non-degenerate (non-selfconjugate and non-zero-spin) quantum systems induced by
the complex phase of the CKM matrix are significantly suppressed and experimentally inacces-
sible in the foreseeable future [5]. Other sources of P and T violation within and beyond the SM
might give rise to considerably larger EDMs. Therefore, any measurement of a non-vanishing
EDM of any of the above listed quantum sytems in the foreseeable future would be evidence of
P and T violation beyond the CKM matrix of the SM.

This reasoning has led to the emergence of new experimental concepts to measure directly
and/or indirectly the EDMs of the electron, single nucleons and light nuclei. The current upper
bounds on the neutron and proton EDMs are |dn|< 2.9·10−26e cm [6] and |dp|< 7.9·10−25e cm [7],
respectively, where the upper bound on the proton EDM has been inferred from a measurement
of the diamagnetic 199Hg atom. The upper bound on the electron EDM, obtained indirectly from
a measurement of the EDM of the ThO molecule, is currently at |de| < 8.7 · 10−29e cm [8]. The
leading contributions from the SM CKM matrix to the electron EDM involve four electroweak
loops [5], while the leading diagrams for dn and dp have only three loops [5,9]. The SMmechanism
of [10,11] leads to comparable predictions for dn and dp. The current upper bound on the neutron
EDM is therefore closer to its SM prediction than the current upper bound on the electron EDM.

The proposals to measure the EDMs of charged light nuclei directly at dedicated storage
rings with an envisioned accuracy of ∼ 10−29 e cm [12–19] are the primary motivation for this
work. A single EDM measurement would not be sufficient to identify the source of P and
T violation and EDM measurements of several light nuclei are in general required to impose
constraints on the sources of P and T violation within and beyond the SM [20–25]. This paper
provides a detailed explanation of the formal but necessary aspects of the investigation of the
EDMs of light nuclei, i.e. the hydrogen-2 nucleus (deuteron), the helium-3 nucleus (helion) and
the hydrogen-3 nucleus (triton). These formal aspects are the derivation of P - and T -violating
hadronic interactions and the derivation of scattering (2N systems) and Faddeev (3N systems)
equations to numerically compute nuclear form factors, see also the thesis [26]. The former point
is also applicable to calculations of P - and T -violating moments of heavier systems.

Within the SM, the θ-term of quantum chromodynamics (QCD) [27] is the only source of P
and T violation beyond the complex phase of the CKM matrix (and the phase(s) of its leptonic
counterpart, the Pontecorvo-Maki-Nakagawa-Sakata matrix). It is given by the full contraction
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of the gluon field-strength tensor Ga
µν , a = 1, · · · , 8, with its dual (we use the Einstein summation

convention throughout this paper) and is parametrized by an angle θ. The θ-term can be removed
by an axial U(1) transformation via the axial U(1) anomaly at the price of picking up an extra
complex phase of the quark-mass matrix in the QCD (quantum) action [28–30]:

SQCD + Sθ
QCD = SQCD − θ

g2s
64π2

∫

ǫµνρσGa
ρσG

a
µν d4x

UA(1)−−−−−→ SQCD +
θ̄m̄

2

∫

(q̄iγ5q + ǫq̄iγ5τ3q) d
4x

SUA(2)−−−−→ SQCD + θ̄m∗

∫

q̄iγ5q d4x . (1)

Here gs is the strong coupling constant. Since the ultimate interest of this work is in nucleons,
light nuclei and light mesons, the strange quark is not retained as an explicit degree of freedom
and we focus on QCD for the two lightest flavors. The doublet q = (u, d) is thus the isospin
doublet of the two lightest quark flavors, up and down, τi denote the three isospin Pauli matrices
and ǫµνρσ is the completely antisymmetric tensor with ǫ0123 = 1. θ̄ = θ − arg det(M) is the
physical θ-parameter [29, 30] and M = m̄1+ ǫm̄τ3, modulo an overall complex phase, is the
quark mass matrix with m̄ = (mu +md)/2 and ǫ = (mu − md)/(mu + md) for the up- and
down-quark masses mu and md, respectively. The second axial SU(2) rotation in Eq. (1) moves
the θ-term completely into a P - and T -violating and isospin-conserving quark-mass term with
reduced mass m∗=mumd/(mu +md).

Beyond the SM (BSM) theories such as supersymmetry, multi-Higgs scenarios, left-right sym-
metric models, etc. (see e.g. [31–40]) describe physics at high energies and involve degrees of
freedom of masses significantly larger than the Higgs mass. Their induced interactions at the
energy scale of the SM, ΛSM ∼ 250 GeV, can be obtained by employing an effective field theory
approach: all heavy BSM degrees of freedom are systematically integrated out to obtain a set
of non-renormalizable effective operators composed of SM degrees of freedom [5,31,41–47].

To evolve these operators further down to the energy scale Λhad & 1 GeV, also the heavy
SM degrees of freedom such as the top quark, the Higgs, Z and W bosons and other heavy
quarks have to be systematically integrated out. Due to the focus of this paper on interactions
of nucleons and light mesons, the strange quark is also not retained as an explicit degree of
freedom. The effective operators (relevant for this work) at the energy scale Λhad are known as
the four-quark left-right operator (FQLR-term), the quark-chromo EDM (qCEDM) and quark
EDM (qEDM), both with isospin-conserving as well as isospin-violating components, the gluon-
chromo EDM (gCEDM) and the four-quark term (4q-term) [44,46,47]:

FQLR-term : iν1Vud (ūRγµdRd̄Lγ
µuL − d̄RγµuRūLγ

µdL) , (2)

iν8Vud (ūRγµλ
adRd̄Lγ

µλauL − d̄Rγµλ
auRūLγ

µλadL) , (3)

qCEDM : iq̄ ( δ̃1G1+ δ̃3Gτ3)σ
µνγ5λ

aq Ga
µν , (4)

qEDM : iq̄ ( δ̃1F1+ δ̃3F τ3)σ
µνγ5q Fµν , (5)

gCEDM : βG f
abcǫµναβ Ga

αβG
b
µρG

c,ρ
ν , (6)

4q-term : iµ1 (ūu d̄γ5d+ ūγ5u d̄d− d̄γ5u ūd− d̄u ūγ5d) , (7)

iµ8 (ūλ
au d̄γ5λ

ad+ ūγ5λ
au d̄λad− d̄γ5λ

au ūλad− d̄λau ūγ5λ
ad) . (8)
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Here Vud ≃ 1 is an element of the CKM matrix, Fµν the electromagnetic field-strength tensor
and fabc are the structure constants of the Lie algebra of the color SU(3) group. All these
effective operators are of mass-dimension six and constitute the most general set of effective
P - and T -violating operators of this dimension at the energy scale Λhad if only up and down
quarks are considered and if Lorentz invariance and especially the CPT -theorem are assumed.
The coefficients δ1,3F,G, δ̃

1,3
F,G, ν1,8, µ1,8 and βG in Eqs. (2)-(8) depend on the specific BSM theory

considered (see e.g. [48]). These coefficients are independent of each other apart from ν1 and
ν8. The coefficient ν8 is generated in renormalization-group running [47] and thus completely
determined by ν1.

1 The qEDM, Eq. (5), and the qCEDM, Eq. (4), are of dimension six since
the coefficients δ1,3F,G are proportional to the Higgs vacuum expectation value (VEV) [46, 47].
The gCEDM and the two color structures of the 4q-term are chiral singlets and thus cannot be
distinguished by their chiral transformation properties. The same is true for the two different
color structures of the FQLR-term. We will only consider one representative for each source of
P and T violation explicitly in our analysis. Other P - and T -violating multi-quark terms are of
dimension larger than six.

The aim of this paper is to present the underlying aspects of our EDM computation for light
nuclei whose results have been presented in [25]. These comprise (a) the derivation of the P - and
T -violating terms in the low-energy effective Lagrangian induced by the QCD θ-term and the
effective dimension-six sources and (b) the derivation of scattering and Faddeev equations that
are the basis of our numerical computation of nuclear EDMs. The significance of our formalism
to derive the P - and T -violating Lagrangians and of our numerical technique is not limited to
the computation of EDMs. The formalism presented to derive the Lagrangians induced by the
effective dimension-six sources admits a straightforward extension to other effective BSM sources
(of even higher mass dimension) which do not have to be P - or T -violating. For instance, each
dimension-six source of P and T violation has P - and T -conserving isospin-multiplet partners.
Also the terms in the effective low-energy Lagrangians induced by the latter are derived in this
paper. In the course of our analysis, we will demonstrate among other findings the following
central statement on the basis of group-theoretical considerations: any chiral structure (i.e.
an effective term modulo source fields and low-energy constants), that may be induced by an
arbitrary quark multilinear is already encountered in the standard pion-sector and pion-nucleon
χEFT Lagrangians, which up to fourth order are presented in [49–52]. An effective quark
multilinear only shifts the order at which a particular chiral structure appears and introduces in
general new, independent low-energy constants (LECs). This is a particularly convenient result
since the set of independent chiral terms that are induced by an arbitrary quark multilinear can
in principle be obtained from already existing χEFT Lagrangians by a duplication of standard
terms and an appropriate replacement of LECs and chiral source fields (and a replacement
of P - and T -conserving chiral-singlet structures by their P - and T -violating counterparts, e.g.
the electromagnetic field-strength tensor by its dual, in some cases). Since effective quark
multilinears shift the orders at which particular chiral structures occur, the χEFT Lagrangians
of orders larger than four gain significance.

The only assumption that enters our derivation of the scattering and Faddeev equations is
that additional nuclear interactions constitute only small perturbations of the standard (P -
and T -conserving) χEFT two-nucleon and three-nucleon potentials. These equations can thus
equally well be used as a basis to compute all kinds of electric and magnetic moments of light

1According to Eq. (3.35) in Ref. [47], the relation between ν1 and ν8 is given by ν8 ≈ 1.3 ν1.
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nuclei (induced by BSM physics), regardless of whether they are P - and/or T -violating or not.
The QCD θ-term, expressed as a complex phase of the quark mass matrix, and the set

of effective dimension-six sources serve as the starting point of the analysis presented in this
work. In order to describe the induced hadronic interactions at energies below ΛQCD∼200MeV,
the framework of Chiral Perturbation Theory (ChPT) for the two lightest quark flavors and
its extension to nucleons, called Chiral Effective Field Theory (χEFT), is employed. Since
the θ-term is a genuine feature of standard QCD, the induced hadronic P - and T -violating
operators can be accounted for within standard χEFT [30, 49–52]. In particular, the leading
LECs in the standard effective Lagrangians are quantitatively known, which means that the
coupling constants of the leading induced P - and T -violating vertices are explicitly computable
as functions of the parameter θ̄ with well-defined hadronic uncertainties.

The derivation of the effective Lagrangians induced by the effective dimension-six sources is
more intricate. The effective dimension-six sources constitute an amendment of the standard
QCD Lagrangian. They do not transform into any standard dimension-four QCD terms by chiral
SU(2)L×SU(2)R rotations [46,53]. This observation translates into a corresponding amendment
of the χEFT Lagrangian by terms with new source fields (including the above mentioned chiral-
singlet ones) and independent, quantitatively unknown LECs. Some of the new source fields
may even exhibit apparently novel transformation properties under chiral SU(2)L×SU(2)R
rotations. However, compositions of conventional source fields can always be arranged in the
standard χEFT Lagrangians which — with respect to chiral rotations — transform in an identical
manner as even these source structures. In this sense all relevant chiral structures can of course
be encountered already in the standard χEFT Lagrangian at a sufficiently high chiral order.
Nevertheless, the P - and T -conserving standard QCD source terms can not be rotated in such a
way that the BSM terms including their dedicated sources and LECs are generated. We call the
low-energy effective field theory of QCD generalized to BSM quark multilinears amended χEFT.
A reliable technique to numerically assess the new LECs in the amended χEFT Lagrangian
is Lattice QCD. Although such Lattice QCD computations are subject of ongoing efforts (see
e.g. [54, 55]), at least for the time being one still has to rely on naive dimensional analysis
(NDA) [32, 56] or model calculations (see e.g. [5, 57]) to obtain order-of-magnitude estimates.
In the case of the FQLR-term, however, the dominant contributions to the leading coupling
constants of P - and T -violating vertices prove to be functions of the coupling constant of the
three-pion vertex. Contributions with further unknown LECs are found to be of subleading
orders in the standard chiral counting, which allows for an explicit computation of the leading
coupling constants induced by the FQLR-term as functions of the three-pion coupling constant
(defined in Eq. (9)) only.

The derivation of the chiral effective Lagrangians induced by the θ-term and the effective
dimension-six sources has been the subject of earlier publications [30,46,53] within the Weinberg
formulation of SU(2) χEFT (see e.g. chapter 19 of [58]). The main difficulty of this formulation
is in the derivation of higher-order terms and in the generalization to three-flavor SU(3) χEFT.
Within the Gasser-Leutwyler formulation of χEFT [49–51], the derivation of higher-order terms
is significantly less tedious and the extension of the analysis to three quark flavors is rather
straightforward once particular quark multilinears with strange-quark content have been speci-
fied. The derivation of the induced (amended) χEFT Lagrangians in the pion and pion-nucleon
sector is presented within the Gasser-Leutwyler formulation of χEFT for the first time in this
paper. Our independent derivation leads to final results for the leading coupling constants of P -
and T -violating vertices which are consistent with those of [30,46,53]. The P - and T -violating
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vertices relevant for our analysis of nuclear EDMs with their respective coefficients are defined
by2 (see e.g. [20, 21,25])

L(2)
π + L(4)

π + L(2)
πN + L(4)

πN + L(2)
4N

= mN∆3π3π
2 + g0N

†~π · ~τN + g1N
†π3N

− 2d0N
†SµvνNFµν − 2d1N

†τ3S
µvνNFµν

+C1N
†NDµ(N

†SµN) + C2N
†~τN · Dµ(N

†Sµ~τN)

+C3N
†τ3NDµ(N

†SµN) + C4N
†NDµ(N

†τ3S
µN) + · · · , (9)

where vµ is the nucleon four-velocity, Sµ is the nucleon spin, Dµ is the covariant derivative,
N = (p, n)T is the doublet of nucleon fields and πi are the pion fields. The notation of [59]
is adopted throughout this paper. While ∆3 is the coefficient of an isospin-violating three-
pion vertex, g0 and g1 are the coefficients of isospin-conserving and isospin-breaking P -and
T -breaking pion-nucleon interactions, respectively. The coefficients d0 and d1 are the isoscalar
and isovector single-nucleon EDMs, which are regarded as parameters in this work. The Ci terms
are isospin-conserving (i = 1, 2) and isospin-violating (i = 3, 4) short-range P - and T -violating
nucleon-nucleon interactions. As a main result, expressions for these coefficients induced by the
QCD θ-term, the FQLR-term and the qCEDM will be given and we explain the hierarchies of
these coefficients for the cases of the qEDM, the 4q-term and the gCEDM. For the QCD θ-term
the coefficients g0, g1 and ∆3 and for the FQLR-term the coefficients g0 and g1 are computed
explicitly as functions of θ̄ and ∆3, respectively.

This paper is structured as follows: Section 2 is concerned with the derivation of the chiral
effective Lagrangians induced by the QCD θ-term, FQLR-term, qCEDM, qEDM, gCEDM and
4q-term. Subsection 2.1 contains a brief summary of aspects of standard χEFT that are used
in our analysis, i.e. fundamental building blocks, constants etc. Our procedure to derive the P -
and T -violating low-energy effective Lagrangians induced by the considered sources is presented
in Subsection 2.2. Group theoretical considerations utilized in this derivation are explained
in Appendix A. Additional chiral-symmetry breaking terms in general alter the ground state of
(amended) QCD and analogously the one of the effective field theory. Our ground-state-selection
procedure and the impact of the resulting shifts of the (amended) effective Lagrangians on the
hadronic interactions in Eq. (9) are presented in Subsection 2.3. All our derivations have been
performed in the Gasser-Leutwyler formulation of χEFT. In order to draw a connection to the
Weinberg formulation of χEFT employed to derive the effective Lagrangians in [30,46,53], Ap-
pendix B provides a translation procedure between both formulations. Subsection 2.4 gives a
brief summary of the essential aspects of Section 2. The primary aim of Section 3 is to derive
scattering and Faddeev equations that can be used to compute electromagnetic form factors of
light nuclei. To illustrate the utility of our approach, the results of the EDM computation for
light nuclei published in [25] are shown, which are based on the findings of Section 2 and Sec-
tion 3 of this paper. The set of P - and T -violating operators relevant for the EDM computation
is shown in Subsection 3.1, while the actual derivation of scattering and Faddeev equations is
presented in detail in Subsection 3.2. The results of the EDM computations in [25] and the differ-
ent resulting hierarchies among single-nucleon and nuclear EDM contributions for all considered
sources of P and T violation listed in Eqs. (2)-(8) are discussed individually in Subsection 3.3.
The main conclusions of this paper are briefly summarized and discussed in Section 4.

2The last line containing isospin-violating four-nucleon operators is only relevant for the case of the FQLR-term.
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2 P - and T -violating effective low-energy Lagrangians

The main part of this section is the formal derivation the effective hadronic interactions induced
by effective quark multilinears. The reader primarily interested in the nuclear EDM computation
may move on directly to the intermediate summary of this section in Subsection 2.4.

2.1 Standard Chiral Effective Field Theory

χEFT is the low-energy effective field theory of QCD. The aspects of standard χEFT of rel-
evance for the subsequent parts of this section are briefly summarized here. This comprises
the definitions of all relevant objects, the standard second-order and fourth-order pion-sector
Lagrangians as well as the standard first-order and second-order pion-nucleon Lagrangians (see
e.g. [59–63] for comprehensive summaries).

If the SU(2)L×SU(2)R symmetry of massless two-flavor QCD were reflected by a symmetry
of the ground state or the particle spectrum, parity doubling would be observable and an-
other triplet of bosons with even parity would exist, since axial rotations couple odd and even
parity states. The absence of such degeneracy implies the spontaneous symmetry breakdown
SU(2)L×SU(2)R → SU(2)V , where SU(2)V is the diagonal subgroup of SU(2)L×SU(2)R. The
three resulting Goldstone bosons are identified with the odd-parity triplet of pions πi. There
is a one-to-one correspondence between the space of Goldstone bosons and the space of left
cosets SU(2)L×SU(2)R/SU(2)V , which leads to the following definition of the matrix U and
its transformation property under SU(2)L×SU(2)R [64, 65]:

(
π1(x), π2(x), π3(x)

)
7→ U(x) := exp

(
i

Fπ
τjπj(x)

)

, U(x) → R(x)U(x)L†(x) . (10)

The validity of the effective field theory with pions as degrees of freedom is limited to momenta
well below the chiral-symmetry breaking scale Λχ ∼ 4πFπ ∼ 1.2 GeV, where Fπ = 92.2 MeV [66]
is the pion decay constant.

The χEFT Lagrangian exhibits the same global symmetries as the underlying Lagrangian
of QCD (see e.g. [67–70]). However, Ward identities are a consequence of the invariance of
the generating functional under particular local transformations. Green functions and Ward
identities of particular (composite) operators can be studied by regarding these operators as
additional currents in the Lagrangian which couple to external fields [49, 50, 64]. To this end,
the most general non-kinetic quark terms in the QCD Lagrangian can be written as [49,50]

LQCD = · · ·+ q̄γµ(v
µ
j τj + v(s),µ + aµj τjγ5)q − q̄(s0 + sjτj − iγ5p0 − iγ5pjτj)q , (11)

where the functions vµ={vµj , v(s),µ}, aµ={aµj }, s={sj, s0} and p={pj, p0}, j = 1, 2, 3, are the
source fields for the additional currents. The external source fields are assigned transformation
properties under the local SU(2)L×SU(2)R×U(1)V transformation to render the QCD Lagrangian

invariant (aµj = rµj − lµj , v
µ
j = rµj + lµj , v

(s)
µ = r

(s)
µ + l

(s)
µ ):

rµi τi 7→ Rrµi τiR
† + iR ∂µR† , lµi τi 7→ L lµi τiL

† + iL ∂µL† , (12)

r(s)µ 7→ Rr(s)µ R† + iR ∂µR
† , l(s)µ 7→ L l(s)µ L† + iL ∂µL

† , (13)

(siτi+ipiτi) 7→ R (siτi + ipiτi)L
† , (siτi−ipiτi) 7→ R (siτi − ipiτi)L

† , (14)

(s0 + ip0) 7→ R (s0 + ip0)L
† , (s0 − ip0) 7→ R (s0 − ip0)L

† . (15)
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The P - and T -conserving quark-mass matrix M and the quark-charge matrix Q for two flavors
given by

M = m̄1+ ǫm̄ τ3 , Q =
1

6
1+

1

2
τ3 (16)

are recovered by an appropriate replacement of the source fields sj,0, p0,j, v
µ
j , v

(s),µ and aµj . In
particular, s0 and s3 have to be replaced by

s0 = m̄ , s3 = m̄ǫ . (17)

The effective Lagrangian has to be constructed to yield exactly the same Ward identities as
the underlying theory when inserted into the effective generating functional [49,50]:

WQCD[s, p, aµ, vµ] = Weff [s, p, aµ, vµ]

=

∫

DU(x) exp

(

i

∫

d4xLeff [U, s, p, v
µ, aµ]

)

. (18)

It has to be a hermitian Lorentz scalar and invariant under local SU(2)L×SU(2)R transformations
[49,50],

Leff = Leff(U,DµU,D
2U, · · · , s, p, aµ, vµ, · · · ) , (19)

where Dµ is the covariant derivative

DµU(x) = ∂µU − irµ(x)U(x) + iU(x)lµ(x) (20)

and the ellipses denote higher-order derivative terms. The covariant derivative generates the
right- and left-handed field-strength tensors

Rµν := ∂µrν − ∂νrµ − i[rµ, rν ] , Lµν := ∂µlν − ∂ν lµ − i[lµ, lν ] , (21)

which transform under SU(2)L×SU(2)R by

Rµν 7→ R(x)Rµν R
†(x) , Lµν 7→ L(x)LµνL

†(x) . (22)

The source fields of the scalar and pseudo-scalar currents in Eq. (11) can be combined into one
object χ = 2B(s+ ip) [49,50] which transforms under SU(2)L×SU(2)R by

χ = 2B(s+ ip) 7→ R(x)2B(s + ip)L†(x) , (23)

where B is a constant related to the squared mass of the charged pions at leading order by
M2

π± = B(mu +md) + · · · [71].
The low-energy effective Lagrangian is an infinite sum over terms that admit an ordering

by the number of covariant derivatives and pion masses each term contains. The pion-sector
Lagrangians of second and fourth order are given by [49] (with 〈· · · 〉 denoting the isospin trace)

L(2)
π =

F 2
π

4
〈DµU(DµU)†〉+ F 2

π

4
〈χU † + Uχ†〉 , (24)
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and [49,60]

L(4)
π =

l1
4
〈DµU(DµU)†〉2 + l2

4
〈DµU(DνU)†〉〈DµU(DνU)†〉

+
l3
16

〈χU † + Uχ†〉2 + l4
4
〈DµU(Dµχ)† +Dµχ(D

µU)†〉

+ l5

[

〈RµνUL
µνU †〉 − 1

2
〈LµνL

µν +RµνR
µν〉
]

+ i
l6
2
〈RµνD

µU(DνU)† + Lµν(D
µU)†DνU〉

− l7
16

〈χU † − Uχ†〉2

+
h1 + h3

4
〈χχ†〉+ h1 − h3

16

[

〈χU † + Uχ†〉2

+ 〈χU † − Uχ†〉2 − 2〈χU †χU † + Uχ†Uχ†〉
]

− 2h2〈LµνL
µν +RµνR

µν〉 ,

(25)

respectively. The LECs li are not constrained by any symmetry considerations and encode
also physics of hadron resonances which are not explicit degrees of freedom of the effective field
theory. The LECs have to be determined from experimental data by relating them to measurable
quantities or from Lattice QCD. The LEC l7, for instance, is related to the square of the strong
mass difference of charged and neutral pions [49,50],

(δM2
π)

str = (M2
π+ −M2

π0)
str = (mu −md)

2 2B
2

F 2
π

l7(1 +O(M)) , (26)

which is driven by the η-meson due to η−π-mixing [50]. For a detailed discussion of the LECs
we refer to references [49,50]. The so-called high-energy constants hi in Eq. (25) do not appear
in physical low-energy processes.

The additional degrees of freedom in the pion-nucleon sector in the extreme non-relativistic
limit (see e.g. [51, 52,59,72–74]) are combined into the heavy component of the proton-neutron
SU(2) doublet

N(x) =
1

2
(1+ /v)eimN vµxµ

(
p(x)

n(x)

)

, (27)

where vµ is the four-velocity with v2 = 1. In this limit, any product of Dirac matrices
can be expressed as a combination of the velocity vµ and the Pauli-Lubanski spin operator
Sµ = iγ5σµνvν/2, which equal v = (1, 0, 0, 0) and S = (0, ~σ)/2 in the nucleon rest-frame.
The heavy nucleon field N and the SU(2) matrix u defined by u2 = U transform under
SU(2)L×SU(2)R by

N 7→ KN , u 7→ RuK† = KuL† . (28)

K = K(R,L,U) ∈ SU(2) is called the compensator field. The set of fundamental building
blocks in the pion-nucleon sector comprises – apart from N and u – the covariant derivative Dµ,
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the connection Γµ and the structures uµ, χ± and fµν± :

DµN = (∂µ + Γµ − iv(s)µ )N , (29)

Γµ =
1

2
[u†(∂µ − irµ)u+ u(∂µ − ilµ)u

†] , (30)

uµ = i[u†(∂µ − irµ)u− u(∂µ − ilµ)u
†] , (31)

χ± = u†χu† ± uχ†u , (32)

fµν± = uRµνu† ± u†Lµνu . (33)

The pion-nucleon Lagrangian in the extreme non-relativistic limit is a power series in Mπ/mN ,
where Mπ= 138.01 MeV is the average pion mass and mN =938.92 MeV is the average nucleon
mass [66]. Up to the second order it is given by [52,74–76]3

L(1)
πN = N † (iv · D + gAS · u)N , (34)

L(2)
πN =

1

2mN
N †
(
(v · D)2 −D2 − igA{S · D, v · u}

)

+N †

(

c1〈χ+〉 −
c2
2
〈(v · u)2〉+ c3

2
〈u · u〉+ c4

2
[Sµ, Sν ][uµ, uν ]

+c5χ̂+ − i
c6

4mN
[Sµ, Sν ]f

µν
+ − i

c7
4mN

[Sµ, Sν ]〈fµν+ 〉
)

N , (35)

where here the hat denotes the traceless component of a general chiral structure A (e.g. χ±),

Â := A− 1

2
〈A〉 , (36)

and the quantities ci are LECs of standard χEFT. The axial coupling gA = 1.269 [66] is related
to the pion-nucleon coupling constant gπNN ≈ mNgA/Fπ at leading order. The LEC c5 in
Eq. (35), for instance, is related to the quark-mass-induced contribution to the neutron-proton
mass difference:

δmstr
np := (mn −mp)

str = 4B0(mu −md) c5 + · · · = (2.44 ± 0.18)MeV , (37)

where the ellipses denote higher-order corrections. The value for the strong neutron-proton mass
splitting δmstr

np used here is the weighted average of the Lattice-QCD values compiled in Ref. [77]
and of Ref. [78]. The LEC c1 can be related to the πN -sigma term. Reference [79] provides a
compilation of various extractions of c1 [80–82] and gives a value of

c1 = (−1.0± 0.3)GeV−1 . (38)

The power-counting scheme by Weinberg [83,84] amounts to computing the naive engineering
dimension, or chiral dimensionD, of the relevant chiral operators or diagrams. In the one-nucleon
sector this chiral dimension of a diagram is given by (see e.g. [61–63])

D = 2L+ 1 +
∑

k

Nππ
k (k − 2) +

∑

k′

NπN
k′ (k′ − 1) , (39)

where L denotes the number of loops, Nππ
k the number of pion vertices of order k and NπN

k′ the
number of pion-nucleon-nucleon vertices of order k′ in a considered diagram.

3The hats over the LECs in the heavy baryon ChPT Lagrangians of [52,76] are omitted throughout this paper.
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2.2 Derivation of the P - and T -violating effective Lagrangians

This section is concerned with the derivation of P - and T -violating terms in the χEFT La-
grangian that are induced by the QCD θ-term, Eq. (1), and the effective dimension-six sources,
Eqs. (2) - (8). The transition from (amended) QCD to (amended) χEFT involves the introduction
of (new) source fields. Characteristic transformation properties under chiral SU(2)L×SU(2)R
rotations are assigned to each source field that render the combination of a particular source
field and its associated quark term invariant. Therefore, this implies that an investigation of the
SU(2)L×SU(2)R transformation properties of quark terms is required to establish the connec-
tion between QCD and χEFT. A P - and T -violating quark term induces in general an infinite
set of P - and T -violating terms of different orders in the (amended) χEFT Lagrangian. This
ordering of terms in the (amended) χEFT Lagrangian can be different for each source of P and
T violation. The aim of the remaining sections of this chapter is to identify the hierarchies of
coupling constants of the leading P - and T -violating vertices for each considered source of P
and T violation.

2.2.1 Chiral transformation properties of quark bilinears and quark quadrilinears

As noted in [49] and demonstrated in Appendix A, quark multilinears in the two-flavor case
transform as states of O(4) isospin representations and can be decomposed into quark mul-
tilinears which transform as basis states of irreducible representations of O(4). According to
appendix A, an irreducible O(4) representation can be labelled by a pair of half-integers or
integers (j1, j2) with j1 + j2 ∈ N. In the case of j1 = j2 = j, there are two different irreducible
O(4) representations which are labelled by the superscript ±: (j, j)±. The list of quark bilinears
(two-quark terms) and the irreducible representations of O(4) (including their dimensions) to
which they belong is given by

dim = 1 (0, 0)+ : q̄γµq , (40)

dim = 1 (0, 0)− : iq̄γµγ5q , (41)

dim = 4 (1/2, 1/2)+ : (iq̄γ5τiq, q̄q), (iq̄σ
µνγ5τiq, q̄σ

µνq) , (42)

dim = 4 (1/2, 1/2)− : (q̄τiq, iq̄γ5q), (q̄σ
µντiq, iq̄σ

µνγ5q) , (43)

dim = 6 (1, 0) ⊕ (0, 1) : (q̄γµτiq, q̄γ
µγ5τiq) (44)

with i = 1, 2, 3. The Dirac vectors and tensors in this list are understood to combine with other
fields to form Lorentz invariant objects.

Quark quadrilinears (four-quark terms) transform as states of symmetric tensor products of
the irreducible representations of O(4) in Eqs. (40)-(44). An arbitrary quark quadrilinear decom-
poses in general into a sum of quark quadrilinears in which each quark quadrilinear transforms
as a basis state of a particular irreducible representations of O(4). The list of Lorentz invari-
ant quark quadrilinears which transform as basis states of particular irreducible representation
of O(4) is derived in Appendix A (see Eq. (A.90)-(A.95)) and is given by (i, j, k, l = 1, 2, 3,

10



summation over i, j implied, k, l are fixed)

(0, 0)− 1 /P -state : q̄γµτiqq̄γ
µγ5τiq , (45)

(1, 1)+ 3 /P /T -states : ǫkij q̄γµτiqq̄γ
µγ5τjq , (46)

(2, 0) ⊕ (0, 2) 5 /P -states : (δikδjl+δjkδil−2δijδkl)q̄γµτiqq̄γ
µγ5τjq , (47)

(0, 0)− 1 /P /T -state : q̄qq̄iγ5q − q̄τiqq̄iγ5τiq , (48)

(1, 1)+ 3 /P /T -states : q̄qq̄iγ5τkq ± q̄τkqq̄iγ5q , (49)

(1, 1)− 6 /P /T -states : q̄τkqq̄iγ5τlq ± q̄τlqq̄iγ5τkq k 6= l ,

q̄τkqq̄iγ5τkq + q̄qq̄iγ5q . (50)

The first column contains the (j1, j2) labels of the irreducible representation of O(4) of dimen-
sions (2j1 +1)(2j2 +1). The second column shows the number of P -violating (and T -violating)
quark quadrilinears in a particular irreducible representation which are listed in the third col-
umn. Note that the two different relative signs in Eq. (49) (and also in Eq. (50)) define two
different sets of tensors which both transform as the same basis states of the (1, 1)+ (or the
(1, 1)−) representation (as demonstrated in Appendix A). This list of quark quadrilinears re-
veals Fierz identities between two quark quadrilinears: in order for a Fierz identity between two
quark bilinears or two quark quadrilinears to exist, they have to transform as the same basis
state of the same irreducible representation as identical tensors. This is the case for the quark
quadrilinears in Eq. (46) and the quark quadrilinears in Eq. (49) with relative minus signs.

Further Lorentz invariant quark quadrilinears can emerge when external fields such as the
photon field are taken into consideration. They are of higher dimension, therefore irrelevant for
the analysis in this paper and are thus not discussed here. This holds also for quark quadrilinears
involving internal photon loops which arise from integrating out the photon field. In this way,
effective tree-level nuclear operators without external photon lines are generated, but with a
loop factor of αem/(4π) which leads to a further suppression beyond the one resulting from the
pertinent inverse powers of the characteristic mass scale of BSM physics.

Only the following two of the eight quark quadrilinears in Eqs. (45)-(50) are of relevance for
our analysis: the 4q-term Eq. (7) can be re-expressed in terms of quark flavor doublets by

i(ūud̄γ5d+ ūγ5ud̄d− d̄uūγ5d− d̄γ5uūd)

= i(q̄γ5qq̄q − q̄γ5τ3qq̄τ3q − q̄γ5τ2qq̄τ2q − q̄γ5τ1qq̄τ1q)/2 , (51)

which demonstrates that it transforms as a basis state of the (0, 0)− representation of O(4). The
FQLR-term Eq. (2) can equally be rewritten in terms of quark-flavor doublets by

iūRγµdRd̄Lγ
µuL − id̄RγµuRūLγ

µdL

= −ǫ3ij q̄RγµτiqRq̄LγµτjqL/2
= ǫ3ij q̄γµτiqq̄γµγ5τjq/4 , (52)

and thus exhibits the transformation properties of a basis state of the (1, 1)+ representation of
O(4). Although, for completeness, the above list (45)-(50) contains further P - and T -violating
quark quadrilinears, Eq. (51) and Eq. (52) specify the only ones that contribute to dimension-six
BSM terms and are not additionally suppressed as described in e.g. [46].

It has been explained in Section 2.1 that the connection between standard QCD and χEFT is
drawn by the introduction of source fields for each quark term in the standard QCD Lagrangian.
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We extend this method to QCD amended by effective dimension-six terms, which requires the
introduction of further source fields. In order to ensure that the effective field theory obeys the
same chiral Ward identities as the underlying theory, the source fields are assigned transforma-
tion properties under local SU(2)L×SU(2)R transformations and the group Z2 of the parity
transformation which render the Lagrangian of the underlying theory – QCD or amended QCD
– locally invariant. The effective Lagrangian is then obtained by compiling for each source of P
and T violation the set of all possible combinations of these source fields with the fundamental
building blocks of standard χEFT. These source fields are defined and the resulting terms in the
(amended) χEFT Lagrangians are subsequently discussed in this section.

2.2.2 The χEFT Lagrangian from the QCD θ-term

The θ-term is rotated into a complex phase of the quark-mass matrix by an axial UA(1) trans-
formation via the UA(1) anomaly. The resulting P - and T -violating quark bilinears are given
by Eq. (1),

iq̄γ5q and iq̄τ3γ5q , (53)

which transform as basis states of the (1/2, 1/2)− and (1/2, 1/2)+ irreducible representations of
O(4) according to Eqs. (43) and (42), respectively. They are thus connected by SU(2)L×SU(2)R
transformations to either the isospin-violating component or the isospin-conserving component
of the quark-mass matrix. This implies that their corresponding source fields are given by
the well-known source fields p01 and p3τ3 of standard χEFT combined in the building block χ.
Their assigned transformation properties under local SU(2)L×SU(2)R transformations are iden-
tical to their global transformation properties and naturally reflect those of their corresponding
quark bilinears, i.e. the source fields transform as the same basis states of the same irreducible
representations [49]:

(1/2, 1/2)− : (s1τ1, s2τ2, s3τ3, ip0) , (54)

(1/2, 1/2)+ : (ip1τ1, ip2τ2, ip3τ3, s0) . (55)

Therefore, the θ-term induced effective Lagrangian is just the standard SU(2) χEFT Lagrangian
as provided by [49,50] for the pion sector and by e.g. [52,74,76] for the pion-nucleon sector. The
terms which are induced by the θ-term are the p0 and p3 components of all terms with insertions
of the building block χ.

Before discussing the P - and T -violating terms in the χEFT Lagrangian induced by the θ-term
in detail, a few general remarks which apply to all sources of P and T violation are required.
The decomposition of the fundamental building block χ+ into a traceless component (χ̂+) and
the trace itself (〈χ+〉) corresponds to the decomposition of the eight dimensional representation
of source fields combined in χ into the two irreducible representations (1/2, 1/2)− of Eq. (54)
and (1/2, 1/2)+ of Eq. (55), respectively. The analog is true for the building block fµν± , which

contains the source fields vµi τi, a
µ
i τi and v(s),µ and constitutes a reducible seven-dimensional

representation. The decomposition of this building block into the components f̂µν+ and 〈fµν+ 〉
corresponds to the decomposition into the irreducible representations (1, 0) ⊕ (0, 1) and (0, 0)+

(see Eq. (40) and Eq. (44)), respectively.
Combinations of these fundamental building blocks correspond to tensor products of the

above mentioned irreducible representations of O(4). Consider a building block containing a
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P - and T -violating source field denoted by Ã/P /T for which another P - and T -conserving coun-
terpart APT exists that transforms identically under SU(2)L×SU(2)R transformations. Let
this building block be combined with a P - and T -conserving building block BPT that also has a
P - and T -violating counterpart B̃/P /T . In the language of group theory, the combination Ã/P /TBPT

transforms identically to the combination of building blocks APT B̃/P /T , in which the former build-
ing block is replaced by the building block associated with its P - and T -conserving partner source
field and in which the latter building block is replaced by its P - and T -violating counterpart.
This is the justification for the definition of the building block χ− in Eq. (32), in which a partic-
ular source field is combined with the chiral structure of its partner source field. It is apparent
that this building block can only occur in combination with other building blocks: there is no
term such as F 2

π 〈iχ−〉/4 in the pion-sector Lagrangian of Eq. (24), for instance, whereas the
term −l7〈χ−〉2/16 exists in Eq. (25) (this is just a reflection of the fact that the representation
(1/2, 1/2)+⊗(1/2, 1/2)+ is identical to the representation (1/2, 1/2)−⊗(1/2, 1/2)−). This rea-
soning extends to the pion-nucleon sector where the property of P and/or T violation can also
be absorbed by products of Dirac matrices which act on nucleons fields and are contracted with
other quantities.

The terms of the χEFT Lagrangian that are induced by the θ-term are contained in the
expressions in the standard χEFT Lagrangians that include insertions of the building blocks
〈χ±〉 and χ̂±. Thus according to Eq. (17) and Eq. (1), the sources s0, p0, si and pi, i = 1, 2, 3,
of Eq. (11) have to be replaced simultaneously by

s0 → m̄ , s1,2 → 0 , s3 → m̄ǫ , p0 →
θ̄

2
m̄ , p1,2 → 0 , p3 →

θ̄

2
m̄ǫ . (56)

However, it will be demonstrated in the next Subsection 2.3 that the presence of chiral-symmetry
breaking P - and T -violating terms in the QCD Lagrangian alters the ground state of the theory
and requires a redefinition of the quark fields by an axial SU(2)L×SU(2)R rotation. As a result
of this redefinition, all terms with a factor of p3 vanish. The P - and T -violating Lagrangians
discussed in this subsection are thus the generic Lagrangians in χEFT induced by the θ-term,
i.e. the χEFT Lagrangians before the correct ground state of the theory has been selected.
Furthermore, it will be shown in the next section that the ground-state-selection procedure en-
sures parameterization-invariant leading-order terms in the pion-sector Lagrangian. In order to
obtain the induced terms in the generic P - and T -violating Lagrangian in an arbitrary param-
eterization, the matrix U can be replaced by the generalized U matrix (see [85] and references
therein) with a parameterization function g,

U = exp

(

i
~π · ~τ
Fπ

g

(
π2

F 2
π

))

, g

(
π2

F 2
π

)

= 1 +

[

αp +
1

6

]
π2

F 2
π

+ · · · , (57)

where αp is a real constant defining the parameterization (αp =0 corresponds to the so called
σ-parameterization of SU(2) χEFT [59]. The parameterization used in this paper is the expo-

nential parameterization corresponding to αp = −1/6). This replacement is equivalent to the
following replacement of terms at leading order in powers of pion fields, where A(πi) is a generic
homogeneous polynomial in πi:

A(πi)

(

1− 1

6

π2

F 2
π

)

→ A(πi)

(

1 + αp
π2

F 2
π

)

. (58)
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The terms induced by the θ-term in the leading-order pion-sector Lagrangian of [49] are given
by Eq. (24),

L(2)
π =

F 2
π

4
〈χ+〉+ · · ·

= (2Bp3)Fππ3

(

1− π2

6F 2
π

)

+ · · · , (59)

where the ellipses denote – throughout this section – terms which are either of higher order in
the pion-field expansion or P - and T -conserving.

The fourth-order pion-sector Lagrangian of [49] leads to the following generic P - and T -
violating terms induced by the θ-term (see Eq. (25)):

L(4)
π =

l3
16

〈χ+〉2 −
l7
16

〈χ−〉2 + · · ·

= 2l3(2Bs0)(2Bp3)
π3
Fπ

(

1− 2π2

3F 2
π

)

− 2l7(2Bs3)(2Bp0)
π3
Fπ

(

1− 2π2

3F 2
π

)

+ · · · . (60)

The generic terms in the second-order pion-nucleon sector Lagrangian Eq. (35) read (see also [52])

L(2)
πN = c1〈χ+〉N †N + · · ·+ c5N

†χ̂+N + · · ·

= 4c1(2Bp3)
π3
Fπ

(

1− π2

6F 2
π

)

N †N + 2c5(2Bp0)N
†~π · ~τ
Fπ

(

1− π2

6F 2
π

)

N

+ · · · . (61)

The generic fourth-order pion-nucleon Lagrangian of [52] contains identical structures at leading
order in the pion-field expansion:4

L(4)
πN = e38〈χ+〉2N †N + e40〈χ̂+χ̂+〉N †N + · · ·

= e3832(2Bs0)(2Bp3)
π3
Fπ

(

1− 2π2

3F 2
π

)

N †N + e4016(2Bs3)(2Bp0)
π3
Fπ

(

1− 2π2

3F 2
π

)

N †N

+ · · · . (62)

These terms constitute corrections to the leading P - and T -violating πNN vertices of L(2)
πN shown

in Eq. (61), but prove to be negligible as demonstrated in the next subsection. The leading-order
P - and T -violating γNN vertices also emerge from the fourth-order pion-nucleon Lagrangian

L(4)
πN of [52] and read

L(4)
πN = e110i〈χ−〉〈fµν+ 〉N †SµvνN + e111i〈χ−〉N †f̂µν+ SµvνN

+e112i〈fµν+ 〉N †χ̂−SµvνN + e113i〈fµν+ χ̂−〉N †SµvνN

+e109iN
†[f̂µν− , χ̂+]SµvνN + · · ·

= e1108e(2Bp0)N
†SµvνNF

µν + e1114e(2Bp0)N
†τ3SµvνNF

µν

+e1122e(2Bp3)N
†τ3SµvνNF

µν + e1134e(2Bp3)N
†SµvνNF

µν

+ · · · . (63)

4The alternative 〈χ−〉
2 is linearly dependent on the two displayed sources, 〈χ+〉

2 and 〈χ̂+χ̂+〉.
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There are further terms in [52] which contribute to magnetic quadrupole moments [86] but are
irrelevant for the computation of light-nuclei EDMs:

L(4)
πN = e105i〈χ+〉〈fµν+ 〉N †[Sµ, Sν ]N + e106i〈χ+〉N †f̂µν+ [Sµ, Sν ]N

+e107i〈fµν+ 〉N †χ̂+[Sµ, Sν ]N + e108i〈f̂µν+ χ̂+〉N †[Sµ, Sν ]N

+e114iN
†[f̂µν− , χ̂−][Sµ, Sν ]N + · · · . (64)

The set of fourth-order terms displayed here is the maximal set of independent terms. The
P - and T -violating terms above extracted from [52] have also been found by [30] in the Weinberg
formulation of SU(2) χEFT.

There are numerous four-nucleon terms induced by the θ-term which lead to the following
leading-order generic four-nucleon Lagrangian induced by the θ-term:

L(2)
4N = C̄1〈χ+〉N †NN †N + C̄2〈χ+〉N †SµNN

†SµN

+C̄3N
†χ̂+NN

†N + C̄4N
†χ̂+SµNN

†SµN

+C̄5i〈χ−〉N †NDµ(N
†SµN) + C̄6i〈χ−〉N †~τN · Dµ(N

†Sµ~τN)

+C̄7iN
†χ̂−NDµ(N

†SµN) + C̄8iN
†{χ̂−, ~τ}N · Dµ(N

†Sµ~τN)/2

+ · · ·
= C̄14(2Bp3)π3N

†NN †N/Fπ + C̄24(2Bp3)π3N
†SµNN

†SµN/Fπ

+C̄32(2Bp0)N
†~π · ~τNN †N/Fπ + C̄42(2Bp0)N

†~π · ~τSµNN †SµN/Fπ

−C̄54(2Bp0)N
†NDµ(N

†SµN)− C̄64(2Bp0)N
†~τN · Dµ(N

†~τSµN)

−C̄72(2Bp3)N
†τ3NDµ(N

†SµN)− C̄82(2Bp3)N
†N · Dµ(N

†Sµτ3N)

+ · · · . (65)

The generic set of P - and T -violating terms induced by θ-term presented here is in agreement
with the one derived in the Weinberg formulation of SU(2) χEFT in [30, 87] at all relevant
orders.

2.2.3 Amended χEFT Lagrangian from the qCEDM

As pointed out in [46, 53], the isospin-conserving and the isospin-violating components of the
qCEDM, Eq. (4), transform identically to the corresponding components of the θ-term in Eq. (1)
as basis states of the (1/2, 1/2)− and (1/2, 1/2)+ irreducible representations of O(4) (see Eq. (42)
and Eq. (43)):

(1/2, 1/2)− : (q̄~τσµνGa
µνλ

aq, iq̄σµνγ5G
a
µνλ

aq) , (66)

(1/2, 1/2)+ : (iq̄~τσµνγ5G
a
µνλ

aq, q̄σµνGa
µνλ

aq) . (67)

The components of the qCEDM constitute additional, separate isospin multiplets which are not
connected by SU(2)L×SU(2)R rotations to the corresponding isospin multiplets of the standard
QCD Lagrangian containing the components of the θ-term in Eq. (1) (see Eq. (42) and Eq. (43)).

In the Gasser-Leutwyler formulation of χEFT, this observation requires the introduction of
an additional set of source fields, which can be combined in the new object χ̃ in analogy to the
definition of χ in standard χEFT:

χ = 2B(s0 + s1τ1 + s2τ2 + s3τ3 + ip0 + ip1τ1 + ip2τ2 + ip3τ3) , (68)

χ̃ = 2C(s̃0 + s̃1τ1 + s̃2τ2 + s̃3τ3 + ip̃0 + ip̃1τ1 + ip̃2τ2 + ip̃3τ3) . (69)
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While the quantity B of Eq. (23) in standard χEFT is proportional to the scalar quark conden-
sate, χ̃ contains an additional corresponding quantity denoted by C which is defined by

〈0|ūu|0〉 = −F 2
πB + · · · , (70)

〈0|ūσµνGa
µνλ

au|0〉 = −F 2
πC + · · · . (71)

This leads to the definition of further fundamental blocks χ̃±, in analogy to χ±, by

χ± = u†χu† ± uχ†u , (72)

χ̃± = u†χ̃u† ± uχ̃†u . (73)

For the qCEDM, p̃0, p̃i, i = 1, 2, 3, in Eq. (69) have to be subsequently replaced according to
Eq. (4) by

p̃0 → −δ̃0G , p̃1,2 → 0 , p̃3 → −δ̃3G . (74)

Furthermore, s1,2 = s̃1,2 = 0 and p0,1,2,3 = 0 in the absence of the θ-term, while s0 and s3 are
specified in Eq. (17) and s̃0 and s̃3 are tiny but in general non-zero constants: 0 ≤ |s̃0,3| ≪ |s0,3|.

The existence of new source fields has serious implications for the generic P - and T -violating
Lagrangian induced by the qCEDM. Since the two additional isospin multiplets give rise to new,
independent LECs as emphasized in [46,53], all P - and T -conserving observables (such as δmstr

np

and (δM2
π)

str) originally related only to source fields in χ are now also related to the source fields
in χ̃. The new LECs encode BSM physics which is expected to yield only minor modifications
to the SM at the energy scale Λhad and below. The contributions from the new LECs to P - and
T -conserving observables can then safely be considered insignificant compared to the ones from
the standard LECs. Therefore, it is in general impossible to infer the values of these new LECs
from measurements of P - and T -conserving observables [46,53].

The leading P - and T -violating terms induced by the qCEDM in the modified pion-sector

Lagrangians L(2)
πN and L(4)

πN are contained in the structures

L(2)
π =

F 2
π

4
〈χ+ + χ̃+〉+ · · · , (75)

and

L(4)
π =

l3
16

〈χ+〉2 +
l̃3
16

〈χ̃+〉2 +
l′3
16

〈χ+〉〈χ̃+〉

− l7
16

〈χ−〉2 −
l̃7
16

〈χ̃−〉2 −
l′7
16

〈χ−〉〈χ̃−〉+ · · · . (76)

In the absence of the θ-term, only those terms in L(4)
πN proportional to the LECs l̃3, l

′
3, l̃7 and

l′7 contain P - and T -violating components which are induced by the qCEDM. Due to the in-
significance of the P - and T -conserving components of 〈χ̃±〉 compared to those of 〈χ±〉, the
P - and T -violating terms from the structures proportional to the LECs l′3 and l′7 clearly domi-
nate.

All these statements are transferable to the pion-nucleon sector: the leading P - and T -
violating terms induced by the qCEDM in the pion-nucleon Lagrangian are contained in

L(2)
πN = c1〈χ+〉N †N + c̃1〈χ̃+〉N †N

+c5N
†χ̂+N + c̃5N

† ˆ̃χ+N + · · · . (77)
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If the qCEDM is the sole source of P and T violation, only the structures proportional to
the LECs c̃1 and c̃5 contain P - and T -violating terms. By the same procedure of duplicating
structures with insertions of χ±, higher-order P - and T -violating πNN -, γNN - and 4N -terms

are obtained from L(3)
πN , L(4)

πN and L4N as described above for the θ-term case. All P - and T -
violating terms listed above for the θ-term case are also induced by the qCEDM when the source
fields and LECs are replaced by the ones for the qCEDM. The findings regarding the generic
set of P - and T -violating terms induced by the qCEDM presented here are in agreement with
those of [46,53] derived in the Weinberg formulation of SU(2) χEFT at all relevant orders.

2.2.4 Amended χEFT Lagrangian from the FQLR-term

The FQLR-term defined in Eq. (2) transforms as a basis state of the (1, 1)+ irreducible rep-
resentation of O(4) according to Eq. (46). Expressing the positive parity basis states of the
(1, 1)+ representation in Eq. (A.58) in terms of symmetric tensor products of quark bilinears,
one obtains the new and separate isospin multiplet

(1, 1)+ : (q̄τ iγµq q̄τ jγµq − q̄τ iγµγ5q q̄τ
jγµγ5q, ǫ

klm q̄τlγ
µq q̄τmγµγ5q) , (78)

where i, j, k = 1, 2, 3 and the summation only over the indices l,m in the three P - and T -violating
terms is implied. The isospin multiplet Eq. (78) consists of six P - and T -conserving (left part)
and three P - and T -violating (right part, see Eq. (49)) quark quadrilinears.

Due to the absence of source fields in standard χEFT which transform as basis states of the
(1, 1)+, a genuinely new set of source fields has to be defined (by the symmetric tensor-product-
form of Eq. (A.57) and Eq. (A.58)):

qij
(
(τi)R(τj)L + (τi)L(τj)R

)
+ rkǫ

klm(τl)R(τm)L (79)

with i, j, k, l,m = 1, 2, 3 and summation only over the indices l,m in the second term. The
symmetric tensor qij and the vector rk are the (1, 1)+ counterparts of the quantities s0, si
and p0, pi associated with the (1/2, 1/2)± representations in standard χEFT. Note that the
implied product of τ -matrices in this formula is the symmetric tensor product of matrices (see
Eq. (A.86)), whose constituent τ -matrices transform under SU(2)L×SU(2)R as indicated by the
subscripts L and R (see Appendix A for details):

qij
(
(τi)R(τj)L + (τi)R(τj)L

)
+ rkǫ

klm(τl)R(τm)L

7→ qij
(
(RτiR

†)R(LτjL
†)L + (LτiL

†)L(RτjR
†)R
)
+ rkǫ

klm(RτlR
†)R(LτmL

†)L . (80)

According to Eq. (A.75) and Eq. (A.76) in Appendix A, there is another basis of the (1, 1)+

representation which exhibits the chiral structure associated with the product p3s0 of familiar
source fields,

1

2
irk

(

[(τk)4 − (τk)
†
4][(1)4 + (1)†4]− (τk ↔ 1)

)

7→ 1

2
irk

(

[(LτkR
†)4 − (LτkR

†)†4][(L1R
†)4 + (L1R†)†4]− (τk ↔ 1)

)

, (81)

where the subscript 4 in (t)4, t = 1, τ1, τ2, τ3, and the dagger indicate the above defined
SU(2)L×SU(2)R transformation behavior of τk and 1. The three source fields in Eq. (81) cor-
respond to the P - and T -violating basis states of the (1, 1)+ representation in decompositions of
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the symmetric tensor products of the irreducible representations (1/2, 1/2)±⊗(1/2, 1/2)± (see
Eq. (A.88)). As previously mentioned, the two expressions of the source fields associated with
the P - and T -violating basis states of the (1, 1)+ representation in Eq. (79) and Eq. (81) are
Fierz equivalent.

The FQLR-term then induces all terms in the amended χEFT Lagrangian with insertions of
the new building block η+, which is defined for the two expressions of the source fields Eq. (79)
and Eq. (81) by (u =

√
U , summation over l,m implied)

η+ := (2Drk)ǫ
klm(u†τlu)(uτmu

†) + · · · , (82)

:= i(Drk)
(
(u†τku

† − uτku)(u1u+ u†1u†)− (τk ↔ 1)
)
+ · · ·

= i(2Drk)
(
(u†τku

†)(u1u)− (uτku)(u
†
1u†)

)
+ · · · , (83)

where the ellipses denote terms proportional to the P - and T -conserving source fields qij and
the product between the brackets (i.e. (· · · )(· · · )) is understood to be the symmetric tensor
product of matrices. The quantity D is defined by

〈0|ūγµuūγµu− ūγµγ5uūγµγ5u|0〉 = D + · · · , (84)

where the ellipses denote higher-order terms in the pion-field expansion. The P - and T -
conserving component of the building block η+ obtained from Eq. (79),

η+ = (2Dqij)((uτiu
†)(u†τju) + (u†τiu)(uτju

†)) + · · · , (85)

has been utilized here. In analogy to the definition of the building block iχ− as a P - and T -
violating counterpart of χ+ in standard χEFT, the building block η− (which corresponds to the
(1, 1)− representation) can be defined. The three P - and T -conserving terms in this building
block are (see Eq. (A.77) and Eq. (A.78))

η− = (2Drk)
(
(u†τku

†)(u1u) + (uτku)(u
†
1u†)

)
+ · · · . (86)

The terms induced by the FQLR-term in the effective Lagrangian are obtained by compiling
the list of all chiral structures with insertions of η± and by the subsequent replacement (see
Eq. (2)

r3 →
ν1Vud
2

, r1 = r2 = qij = 0 , (87)

where here ν1 is understood as an effective coupling which also includes the ν8 contribution.
In the pion sector, the first expression of η+ defined by Eq. (82) yields at leading order the

P - and T -violating terms5

(2Drk)ǫ
klm〈τlUτmU †〉 = (2Drk)8

πk
Fπ

(

1− 2

3

π2

F 2
π

)

+ · · · , (88)

whereas the second expression of η+ in Eq. (83) gives a more familiar structure with identical
P - and T -violating terms:

i(2Drk)(〈τkU †〉〈U〉 − 〈τkU〉〈U †〉) =
i(2Drk)

2
〈τkU † − τkU〉〈U + U †〉

= (2Drk)8
πk
Fπ

(

1− 2

3

π2

F 2
π

)

+ · · · . (89)

5Note that the ground-state-selection procedure discussed in the next subsection ensures parameterization-
invariant 3π vertices. The generic 3π vertex in Eq. (82) is not the same for all parameterizations.
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The chiral structure in Eq. (89) resembles the P - and T -violating component of the familiar chiral

structure 〈χ+〉2 in L(4)
π of Eq. (25) with the product of conventional source fields (2Bs0)(2Bp3)

replaced by (2Dr3). In this sense, an insertion of η+ is equivalent to two insertions of e.g. χ+

with the replacement (2Bp3)(2Bs0) → (2Dr3). The leading term in the pion sector is thus given
by

〈χ+〉2  (2Drk)8
π3
Fπ

(

1− 2

3

π2

F 2
π

)

+ · · · . (90)

The next pion-tadpole term arises from a chiral structure with a simultaneous insertion of η+
and χ+ combined with the new LEC l4qLR:

l4qLR
16

(2Dr3)(2Bs0)ǫ
3lm〈τlUτmU †〉〈U † + U〉 = l4qLR8Dr3Bs0

π3
Fπ

+ · · · . (91)

The leading-order P - and T -violating πNN vertices induced by the FQLR-term can be ex-

tracted from the fourth-order Lagrangian L(4)
πN by the above described replacement of the source

fields (2Bs0)(2Bp3) and the LEC6:

〈χ+〉2N †N  c4qLR(2Drk)8
π3
Fπ

(

1− 2

3

π2

F 2
π

)

N †N + · · · . (93)

The constant c4qLR here is the new and independent LEC induced by the FQLR-term.
The FQLR-term also induces all isospin-violating terms of the Lagrangian L4N in Eq. (65)

at leading order in the expansion of pion fields, i.e. those proportional to the LECs C̄1, C̄2,
C̄7, and C̄8. The corresponding terms induced by the FQLR-term are obtained by insertions
of η±. The remaining isospin-conserving terms in Eq. (65) at leading order in the pion-field
expansion are obtained by simultaneous insertions of η± and χ± and are therefore suppressed.
The γNN vertices in Eq. (63) at leading order in the pion-field expansion are also induced by the
FQLR-term. The isospin-conserving term in Eq. (63) is in this case generated by a simultaneous
insertion of η− and f̂µν+ , whereas the isospin-violating term arises from an insertion of η− and
〈fµν+ 〉. The generic set of P - and T -violating terms induced by the FQLR-term derived here is
in agreement with the results of [46,53] derived in the Weinberg formulation of SU(2) χEFT.

2.2.5 Amended χEFT Lagrangians from the qEDM

The isospin-conserving and isospin-violating components of the qEDM given in Eq. (5) transform
identically to the corresponding components of the qCEDM as basis states of the (1/2, 1/2)−

and (1/2, 1/2)+ irreducible representations of O(4). In contrast to the qCEDM, the qEDM has
an explicit insertion of the photon field. This requires the new source field to be identified
with the photon field and to transform identically to the source fields p̃0 and p̃3τ3 in χ̃. The
set of all P - and T -violating terms in the amended χEFT Lagrangian is therefore obtained
from all possible insertions of the building blocks χ̃± and Fµν by replacing the qCEDM source
fields (2Cp̃0) and (2Cp̃3) by the newly defined qEDM counterparts v0 and w3. All resulting

6Note that the 3πNN vertex in Eq. (93) is not in a parameterization-invariant form. To obtain this vertex in
another parameterization, Eq. (93) has to be replaced by

c4qLR(2Drk)8
π3

Fπ

(

1−
2

3

π2

F 2
π

)

N
†
N → c4qLR(2Drk)8

π3

Fπ

(

1−
1

2

π2

Fπ

+ αp

π2

F 2
π

)

N
†
N . (92)
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terms contain at least one photon field, which has to be integrated out in order to generate
P - and T -violating pion-, πNN - and 4N vertices at the price of picking up a loop factor of
αem/(4π). Therefore, all qEDM contributions involving such vertices are heavily suppressed by
a factor of at least αem/(4π) with respect to qEDM contributions involving only one external

photon — cf. the d0 and d1 terms in Eq. (9). The leading P - and T -violating γNN -terms are
obtained from Eq. (63) and Eq. (64). The terms relevant for the computation of light-nuclei
EDMs are given by

i〈χ̃−〉N †SµvνNF
µν  4v0

(

1− π2

2F 2
π

)

N †SµvνNF
µν + · · · , (94)

iN †χ̂−SµvνNF
µν  2w3N

†

(

τ3 −
~π · ~τπ3
2F 2

π

)

SµvνNF
µν + · · · . (95)

These terms constitute the leading isoscalar and isovector contributions to the single-nucleon
EDMs induced by the qEDM. The full set of induced terms that can be easily obtained by the
procedure explained here is in agreement with the results derived in the Weinberg formulation
of SU(2) χEFT which are published in [46,53].

2.2.6 Amended χEFT Lagrangians from the 4q-term and gCEDM

The 4q-term and the gCEDM are chiral singlets and thus transform as the basis state of the
(0, 0)− irreducible representation of O(4). They are not connected to other terms in standard
QCD by SU(2)L ×SU(2)R or U(1)A transformations as the θ-term. In order to derive all
induced terms in the amended χEFT Lagrangian, a new P - and T -violating source field has to
be introduced that transforms as an SU(2)L×SU(2)R singlet. This leads to the definition of the
new fundamental building block ς− and its P - and T -conserving partner chiral-singlet building
block ς+ (analogous to the definition of iχ− as a partner building block for χ+). Since ς− is a
P - and T -violating source field, there do not exist any non-vanishing chiral structures with one

insertion of ς− (as a P -violating counterpart to the standard source field v
(s)
µ would also not

generate non-vanishing terms). The complete list of P - and T -violating terms in the amended
χEFT Lagrangian induced by the 4q-term and the gCEDM can thus in principle be obtained
by all possible combinations of ς+ with the fundamental building blocks of standard χEFT (and
setting p0 = p3 = 0 if θ̄ = 0). This procedure can be illustrated by the following example: let
APT and BPT be two conventional fundamental building blocks with P - and T -violating partner
building blocks Ã/P /T and B̃/P /T . Chiral structures induced by the 4q-term and the gCEDM are
then of the form:

ς+Ã/P /TBPT , ς+APT B̃/P /T . (96)

Some leading chiral structures induced by the 4q-term and the gCEDM obtained in this manner
are given by

Lπ : iς+〈χ−〉, iς+〈χ−〉〈χ+〉, · · · ,
LπN : iς+〈χ−〉N †N, iς+N †χ̂−N, iς

+N †[S · u, v · u]N,
ς+〈fµν+ 〉N †SµvνN, ς

+N †f̂µν+ SµvνN, · · · ,
L4N : ς+N †NDµ(N

†SµN), ς+N †~τN · Dµ(N
†~τSµN), · · · . (97)

Induced vertices involving pions emerge from terms with insertions of χ± (or multiple derivatives
(see the third term of LπN in Eq. (97))) and are thus suppressed byM2

π/m
2
N . This observation is
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just a reflection of Goldstone’s theorem. The leading P - and T -violating γNN and 4N vertices
emerge from the third and fourth line of Eq. (97), respectively. These results are in agreement
with the findings of [46,53] derived in the Weinberg formulation of SU(2) χEFT.

2.3 Selection of the ground state

If the ChPT action functional is invariant under chiral SU(2)L×SU(2)R transformations, the
SU(2)V subgroup to which SU(2)L×SU(2)R breaks down is not unique. The presence of
terms in the (amended) QCD Lagrangian or equivalently in Lπ which explicitly violate the
SU(2)L×SU(2)R symmetry impose a constraint on the selection of the SU(2)V subgroup such
that it is then in general well defined [28, 88]. The definition of this subgroup also implies
the definition of the ground state of (amended) ChPT around which the effective field theory
is expanded. The ground-state selection for the QCD θ-term and the effective dimension-six
sources within the Weinberg formulation of χEFT has recently been presented in [30,46].

This section provides a thorough derivation of the ground-state-selection procedure and its
impact on the effective Lagrangians in the Gasser-Leutwyler formulation of SU(2) ChPT. This
section is organized as follows: before computing the ground states of (amended) χEFT for all
considered sources of P and T violation, the general selection procedure of the ground state in
standard QCD and standard χEFT in the Gasser-Leutwyler formulation is discussed. The set
of P - and T -violating vertices relevant for our analysis is given by Eq. (9). As the main result
of this subsection, the coupling constants in Eq. (9) are either calculated explicitly or estimated
by the means of NDA and the relative ordering by their absolute values is identified for each
source of P and T violation. By a detailed study, all other vertices which are not displayed in
Eq. (9) prove to yield negligible contributions to the EDMs of light nuclei and are not discussed
in this subsection.

2.3.1 Selection of the ground state in standard QCD and χEFT

The correct SU(2)V subgroup of standard QCD is identified by minimizing the QCD potential

V =

∫

d4x (s0q̄q + s3q̄τ3q − ip0q̄γ5q − ip3q̄γ5τ3q) . (98)

Since explicit chiral-symmetry breaking constitutes at most a small perturbation, the minimum
can be identified by an infinitesimal variation of the quark fields defined by

q 7→ exp(iτ3 δα
3
V + iγ5τ3 δα

3
A)q , (99)

i.e. by the multiplication of q by a diagonal charge-conserving matrix (this corresponds to the
procedure presented for SU(3) χEFT in [89]). This variation yields the ground-state condition

δV = 2

∫

d4x q̄(s0iγ5τ3 + s3iγ5 + p0τ3 + p3)q δα
3
A = 0 . (100)

The quark fields can be redefined by

q 7→ exp(iγ5τ3 β/2)q , (101)

in order to obey the ground-state condition Eq. (100). However, the ground-state condition
is only fulfilled if p3/s0 = p0/s3 holds, which is in general not true. As argued in [30], the
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assumption that the ground state has to be P and T conserving as well as isospin conserving
requires Eq. (100) to be evaluated at

q̄τ3q = q̄iγ5q = q̄iγ5τ3q = 0 , (102)

which reduces the ground-state condition in Eq. (100) to the requirement that the coefficient of
iq̄γ5τ3q in Eq. (98), p3, has to vanish. This condition is fulfilled if the angle β in the transfor-
mation of Eq. (101) applied to the quark fields in Eq. (98) is chosen to be

β = arctan

(
p3
s0

)

. (103)

The ground-state-selection procedure can equivalently be carried out in χEFT. The ground
state is identified by minimizing the leading-order potential in the pion-sector Lagrangian of
χEFT [50] which is given by

V = −
∫

d4x
F 2
π

4
〈χU † + Uχ†〉 (104)

with
χ = 2B(s01+ s3τ3 + ip01+ ip3τ3) , (105)

as usual. The minimum of this functional is identified by a variation of U = u2: since for each
pair g, g′ ∈ SU(2) there is a g̃ ∈ SU(2) such that g′ = g̃g, a variation of the field U(x) ∈ SU(2)
amounts to the left-multiplication by an element G(x) ∈ SU(2):

U(x) 7→ G(x)U(x) = exp(i~τ · ~α(x))U(x) . (106)

The minimization of V leads to

δV = i
F 2
π

4

∫

d4x〈−χU †τi + τiUχ
†〉αi = 0 , (107)

which gives the three ground-state conditions

〈τiUχ† − χU †τi〉 = 0 , i = 1, 2, 3 . (108)

For p0=p3=0, these conditions reduce to the set of equations

i = 1, 2, 3 : s0〈τi(U − U †)〉+ s3〈τ3τiU − τiτ3U
†〉 = 0 ,

⇔ s0〈τi(U − U †)〉+ is3ǫ
3ij〈τj(U + U †)〉 = 0 ,

⇔ s0〈τi(U − U †)〉 = 0 , (109)

which has the unique minimum solution U =1 (up to a phase). The case p0 6= 0 does not alter
the ground state since the corresponding terms in the ground-state conditions of Eq. (108),

−ip0〈τi(U + U †)〉 = 0 , (110)

vanish trivially for i = 1, 2, 3 (there is no term proportional to p0 in L(2)
π of Eq. (24)). The

situation is entirely different for p3 6= 0, which alters the ground-state conditions in Eq. (108) to

i = 1, 2 : s0〈τi(U − U †)〉+ p3ǫ
3ij〈τj(U − U †)〉= 0 , (111)

i = 3 : s0〈τ3(U − U †)〉 − ip3〈U + U †〉 = 0 . (112)
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Equation (111) requires the U matrix to be of the form

U = exp(iτ3β) = cos(β) + iτ3 sin(β) . (113)

The insertion of this expression for U into Eq. (112) yields the familiar ground-state condition
of Eq. (103):

β = arctan

(
p3
s0

)

. (114)

This demonstrates that the U matrix has to be transformed in the presence of a non-vanishing
P -, T -, and isospin-violating source field p3 by an axial rotation A=R=L†=exp(iτ3β/2):

U 7→ AUA . (115)

The ground state itself is then given by U0 = A2 ≈ exp(i τ3 p3/s0).
The ground-state conditions Eq. (112) in the presence of a non-vanishing source field p3 is

obvious due to the following group theoretical argument: as demonstrated in the previous sub-
section and in particular in Appendix A, the source fields transform inversely to their associated
quark bilinears as basis states of the (1/2, 1/2)± irreducible representations of O(4):

(1/2, 1/2)+ : (ip1τ1, ip2τ2, ip3τ3, s0) , (116)

(1/2, 1/2)− : (s1τ1, s2τ2, s3τ3, ip0) . (117)

Any SU(2)L×SU(2)R transformation of the quark fields or the matrix U , therefore, is equivalent
to the inverse SU(2)L×SU(2)R transformation of the source fields:

(1/2, 1/2)+ : (ip1τ1, ip2τ2, ip3τ3, s0) 7→ (ip′1τ1, ip
′
2τ2, ip

′
3τ3, s

′
0) , (118)

(1/2, 1/2)− : (s1τ1, s2τ2, s3τ3, ip0) 7→ (s′1τ1, s
′
2τ

′
2, s

′
3τ3, ip

′
0) . (119)

The axial transformation of the source fields can then be chosen to yield p′3 = 0 and the ground
state is again simply given by U ′

0 = 1. If this axial transformation is undone, the actual
ground state for p3 6= 0 is on the path defined by the one-parameter subgroup exp(iτ3β). The
infinitesimal axial SU(2)L×SU(2)R transformation of the quark bilinears or the U matrix to
remove p3 corresponds the following inverse axial SU(2)L×SU(2)R transformation of the source
fields s0, s3, p0 and p3:

s′0 = s0 + βp3 + · · · = s0 + p23/s0 + · · · , (120)

s′3 = s3 + βp0 + · · · = s3 + p3p0/s0 + · · · , (121)

p′0 = p0 − βs3 + · · · = p0 − p3s3/s0 + · · · , (122)

p′3 = p3 − βs0 + · · · = p3 − p3 + · · · = 0 + · · · . (123)

As a result of the axial transformation, the original terms proportional to p3 are absent from
the QCD Lagrangian and equivalently from the entire effective Lagrangian.

The ground-state-selection procedure ensures the absence of leading-order pion tadpole terms.

However, a further pion tadpole term emerges in the pion sector Lagrangian L(4)
π of Eq. (25),

− l7
16

〈χU † − Uχ†〉2 = · · · − 2l7(2Bp0)(2Bs3)
π3
Fπ

(

1− 2

3

π2

F 2
π

)

+ · · · , (124)
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which can be removed by another axial rotation A′ = exp(iτ3β
′/2), where the angle β′ is given

by β′ = −4Bl7s3p0/(F
2
π s0) + · · · . Pion tadpoles that occur at subleading orders cannot be

rotated away within one specific order, since such a rotation would reintroduce the tadpole
terms previously removed from lower orders, in this case the leading order. The axial rotation
has to be chosen such that no tadpoles occur at all orders up to and including the one from
which the tadpole is to be removed. In the above case, this entails that the axial rotation has

to generate terms in the leading-order pion-sector Lagrangian L(2)
π (Eq. (24)) which cancel the

tadpole term in L(4)
π (Eq. (25)). This procedure may be iterated up to any desired order. Thus,

in an alternative interpretation, the angle β defining the rotation (113) of the ground state can
be understood to admit a chiral expansion of its own.

Before concluding the general discussion about the selection of the ground state, a few further

issues have to be mentioned. L(2)
π in Eq. (104) does not contain the source fields vµj , a

µ
j and v(s),µ,

which do thus not affect the selection of the ground state at this order. In the sole presence of

the electromagnetic field Aµ, all terms apart from the l3 and the l7 term in L(4)
π of Eq. (25) are

invariant under the axial rotation A: the l1 and the l2 term are invariant since [Dµ, A] = 0. The
l4 term vanishes due to

Dµχ = ie[Q, χ] = 0 , (125)

where Q is the SU(2) quark-charge matrix of Eq. (16) and e is the elementary charge. The l5
and the l6 term are invariant under A since

[Rµν , A] = [Lµν , A] = 0 , (126)

and the hi terms are designed to be chiral singlets. Therefore, the presence of the electromagnetic
field Aµ does not affect the selection of the ground state.

The selection of the ground state also ensures parameterization-invariant leading-order terms
in the pion sector. This statement can be illustrated by the following example: let the U matrix
be the one defined in Eq. (57). Eq. (124) then reads

− l7
16

(

χU † − Uχ†
)2

= −2l7(2Bp0)(2Bs3)
π3
Fπ

(

1− 1

2

π2

F 2
π

+ αp
π2

F 2
π

)

+ · · · . (127)

The second axial rotation A′ = exp(iτ3β
′/2) to remove the subleading tadpole term causes a shift

of L(2)
π of Eq. (24) which cancels the pion-tadpole term as well as the parameterization-dependent

component of the 3π vertex in Eq. (127):

F 2
π

4
〈χU † + χ†U〉 → −β′(2Bs0)Fππ3

(

1 + αp
π2

F 2
π

)

+ · · · . (128)

2.3.2 Selection for the θ-term and the hierarchy of coupling constants

We will now focus on the selection of the ground state in the presence of the θ-term. We
start from the expression of the θ-term as a complex phase of the quark-mass matrix given by
Eq. (1). The correct ground state is obtained by subjecting the matrix U to an axial rotation
A=exp(iτ3β/2) with (see Eq. (103))

β = arctan

(
p3
s0

)

=
θ̄

2
ǫ+O(θ̄3) , (129)
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where Eq. (17) and Eq. (56) have been utilized. According to Eq. (122), this implies a simulta-
neous shift of the parameter p0 by

p0 =
θ̄

2
m̄→ p′0 =

θ̄

2
m̄
(
1− ǫ2

)
= θ̄

mumd

mu +md
≡ θ̄m∗ , (130)

where m∗ is the reduced quark mass. The θ-term has thus been rotated into the isospin-
conserving component of the quark-mass matrix [28,30]:

θ̄m∗q̄iγ5q . (131)

This redefinition of the quark fields also alters the generic set of P - and T -violating terms
in the χEFT Lagrangian of Subsection 2.2.2 by setting p0 = θ̄m∗ and p3 = 0 in Eqs. (59)-(65).
Furthermore, the subleading pion-tadpole term in Eq. (124) has to be canceled by a small shift
of the leading-order P - and T -conserving term proportional to s0 in F 2

π 〈χ+〉/4 of Eq. (59) that
is induced by a second axial rotation of the ground state defined by the angle β′ (see Eq. (123)
and by utilizing Eq. (17)):

β′(θ̄) = −4Bl7s3p0
F 2
πs0

+ · · · = −l7(1− ǫ2)ǫ
M2

π

F 2
π

θ̄ +O(θ̄2) . (132)

This shift of F 2
π 〈χ+〉/4 removes the tadpole term and modifies the term proportional to π3π

2 in
−l7〈χ−〉2/16 (see Eq. (60) and Eq. (124)) [20]:

F 2
π

4
〈χ+〉 → −β′(θ̄)(2Bs0)Fππ3

(

1− π2

6F 2
π

)

+ · · · . (133)

The leading contribution to the 3π coupling constant ∆3 in Eq. (9) induced by the θ-term, ∆θ
3,

is obtained by adding the second term on the right-hand side of Eq. (133) to the 3π term in
Eq. (60) [25]:

∆θ
3 =

1

mN

(
β′(θ̄)(2Bs0)

6Fπ
+

4l7(2Bs3)(2Bp0)

3F 3
π

)

+ · · · = (δM2
π)

str(1− ǫ2)

4FπmNǫ
θ̄ + · · · . (134)

The relation [90]

(δM2
π)

str ≃ B

4

(mu−md)
2

ms−(mu+md)/2
≃ ǫ2

4

M4
π

M2
K −M2

π

(135)

yields [25]

∆θ
3 =

ǫ(1− ǫ2)

16FπmN

M4
π

M2
K −M2

π

θ̄ + · · · = (−0.37 ± 0.09) · 10−3 θ̄ , (136)

with the averaged kaon mass MK =494.98 MeV [66]. The prediction for the quark-mass ratio
of [91], mu/md = 0.46 ± 0.03, has been used here to compute ǫ.

The redefinition of the ground state generates new structures in the pion-nucleon Lagrangian

L(2)
πN of Eq. (61) as pointed out in [20,30]:

c1〈χ+〉N †N → −4β′(θ̄)c1M
2
π

π3
Fπ

(

1− π2

6F 2
π

)

N †N + · · · , (137)

c5N
†χ̂+N → −2β′(θ̄)c5ǫM

2
πN

†

(
~π · ~τ
Fπ

− (1−ǫ2)θ̄ τ3
2ǫ

)

N + · · · . (138)
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As stated before, the ellipses denote omitted P - and T -conserving as well as higher-order P - and
T -violating terms. The terms proportional to the LECs c2, c3, c4, c6 and c7 in the pion-nucleon
Lagrangian of Eq. (35) are invariant under the axial rotation A when the electromagnetic field
is the sole external current. The second term on the right-hand side of Eq. (138) is O(θ̄2) and
can be disregarded. The leading contributions to the coupling constant gθ0 are then obtained by
inserting Eq. (130) into Eq. (61) and adding Eq. (138) [20,30]:

c5
(
4Bm∗θ̄ − 2β′(θ̄)ǫM2

π

)
N †~π · ~τ

Fπ
N + · · · . (139)

These terms are proportional to the LEC c5 and thus related to the to the quark-mass-induced
part of the proton–neutron mass difference δmstr

np according to Eq. (37). The first term in
Eq. (139) is the dominating contribution and equals [20,25]

gθ0 =
δmstr

np(1− ǫ2)

4Fπǫ
θ̄ + · · · = (−0.0155 ± 0.0019) θ̄ . (140)

This expression agrees with [30]. The second term in Eq. (139) constitutes a small correction to
gθ0 which is given by [20]

δgθ0 =
δmstr

np (1− ǫ2)

4Fπ ǫ
θ̄
(δM2

π)
str

M2
π

+ · · · = gθ0
(δM2

π)
str

M2
π

, (141)

reproducing the corresponding term in Eq. (113) in [30].
The dominating contribution to gθ1 of Eq. (9) is given by Eq. (137) and equals at leading

order [20,25,30]

gθ1(c1) =
2 c1 (δM

2
π)

str (1− ǫ2)

Fπ ǫ
θ̄ = 8c1mN∆θ

3 + · · · . (142)

Inserting Eq. (135) and Eq. (38) into Eq. (142) yields [20,25]

gθ1(c1) =
c1(1− ǫ2)ǫ

2Fπ

M4
π

M2
K −M2

π

θ̄ + · · · = (0.0028 ± 0.0011) θ̄ , (143)

where the uncertainty is dominated by the one of c1. Eq. (143) exactly agrees with the corre-
sponding expression derived from η–π0 mixing in [92] for a negligible strange-quark content.

In addition to Eq. (137), there is an another independent operator structure that contributes
to gθ1 given by Eq. (62), which has also been emphasized in Ref. [30]:

e40〈χ̂+χ̂+〉N †N = e4016(2Bs3)(2Bp0)
π3
Fπ

(

1− 2π2

3F 2
π

)

N †N + · · · . (144)

We denote this contribution to gθ1 by g
θ
1(e40)

7. Unfortunately, this operator structure in Eq. (144)
contributes to P - and T -conserving observables at such a high order that it cannot be constrained
from a study of, say, πN scattering. The value of e40 has therefore to be estimated differently.
The term in Eq. (144) could have been replaced in Eq. (62) by the term N †〈χ−〉2N , which has
the same P - and T -violating structure but does not explicitly appear in Eq. (62) since it is not
independent of N †〈χ̂+χ̂+〉N . Therefore, the assessment of the contribution of the e40 term to

7This gθ1 contributions is denoted by g̃θ1 in Ref. [25].
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gθ1 can equally be performed by considering N †〈χ−〉2N . The assessment of the size of this term
has been done by resonance saturation in [20], yielding a result for gθ1 of [25]

gθ1 = gθ1(c1) + gθ1(e40) + · · · = (0.0034 ± 0.0015) θ̄ . (145)

In order to summarize our results, we list the numerical results and NDA estimates of leading
tree-level contributions to the coupling constants gθ0 , g

θ
1, ∆

θ
3 and dθ0,1, C

θ
1,2 as defined in Eq. (9),

respectively:

gθ0 =
δmstr

np(1 − ǫ2)

4Fπǫ
θ̄ + · · · = −(0.0155 ± 0.0019) θ̄ , (146)

gθ1 =
2c1(δM

2
π)

str(1− ǫ2)

Fπǫ
θ̄ + gθ1(e40) + · · · = (0.0034 ± 0.0015) θ̄ , (147)

∆θ
3 =

(δM2
π)

str(1− ǫ2)

4FπmNǫ
θ̄ + · · · = −(0.00037 ± 0.00009) θ̄ , (148)

dθ0 = 4e110 eM
2
π(1− ǫ2)θ̄ + · · · = O

(

θ̄e
M2

π

m3
N

)

, (149)

dθ1 = 2e111 eM
2
π(1− ǫ2)θ̄ + · · · = O

(

θ̄e
M2

π

m3
N

)

, (150)

Cθ
1,2 = O

(
gθ0

Fπm
2
N

)

∼ 2 θ̄ · 10−3 fm3 . (151)

Here and in the following the elementary charge e is defined to be negative, e < 0. The NDA
estimates for Cθ

1,2 have been derived in [25] by comparing the Cθ
1,2 vertices to the gθ0-induced two-

pion-exchange diagrams. They are related to the isospin-violating pion production in nucleon-
nucleon collisions [93] and can in principle be deduced from a refined analysis. The above NDA

estimates are in agreement with those in [30,87].

2.3.3 Selection for the qCEDM and the hierarchy of coupling constants

In the presence of effective dimension-six sources, a few differences to the above discussed selec-
tion of the ground state for the θ-term occur which are due to the existence of additional LECs.
Since the numerical values of these LECs are in general unknown, quantitative assessments of
the pion-nucleon coupling constants are now impossible within the framework of χEFT alone.
Until Lattice QCD might be able to provide numerical values for the new LECs, any estimates of
the relevant coupling constants in Eq. (9) induced by the effective dimension-six sources rely on
NDA. As demonstrated in Section 2.2.3, the source fields of the qCEDM are p̃0 6= p0 and p̃3 6= p3.
Due to the existence of new separate isospin multiplets, a simultaneous removal of p3 and p̃3 by
an axial rotation A = exp(iτ3β/2) is impossible and only the leading pion tadpole is removed
from the amended χEFT Lagrangian. Assuming a vanishing θ-term, one has p0 = p3 = 0 and
of course s0 and s3 as in Eq. (17) and s1 = s2 = p1 = p2 = 0.

The minimization of the potential in Eq. (104) with the generalized mass term of Eq. (75) leads
to the ground-state conditions in the presence of the qCEDM, which are obeyed if U0 = exp(iτ3β)
with

β = arctan

(
Cp̃3

Bs0 + Cs̃0

)

=
Cp̃3

Bs0 + Cs̃0
+ · · · . (152)
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A chiral rotation A = exp(iτ3β/2) of the quark fields or equivalently of the matrix U = u2 in
the effective Lagrangian results in corrections of all other terms in the amended QCD and the
amended χEFT Lagrangians. Utilizing Eqs. (120)-(123), χ and χ̃ are shifted by

χ̃ 7→ χ̃′ = 2C
(
s̃01+ s̃3τ3 + i(p̃0 − βs̃3)1+ i(p̃3 − βs̃0)τ3

)
+ · · · , (153)

χ 7→ χ′ = 2B
(
s01+ s3τ3 − iβs31− iβs0τ3) + · · · , (154)

where the ellipses denote terms which are proportional to higher powers of p̃0,3.

The axial rotation A profoundly affects the pion-sector Lagrangian L(4)
π Eq. (76) in the pres-

ence of the qCEDM source fields. Utilizing Eq. (153) and Eq. (154), the next-to-leading-order
pion-tadpole term after this axial rotation reads

L(4)
π =

[
l7(2Bβs3)(2Bs3)− l̃7(2C(p̃0 − βs̃3))(2Cs̃3)

−l′7(2C(p̃0 − βs̃3))(2Bs3) + l′7(2Bβs3)(2Cs̃3)

+l̃3(2Cs̃0)(2C(p̃3 − βs̃0)− l3(2Bs0)(2Bβs0)

+l′3(2C(p̃3 − βs̃0))(2Bs0)− l′3(2Bβs0)(2Cs̃0)
]

×2
π3
Fπ

(

1− 2π2

3F 2
π

)

+ · · · . (155)

Since |s̃0| ≪ |s0| and |s̃3| ≪ |s3|, the tadpole term essentially reduces to

L(4)
π =

[
l7(2Bβs3)(2Bs3)− l′7(2Cp̃0)(2Bs3)

−l3(2Bs0)(2Bβs0) + l′3(2Cp̃3)(2Bs0)
]

×2
π3
Fπ

(

1− 2π2

3F 2
π

)

+ · · · . (156)

This next-to-leading-order tadpole term is removed by subjecting the effective Lagrangian to
another axial rotation A′ = exp(iτ3β

′/2) with

β′ = 4
l7B

2βs23 − l′7BCp̃0s3 − l3B
2βs20 + l′3BCp̃3s0

F 2
π (Bs0 +Cs̃0)

, (157)

which causes a shift of the leading-order mass terms F 2
π 〈χ+〉/4 and F 2

π 〈χ̃+〉/4 in Eq. (75) in
analogy to the θ-term case:

F 2
π

4
(〈χ+〉+ 〈χ̃+〉) → −Fπβ

′[(2Bs0) + (2Cs̃0)]π3

(

1− π2

6F 2
π

)

+ · · · . (158)

This second axial rotation A′ corresponds to a second axial rotation of the source fields in
χ and χ̃:

χ 7→ χ′ = 2B(s01+ s3τ3 − i(β + β′)s31− i(β + β′)s0τ3) + · · · , (159)

χ̃ 7→ χ̃′ = 2C(s̃01+ s̃3τ3 + i(p̃0 − (β + β′)s̃3)1+ i(p̃3 − (β + β′)s̃0)τ3) + · · · . (160)

The coupling constant ∆3 of the P - and T -violating 3π vertex in Eq.(9) is then obtained by
adding the three-pion term on the right-hand side of Eq. (158) to the 3π-term in Eq. (156):

∆3 = −β
′(Bs0 + Cs̃0)

FπmN
+ · · · . (161)
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By inserting Eq. (159) and Eq. (160) into Eq. (77), the leading P - and T -violating πNN coupling
constants g0 and g1 of Eq. (9) are obtained in analogy to the θ-term case (β̂ := β + β′):

g0 =
4c̃5Cp̃0 − 4Bc5s3β̂

Fπ
+ · · · , g1 =

8c̃1Cp̃3 − 8Bc1s0β̂

Fπ
+ · · · . (162)

Similar expression for the coupling constants d0,1 and C0,3
1,2 in Eq. (9) involve further new LECs

(corresponding to e.g. e110 and e111 in Eq. (63) and to C5-C8 in Eq. (65)) which are not discussed
here since they are not required for NDA estimates.

All coupling constants of Eq. (9) induced by the qCEDM are proportional to the quark mass as
in the case of the θ-term since the qCEDM emerges from a coupling to the Higgs field at higher
energies [46, 47]. Since the qCEDM has an isospin-conserving as well as an isospin-violating
component, the only difference to the hierarchy of coupling constants for the θ-term is that g0
and g1 are now induced at the same order and are thus expected to be numerically comparable.
The same is true for the three pairs of coupling constants d0,1, C1,2 and C3,4, respectively. Since
the P - and T -violating 3π vertex arises from an additional insertion of the quark mass (i.e. and
additional insertion of the building block χ±), the coupling constant ∆3 is suppressed by a factor
of M2

π/m
2
N with respect to g0 and g1. The NDA estimates of the leading tree-level contributions

to the coupling constants in Eq. (9) are then given by

g0 = g1 = O
(

cg
M2

π

FπmN

)

, ∆3 = O
(

cg
M4

π

Fπm3
N

)

,

d0 = d1 = O
(

cg e
M2

π

m3
N

)

, C1,2 = O
(

cg
M2

π

F 2
πm

3
N

)

, C3,4 = O
(

cg
M2

π

F 2
πm

3
N

)

, (163)

where cg is a generic dimensionless constant parametrizing BSM physics. It is suppressed by
the scale Λhad & 1 GeV over the mass scale characteristic for BSM physics. The NDA estimates
are in agreement with those in [46,53].

2.3.4 Selection for the FQLR-term and the hierarchy of coupling constants

In the case of the FQLR-term, the only non-vanishing P - and T -violating source field is the one
given by Eq. (79), i.e. p0 = p3 = 0 and r3 6= 0. The most convenient form of the leading-order
ChPT potential V is obtained by utilizing Eq. (82) and Eq. (85):

V = −
∫

d4x

(
F 2
π

4
〈2B(s01+ s3τ3)

†U〉+ F 2
π

4
〈2B(s01+ s3τ3)U

†〉

+(2Dqij)〈UτiU †τj + U †τiUτj〉+ (2Dr3)ǫ
3lm〈τlUτmU †〉

)

. (164)

By employing the variation of U ,

U(x) 7→ G(x)U(x) = exp(i~τ · ~α(x))U(x) , (165)

with α1 = α2 = 0 and α3 6= 0, the ground-state condition for a non-vanishing FQLR-term is
obtained (neglecting terms proportional to |2Dqij | ≪ |2Bs0|, |2Bs3|):

iF 2
πBs0
2

〈τ3U − τ3U
†〉+ 4Dr3〈τ1Uτ1U † + τ2Uτ2U

†〉 = 0 . (166)
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This ground-state condition requires the ground state to be U0 = A2 = exp(iτ3β) with

β =
8(2Dr3)

(2Bs0)F 2
π

+ · · · . (167)

The numerator as well as the denominator contain only leading-order terms, and the correspond-
ing rotation will generate leading-order contributions to the relevant coupling constants. This
is not true for the shift in the angle β when the fourth-order pion-sector Lagrangian is taken
into account. The higher-order tadpole term Eq. (91) is removed by a second axial rotation
A′ = exp(iτ3β

′) with β′ defined by

β′ =
4l4qLRDr3

F 2
π

+ · · · . (168)

The matrix U in the amended χEFT Lagrangian has therefore to be subjected to an axial
rotation A′A = exp(iτ3β̂/2) with β̂=β+β′ in order to adjust the amended χEFT Lagrangian
to the altered ground state.

The leading-order contribution to the coupling constant of the P - and T -violating 3π vertex
in Eq. (9), ∆3, is given by the sum of the 3π term in Eq. (90) and the shift of F 2

π 〈χ+〉/4 caused
by the axial rotation A:

∆3 =
−32Dr3 +Bs0βF

2
π

3F 3
πmN

+ · · · = − 8Dr3
F 3
πmN

+ · · · . (169)

The shift from other P - and T -conserving terms proportional to |2Dqij| ≪ |2Bs0| are heavily
suppressed and have been neglected here. The second axial rotation A′ generates further con-
tributions to ∆3, which are two orders suppressed with respect to the one displayed in Eq. (91)
due to the smallness of β′. The axial rotations also generate further P - and T -violating terms

in the pion-nucleon Lagrangian L(2)
πN from P - and T -conserving terms proportional to the LECs

c1 and c5:

c1〈χ+〉N †N → −4β̂c1M
2
π

π3
Fπ

(

1− π2

6F 2
π

)

N †N + · · · , (170)

c5N
†χ̂+N → −2β̂c5ǫM

2
π

Fπ
N †~π · ~τN + · · · . (171)

The term on the right-hand side of Eq. (170) constitutes a correction to the dominating contri-
bution to the coupling constant g1 of the P - and T -violating π3NN vertex in Eq. (93), and the
term on the right-hand side of Eq. (171) is the leading contribution to the coupling constant g0:

g1 =
(16c4qLRDr3 − 4β̂c1M

2
π)

Fπ
+ · · · , g0 = −2β̂c5ǫM

2
π

Fπ
+ · · · . (172)

The dominating contributions to g1 is generated by the first axial rotation. When inserting β of
Eq. (167) for β̂ in Eq. (172), this contribution turns out to be enhanced by a factor of roughly
8, such that the contributions proportional to c4qlr can be disregarded. The coupling constants
g0,1 at leading order then equal [25,46]

g1 = 8c1mN∆3 = (−7.5 ± 2.3)∆3 , g0 = δmstr
npmN∆3/M

2
π = (0.12 ± 0.02)∆3 . (173)
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Disregarded contributions are accounted for by the uncertainties of g0 and g1 along the lines of
NDA.

Therefore, the following hierarchy of (leading tree-level contributions to the) coupling con-
stants emerges for the FQLR-term [25,46]:

−g1 ∼
mN

Mπ
∆3 > ∆3 > g0 ∼

Mπ

mN
∆3 , |C1,2| ∼

|g0|
Fπm

2
N

< |C3,4| ∼
|g1|

Fπm
2
N

, |d0,1| ∼
eFπ

m2
N

∆3 .

(174)
The γNN coupling constants are generated by insertions of η− and fµν+ . C3,4 vertices are

obtained by insertions of the building block η−, whereas the coupling constants C1,2 are generated
by the first axial rotation A in the same manner as the coupling constant g0.

2.3.5 Selection for the qEDM and the hierarchies of coupling constants

The selection of the correct ground states for the qEDM is performed in analogy to those of the
previously considered sources of P and T violation. The effects of the ground-state-selection
procedure on the coupling constants of leading P - and T -violating vertices induced by the qEDM
are twofold: the already heavily suppressed coupling constants of vertices without photon fields
(by a loop factor of αem/(4π)) receive corrections of the same order. The analog is true for the
leading γNN coupling constants d0,1. Since the qEDM has both an isospin-conserving and an
isospin-violating component, the effect of the ground state selection procedure is predominantly
a mixing of the coupling constants of isospin-conserving vertices and of their isospin-violating
counterparts. On the basis of NDA, the hierarchy among coupling constants of the leading P -
and T -violating vertices is then the following: d0 and d1 are the leading coupling constants. g0,
g1, ∆3 and the 4N coupling constants C1,2,3,4 are suppressed by at least a factor of αem/(4π)
with respect to d0,1. Since the qEDM arises from a coupling to the Higgs field at higher energies,
the NDA estimates of all coupling constants of vertices induced by the qEDM also include a
factor of M2

π/m
2
N . These findings are in agreement with the ones in [46].

2.3.6 Selection for the 4q-term and gCEDM and the hierarchies of couplings

Again in analogy to the previously considered cases of P and T violation, the adjustment to
the altered ground state in the presence of the chiral singlet sources, gCEDM and the 4q-term,
removes the leading pion-tadpole term and the leading 3π vertex and also causes a mixing
of terms of equal order. The C1,2 and d0,1 coupling constants dominate, while the coupling
constants of vertices involving pions, g0, g1 and ∆3, are suppressed by a factor M2

π/m
2
N as they

are protected by Goldstone’s theorem. The NDA estimates of the coupling constants of isospin-
violating vertices C3,4, g1 and ∆3 contain an additional factor of ǫ. Also these findings are in
agreement with the ones in [46].

2.4 Intermediate summary and discussion

In this section, we presented a scheme to derive the effective low-energy Lagrangians induced
by arbitrary quark multilinears within the Gasser-Leutwyler formulation of χEFT explicitly for
the considered sources of P and T violation. While Subsection 2.1 contained a brief overview
of aspects of standard χEFT required for our analysis, Subsection 2.2 was concerned with the
derivation of the leading chiral interactions induced by the QCD θ-term, FQLR-term, qCEDM,
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qEDM, gCEDM and 4q-term (as well as their P - and T -conserving isospin-multiplet partners).
Whereas the QCD θ-term allows for a treatment entirely within standard χEFT, the effective
dimension-six sources induce independent effective terms and require an amendment of standard
χEFT.

Furthermore, the presence of additional terms which break chiral-symmetry alters the ground
state of (amended) QCD and of (amended) χEFT, i.e. the SU(2)V subgroup to which the chiral
SU(2)L×SU(2)R symmetry breaks down. The effective Lagrangians have to be adjusted to the
altered ground states for each source of P and T violation separately. These shifts of the generic
(amended) χEFT Lagrangians were elaborated in Subsection 2.3. We briefly summarize the final
results for the coupling constants of the leading P - and T -violating operators defined in Eq. (9)
that are relevant for one important application of our findings, the computation of single-nucleon
and light-nuclei EDMs as presented in [25]. The leading hadronic coupling constants induced
by the QCD θ-term and the FQLR-term are expressible as functions of only one respective
parameter. These functions for the θ-term case are given by Eqs. (146)-(148) and Eq. (151),

∆θ
3 = (−0.37 ± 0.09) · 10−3 · θ̄ , gθ0 = (−15.5 ± 1.9) · 10−3 · θ̄ ,
gθ1 = (3.4 ± 1.5) · 10−3 · θ̄ , |Cθ

1,2| ∼ 2 · 10−3 fm3 · θ̄ , (175)

and for the FQLR-term case by Eq. (172),

g0 = (0.12 ± 0.02) ·∆3 , g1 = (−7.5± 2.3) ·∆3 , |C3,4| ∼ 1 fm3 ·∆3 . (176)

In the θ-term case, the uncertainty of ∆θ
3 is driven by the one of the quark-mass-induced pion-

mass splitting (δM2
π)

str. While gθ1 also depends on (δM2
π)

str, its uncertainty has to be largely
attributed to the ones of current estimates of the LEC c1 as well as to the unknown LEC e40
in the standard pion-nucleon Lagrangian [52]. Even refined knowledge of c1 would thus not
significantly decrease the uncertainty of gθ1 . The already relatively small uncertainty of gθ0 has
two sources, the error estimates of the current predictions of the neutron-proton mass difference,
δmstr

np , and ǫ = (mu −md)/(mu +md). The error estimates of the predictions of c1, δm
str
np and ǫ

also determine the uncertainties of g0 and g1 in the same manner in the case of the FQLR-term.
The coupling constants of leading hadronic operators induced by the other effective dimension-

six sources, however, depend on several new and quantitatively unknown LECs which only
Lattice QCD might be able to accurately compute. Eq. (9) encompasses the complete set of
hadronic interaction that are relevant to the EDM computation in Section 3 for each of the
P - and T -violating dimension-four and dimension-six quark terms. However, the hierarchies of
coupling constants is in general different for each of these sources of P and T violation. The
final results of our independent derivation of the induced hadronic interactions are consistent
with those derived earlier within the Weinberg formulation of χEFT [30,46,53].

In more general terms, this section provides a general and systematic investigation of new,
independent quark multilinears and their induced hadronic operators, which can be easily ex-
tended to further quark multilinears not discussed here. The chiral structures (i.e. effective
terms module their LECs and source fields) induced by arbitrary non-chiral-singlet quark multi-
linears are in principle already encountered in the standard χEFT Lagrangians. The reason for
this is that each quark multilinear transforms in general as the sum of basis states of irreducible
isospin O(4) representations. Quark multilinears of higher mass dimensions transform as basis
states of irreducible representations that are contained in the symmetric tensor products of lower-
dimension irreducible representations. The chiral structures in the standard χEFT Lagrangians
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reflect the transformation properties of the standard quark multilinears, which transform as the
basis states of all lowest-dimensional irreducible O(4) representations. The higher-order terms
in the standard χEFT Lagrangians constitute tensor products of these lowest-dimension irre-
ducible representations. Hence χEFT already contains all chiral structures that transform as
basis states of higher-dimensional irreducible O(4) representations. The terms in the amended
χEFT Lagrangians induced by arbitrary non-chiral-singlet effective quark multilinears can thus
be obtained from the standard χEFT Lagrangians by an appropriate replacement of LECs and
the chiral source fields defined in Eq. (11) as explained in this section explicitly for the sources
of P and T violation in Eqs. (1)-(8). The new LECs and source fields are in general independent
of the conventional ones. This entails that the orders at which particular chiral structures occur
are in general different for each effective quark multilinear, e.g. of lower order in the FQLR-
term case, increasing the relevance of higher-order Lagrangian terms in standard χEFT. The
procedure to obtain the amended χEFT Lagrangians induced by effective chiral-singlet quark
multilinears involves one additional step, the replacement of one P - and T -conserving structure
in a duplicated term by its P - and T -violating counterpart. Therefore, the significance of the
work in [30,49–52] is, in general, well beyond standard QCD and standard χEFT.

3 The EDMs of the deuteron, helion and triton

The isoscalar and isovector single-nucleon EDMs, i.e. d0 and d1 in Eq. (9), receive leading
tree-level as well as one-loop contributions for most sources of P and T violation [53, 94–97].
Eq. (63) and its counterparts for the effective dimension-six sources contain these leading tree-
level contributions. Since the LECs of the terms in Eq. (63) are quantitatively unknown even in
the case of the QCD θ-term, the single-nucleon EDMs can not be computed within the framework
of χEFT alone. Supplementary input from e.g. Lattice QCD is required to numerically assess
these LECs [96, 98]. However, the loop contributions induced by the pion-nucleon vertices in
Eq. (9) determine the momentum dependence of the P - and T -violating photon-nucleon form
factors [53, 95] (except for the qEDM), such that some of the coefficients of these vertices can
be extracted from higher-order electromagnetic moments.

Especially tree-level nuclear few-body contributions might dominate the EDMs of light nuclei,
as pointed out in [99], which indicates that χEFT computations of the EDMs of these systems
become feasible for some sources of P and T violation.

The focus of this section is to explain the technique that underlies our computation of the
EDM contributions of the deuteron, helion and triton. The results of this computation up-to
and including next-to-leading order (NLO) have already been presented in [25], in which the
nuclear power-counting scheme of [20, 26, 100] was employed. The structure of this section is
the following: the set of P - and T -violating operators relevant up to NLO as listed in [25] is
briefly discussed. The scattering equations in the two-nucleon case (Faddeev equations in the
three-nucleon case) that have to be solved in order to obtain the EDM contributions are derived
subsequently. The results of our computation shown in [25] – which utilize our findings of
sections 2.2 and 2.3 – are briefly summarized afterwards.

3.1 The P - and T -violating form factor

The EDMs of the deuteron, helion and triton, denoted by dA with A=2H, 3He, 3H, are extracted
from their respective P - and T -violating photon-nucleus form factors FA

3 . In the Breit-frame,
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the out-going four-momentum of the photon can be chosen to equal qµ = (0, 0, 0, q). The form
factors FA

3 then depend only on the z-component q, and the EDM of the nucleus A is defined
by

dA = lim
q2→0

FA
3 (q2)

2mA
, −iqF

A
3 (q2)

2mA
= 〈ψA;J, Jz = J, P ′|J̃0

/P /T (q)|ψA;J, Jz = J, P 〉 . (177)

Here mA is the mass of the considered nucleus and J̃µ
/P /T

(q) is the total P - and T -violating
transition current. J denotes the total angular momentum of the nucleus and Jz its z-component.
The total incoming (outgoing) momentum P (P ′) of the nucleus in the Breit-frame is given by
P =(0, ~q/2) (P ′ = (0,−~q/2)).

A two-nucleon (NN) or three-nucleon (3N) operator is called irreducible if one of the following
two criteria holds [84]: (i) either it does not admit a decomposition into a product of operators
containing the free P - and T -conserving NN or 3N propagator G0 or (ii) the moduli of all energy
denominators of the free NN or 3N propagators, as determined in time-dependent perturbation
theory for cases where (i) fails, are of the orderMπ or larger.8 Since the full P - and T -conserving
NN or 3N propagator G can be written as a series in which each term contains at least one
factor of G0, any product of operators involving G is also reducible by default. Let Jµ

PT and Jµ
/P /T

denote the irreducible P - and T -conserving and P - and T -violating NN or 3N transition-current
operators, respectively. The total P - and T -violating transition-current operator – which is a
sum of reducible and irreducible operators – can be written as

J̃µ
/P /T

= Jµ
/P /T

+ V/P /T GJ
µ
PT + Jµ

PT GV/P /T + · · · . (178)

Here V/P /T is the irreducible NN or 3N P - and T -violating potential operator and the ellipses
denote terms with more than one irreducible P - and T -violating operator. Since P and T
violation constitutes a small perturbative effect, only products with one power of V/P /T need to
be considered.

The nucleons in a nucleus A can be labelled by an index i = 1, 2(, 3). An operator acting
on one, two or three particular nucleons can be assigned one, two or three indices, respectively.
There are only a few irreducible P - and T -violating operators relevant for this work. The
irreducible transition-current operators up to NLO are given by [25,59]

Jµ
PT = −

N∑

i=1

e

2

(

1(i) + τ3(i)

)

vµ + · · · , Jµ
/P /T

= −
N∑

i=1

i
(

d01(i) + d1τ
3
(i)

)

~σ(i) · ~q vµ + · · · , (179)

where e < 0 is the elementary charge as in Appendix A of Ref. [59], N = 1, 2, 3 is the number
of nucleons in a nucleus A and the ellipses stand for higher-order operators in the nuclear power
counting. As explained in [20,21], other irreducible P - and T -conserving and P - and T -violating
transition-current operators only contribute at orders beyond NLO.

Let V NN
/P /T ,ij

denote the completely symmetrized irreducible P - and T -violating NN potential

operator in the (sub)system of nucleons i and j, i < j, while V 3N
/P /T

is the completely symmetrized

8In fact, the EDM contributions resulting from operators according to the irreducibility criterion (ii) are chirally

suppressed by at least two orders [25], because loop diagrams are necessarily involved — cf. Eq.(̇39). Moreover,
in the deuteron case these EDM contributions either cancel against their counter parts involving crossed NN

terms or contribute only at next-to-next-to-next-to-leading order (N3
LO) [20].
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(a)

VP/T/ = + + +

(c) (d)(b)

Figure 1: Contributions to the irreducible P - and T -violating potential operator V/P /T . Only
one representative for each diagram class is shown. Continuous lines denote nucleons, while
dashed lines stand for pions. A P - and T -violating vertex is depicted by a black box. A P - and
T -conserving vertex is pictured as a black dot. Only the irreducible NN potential operators
(a), (b) and (c) are relevant for the computation of the deuteron EDM.

irreducible P - and T -violating 3N potential operator. The irreducible P - and T -violating po-
tential operators in the NN and 3N systems are given by

NN system : V/P /T =

N=2∑

i,j=1, i<j

V NN
/P /T,ij = V NN

/P /T ,12 , 3N system : V/P /T =

N=3∑

i,j=1, i<j

V NN
/P /T ,ij + V 3N

/P /T .

(180)
The leading contributions to V NN

/P /T ,ij
and V 3N

/P /T
induced by vertices in Eq. (9) are the one-pion-

exchange diagram depicted in Fig. 1 (a), the P - and T -violating contact interaction pictured in
Fig. 1 (c) and the diagram involving the P - and T -violating 3π exchange shown in Fig. 1 (d),
respectively. As pointed out in [46], the g1 πNN vertex is corrected by the π-enhanced triangular
one-loop diagram depicted in Fig. 1(b). This correction is denoted by ∆3 fg1(|~k|), where the
function fg1 is defined by [25,46]

fg1(|~k|) ≡ −15
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g2AMπmN

πF 2
π

[

1 +

(

1 + 2~k 2/(4M2
π)

3|~k |/(2Mπ)
arctan

(

|~k |
2Mπ

)

− 1

3

)]

. (181)

If the nucleon of the P - and T -violating πNN vertex is labelled by the index i, the vector
~ki = ~pi − ~p ′

i is the difference of the incoming momentum ~pi and outgoing momentum ~p ′
i of the

nucleon.
Utilizing the definitions ~σ±(ij) := ~σ(i) ± ~σ(j) and τ±(ij) := τ3(i) ± τ3(j) with i 6= j, the operators

V NN
/P /T,ij

and V 3N
/P /T

read [25]:

V NN
/P /T ,ij(

~ki) = i
gA
2Fπ

~ki
~k 2
i +M2

π

· g0 ~σ−(ij)~τ(i) · ~τ(j)

+ i
gA
4Fπ

~ki
~k 2
i +M2

π

·
[

g1 +∆3 fg1(|~ki|)
]

(~σ+(ij)τ
−
(ij) + ~σ−(ij)τ

+
(ij))

+
i

2

β2M2
π
~ki

~k 2
i + β2M2

π

·
[

C1 ~σ
−
(ij) + C2 ~σ

−
(ij)~τ(i) · ~τ(j)

]

+ · · · , (182)
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and [25,46]

V 3N
/P /T (~k1, ~k2) = −i∆3mNgA

4F 3
π

(δabδc3 + δacδb3 + δbcδa3) τa(1)τ
b
(2)τ

c
(3)

×
(~σ(1) · ~k1)(~σ(2) · ~k2)(~σ(3) · ~k3)

[~k 2
1 +M2

π ][
~k 2
2 +M2

π ][
~k 2
3 +M2

π ]
+ · · · . (183)

The β-dependent term in Eq. (182) is a cutoff function introduced during the numerical com-
putation. This cutoff is subsequently removed by taking the limit β → ∞.9 It only serves
as a tool to compare our EDM results based on χEFT potentials with those obtained from P -
and T -conserving phenomenological potentials. The ellipses again denote higher-order operators
such as two-pion-exchange diagrams, which contribute at orders that higher than those taken
into consideration here (see [20,21] for details).

3.2 Derivation of scattering and Faddeev equations

Let |ψA〉 denote the state of a considered nucleus A and J̃µ
/P /T

(q) denote the reducible complete

P - and T -violating transition-current operator of Eq. (178). The matrix element to compute the
photon-nucleus form factor FA

3 (q2) of a nucleus A is given by

〈ψA|J̃µ
/P /T

|ψA〉 = 〈ψA|(Jµ
/P /T

+ V/P /T GJ
µ
PT + Jµ

PT GV/P /T + · · · )|ψA〉 . (184)

The first matrix element on the right-hand side of Eq. (184) is straightforward to calculate. In
order to compute the second and the third matrix element, consider the P - and T -conserving
irreducible transition current Jµ

PT (q) acting on the nucleus state |ψA〉. Jµ
PT (q)|ψA〉 constitutes

the initial ket state of particles here, i.e. the starting seed in the iteration procedure to be
described below.

The full P - and T -conserving propagator G can be rewritten for the NN system in terms of
the NN T-matrix t as G = G0 +G0 tG0 with G0 = (E −H0 + iǫ)−1. The second term on the
right-hand side of eq (184) then becomes for the deuteron case

〈ψ2H|V/P /T GJ
µ
PT (q)|ψ2H〉 = 〈ψ2H|

(
V/P /T G0 J

µ
PT (q) + V/P /T G0 tG0 J

µ
PT (q)

)
|ψ2H〉 . (185)

The third matrix element on the right-hand side of Eq. (184) yields an identical contribution to
the form factor FA

3 .
The computation of the second matrix element in Eq. (184) for the 3N system of the helion

(and analogously for the triton) is more intricate and leads to Faddeev equations. Let V denote
the irreducible P - and T -conserving potential operator. Inserting the resolvent identity for G,
i.e.

G = G0 +G0 V G , (186)

into the second matrix element on the right-hand side of Eq. (184) yields

〈ψ3He|V/P /T GJ
µ
PT (q)|ψ3He〉 = 〈ψ3He|

(
V/P /TG0 + V/P /T G0 V G

)
Jµ
PT (q)|ψ3He〉 . (187)

The irreducible P - and T -conserving potential V for the 3N system comprises NN and 3N
interactions. Let V ij

2N denote the completely symmetrized P - and T -conserving NN -interaction

9Details of the analysis of the short-range EDM contributions are given in [25]. The results that will be
presented below have been computed for β = 49.
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of nucleons i and j for i, j = 1, 2, 3 and i < j. The 3N interaction of nucleons can be decomposed
into three parts with each of them being symmetric under an exchange of two nucleons,

V = V 12
2N + V

(3)
3N + V 23

2N + V
(1)
3N + V 13

2N + V
(2)
3N . (188)

The 3N potential operators V
(i)
3N are defined by

P23 V
(1)
3N P23 = V

(1)
3N , P13 V

(2)
3N P13 = V

(2)
3N , P12 V

(3)
3N P12 = V

(3)
3N . (189)

The nucleon transposition operator Pij with i 6= j transposes nucleon i and nucleon j in the

3N system. The potential V can then be re-expressed solely in terms of V
(12)
2N , V

(3)
3N and these

transposition operators:

V = V 12
2N + V

(3)
3N + P12P23 (V

12
2N + V

(3)
3N )P23P12 + P13P23 (V

12
2N + V

(3)
3N )P23P13 . (190)

The permutation operators commute with the full 3N propagator G and do not alter the
initial ket state Jµ

PT (q)|ψ3He〉:

P23P12GJ
µ
PT (q)|ψ3He〉 = P23P13GJ

µ
PT (q)|ψ3He〉 = GJµ

PT (q)|ψ3He〉 . (191)

By inserting Eq. (190) into Eq. (187), the second term on the right-hand side becomes (modulo
V/P /TG0)

V GJµ
PT (q)|ψ3H〉 = (1+ P12P23 + P13P23)(V

12
2N + V

(3)
3N )GJµ

PT (q)|ψ3He〉
≡ (1+ P )(V 12

2N + V
(3)
3N )GJµ

PT (q)|ψ3He〉 , (192)

where P is defined by P = P12P23 + P13P23, such that 1+ P is the nucleon anti-symmetrization
operator. This allows us to define the Faddeev component |U (3)〉 by

V GJµ
PT (q) |ψ3He〉 ≡ (1+ P ) |U (3)〉 . (193)

A concise introduction into Faddeev equations can be found in [101]. The Faddeev component
|U (3)〉 obeys the equation

|U (3)〉 = (V 12
2N + V

(3)
3N )GJµ

PT (q)|ψ3He〉
= (V 12

2N + V
(3)
3N )G0J

µ
PT (q)|ψ3He〉

+(V 12
2N + V

(3)
3N )G0(1+ P )(V 12

2N + V
(3)
3N )GJµ

PT (q)|ψ3He〉
= (V 12

2N + V
(3)
3N )G0J

µ
PT (q)|ψ3He〉+ (V 12

2N + V
(3)
3N )G0(1+ P )|U (3)〉 , (194)

where the resolvent identity Eq. (186) has been utilized. However, this equation does not have
a compact kernel. Since the term V 12

2NG0|U (3)〉 contains a δ-function for nucleon (3), the kernel
is not fully connected even after a finite number of iterations. The troubling term V 12

2NG0|U (3)〉
can be re-summed independently by the application of an appropriately chosen operator to this
equation. We therefore write

(1− V 12
2NG0)|U (3)〉 = (V 12

2N + V
(3)
3N )G0J

µ
PT (q)|ψ3He〉+ V 12

2NG0P |U (3)〉
+V

(3)
3N G0(1+ P )|U (3)〉 , (195)
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and exploit the identity
(1+ t12G0)(1− V 12

2NG0) = 1 . (196)

The operator t12 is the T-matrix in the subsystem of the nucleons labelled by 1 and 2. With
the help of a multiplication of Eq. (195) by (1+ t12G0), the Faddeev component |U (3)〉 is found
to obey

|U (3)〉 = t12G0J
µ
PT (q)|ψ3He〉+ (1+ t12G0)V

(3)
3N G0J

µ
PT (q)|ψ3He〉

+t12G0P |U (3)〉+ (1 + t12G0)V
(3)
3N G0(1+ P )|U (3)〉 , (197)

which has a connected kernel upon iteration and, therefore, has a well-defined solution. This
Faddeev equation has to be solved for the binding energy of the helion (and triton) but for
negative parity states. This implies that singularities do not have to be considered here.

3.3 Results of the numerical EDM computation

The computation of the EDMs of the deuteron, helion and triton with phenomenological P -
and T -conserving wave functions have been performed by various groups over the past years
[20, 21, 92, 99, 102–106]. However, the application of phenomenological potentials does not lead
to results with well-defined uncertainties. Our EDM computations for light nuclei are the first
complete and consistent computations within χEFT. This treatment enabled us to provide EDM
results with well-defined uncertainties [25].

The EDMs of the deuteron, helion and triton have been computed in [25] by using the
next-to-next-to-leading-order (N2LO) χEFT potentials of [107–109] for the P - and T -conserving
component of the nuclear potential. As explained in detail in [107–109], the regularization of
the P - and T -conserving χEFT potential requires two kinds of cutoffs: (i) for loop contributions
to the potential, e.g. the two-pion exchange NN potential, the Spectral Function Regularization

scheme is employed with a cutoff ΛSFR to render the expressions finite. (ii) Divergences of the
Lippmann-Schwinger equation are removed by the application of an additional cutoff function
parametrized by ΛLS, see [107–109] for details. The five cutoff combinations usually chosen are
given by [25,107–109]

(ΛLS,ΛSFR) =
{

(0.45, 0.5); (0.6, 0.5); (0.55, 0.6); (0.45, 0.7); (0.6, 0.7)
}

GeV . (198)

The application of χEFT to nuclear systems in the P - and T -conserving sector necessar-
ily requires a non-perturbative approach. For the calculations here, we used a perturbatively
constructed chiral potential and employ it non-perturbatively as originally suggested by Wein-
berg [110]. Since the iteration of such interactions introduces new divergences that cannot be
absorbed by the counter terms available [111], there has been a vivid discussion on the correct
application of χEFT to nuclear systems [112–114]. Valderrama showed that the problem can
be solved by adding counter terms to the leading order and treating higher-order corrections
perturbatively [115, 116]. Numerically, however, the results obtained in this way are similar as
long as cutoffs less than approximately 0.5GeV are used for the chiral potentials. Furthermore,
a non-perturbative treatment of all orders is technically much simpler. Therefore, we followed
here the traditional non-perturbative approach which necessarily constrains the range of cutoffs
used in the calculations. However, within this range of cutoffs, several LECs of the P - and
T -conserving N2LO chiral potential change sign. Therefore, we are confident that the variation
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is large enough for reliable uncertainty estimates of the P - and T -violating contributions. Alter-
natively, error estimates could also be performed by comparing results of different orders of the
expansion [117] or adding higher-order contributions that are only constrained by naturalness
of the LECs to account for theoretical uncertainties [118]. This goes beyond the scope of this
work, but using these ideas will be interesting in future to confirm the estimates obtained here.

In the P - and T -violating sector, the expansion is strictly perturbative and we do not have to
deal with similar issues. Nevertheless, a careful analysis is required to estimate the sizes of short-
range contributions. It has recently been found that naive dimensional analysis of perturbative
short-range contributions to transition-current operators is not sufficient for a reliable estimate
of their contributions [119]. It was shown there that the short-distance behavior of the nuclear
wave functions will be different to the one of plane-wave states which in some cases lead to an
enhancement. Below we will report explicit calculations for these short-range terms showing
that their contribution can be quite model- and cutoff-dependent. The explicit calculation will
allows us to avoid a naive dimensional analysis and to obtain a more reliable assessment of these
contributions. We will argue that estimates based on some of the phenomenological models
severely underestimate the contribution of short-range operators since they lead to strongly
suppressed wave functions at short distances (see Appendix of [25]). As emphasized above, we
are confident that the chiral potentials, even for the limited range of cutoffs, allow for reliable
estimates of these contributions.

The results of our numerical computation have been presented and discussed in [25]. Each
contribution obtained by employing the P - and T -conserving N2LO χEFT potential is chosen
as the center value of the interval defined by the results for the five cutoff combinations. The
uncertainty, to which we refer as the nuclear uncertainty, is given by one half of the width of the
interval.10 The EDMs of the deuteron, helion and triton as functions of the coefficients defined
in Eq. (9) up to and including NLO equal [25] (e < 0)

d2H = (0.939 ± 0.009)(dn + dp)−
[
(0.183 ± 0.017) g1 − (0.748 ± 0.138)∆3

]
e fm , (199)

d3He = (0.90 ± 0.01) dn − (0.03 ± 0.01) dp

+
{
(0.017 ± 0.006)∆3 − (0.11 ± 0.01) g0 − (0.14 ± 0.02) g1 + (0.61 ± 0.14)∆3

+ [(0.04 ± 0.02)C1 − (0.09 ± 0.02)C2]× fm−3
}
e fm , (200)

d3H = −(0.03 ± 0.01) dn + (0.92 ± 0.01) dp

+
{
(0.017 ± 0.006)∆3 + (0.11 ± 0.01) g0 − (0.14 ± 0.02) g1 + (0.60 ± 0.14)∆3

− [(0.04 ± 0.02)C1 − (0.09 ± 0.02)C2]× fm−3
}
e fm , (201)

where dn,p = (d0 ∓ d1)/2 are the complete neutron/proton EDMs, respectively.11 The potential
operators in Eq. (182) proportional to g0 and C1,2 vanish in the deuteron case due to isospin selec-
tion rules [102]. It should be stressed that Eqs. (199)-(201) are the results of a model-independent
computation. While the predictions involving the coefficient ∆3 are novel and the C1,2 contribu-
tions exceed the ones based on phenomenological P - and T -conserving potentials by more than
roughly one order in magnitude, the single-nucleon and g0,1-induced contributions are largely
consistent with those in [20,21,92,99,102–106] based on phenomenological P - and T -conserving

10Based on the new series of chiral nucleon-nucleon interactions recently published in [117], it will be interesting
to obtain in future more accurate EDM predictions for the different chiral orders considered in [117].

11Note the altered weight factor (including nuclear uncertainty) of the total single-nucleon contribution to the
deuteron EDM as compared to the one of Ref. [25]. In fact, the deviation of this weight factor from unity,
resulting from the subtraction of the small D-wave contribution of the deuteron, was first observed in Ref. [120].
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potentials. The contributions induced by the C1,2 vertices are highly model-dependent. The
differences between the C1,2 contributions in Eqs. (200)-(201) and the corresponding ones from
phenomenological potentials can be attributed to an artificially enhanced short-range repulsion
in some of the latter cases, as mentioned in [25]. However, whereas our results for the g0,1 con-
tributions to the helion and triton EDMs are in agreement with those of [106], they are a factor
of two smaller than those in [21,103]. The reason for this discrepancy is currently unknown.

For completeness we also present our results for the leading EDM contributions induced by
the C3 and C4 vertices in Eq. (9) and the isospin-two vertex

g2N
† (3τ3π3 − ~π · ~τ)N . (202)

The leading NN operator induced by the g2 vertex is the iso-tensor component of one-pion-
exchange potential, while those induced by the C3,4 vertices correspond to the P - and T -violating
and isospin-violating NN contact terms. The g2-induced potential operator does not contribute
to the deuteron EDM due to isospin selection rules. The leading EDM contributions solely
induced by g2 and C3,4 read (cf. [25] for the C3,4 results, e < 0)

∆d2H = −(0.05 ± 0.05) (C3 − C4) e fm
−2 , (203)

∆d3He = −(0.238 ± 0.026) g2 e fm + [(0.04 ± 0.03)C3 − (0.07 ± 0.03)C4] e fm
−2 , (204)

∆d3H = −(0.233 ± 0.026) g2 e fm + [(0.04 ± 0.03)C3 − (0.07 ± 0.03)C4] e fm
−2 . (205)

The g2 χEFT results in Eqs. (203)-(205) are consistent with those we obtained from the phe-
nomenological P - and T -conserving potentials of Refs. [121–124]. They are again a factor of two
smaller in magnitude than those presented in [21,103] but are larger than those of Ref. [106] by
roughly a factor of 2.5. The origin of this discrepancy remains unknown so far. The signs of our
predictions and those of Refs. [21, 103, 106] agree, though. The g2-induced EDM contributions
can be neglected for all considered sources of P and T violation up to and including NLO. The
ones induced by the C3 and C4 vertices, however, are taken into consideration when the nuclear
EDMs for the FQLR-term case are discussed below.

The estimates of the coefficients in Eq. (9) for the sources of P and T violation in Eqs. (1)-(8)
were presented in Subsection 2.3. The hierarchies of the different EDM contributions are revealed
upon insertion of these estimates into Eqs. (199)-(201) and Eqs. (203)-(205). We subsequently
discuss these hierarchies by considering each source of P and T violation listed in Eqs. (2)-(8)
individually.

3.3.1 EDMs of light nuclei from the QCD θ-term

The single-nucleon EDMs generated by the θ-term receive one-loop contributions [28,29] of the
same order as the tree-level contributions d0 and d1 [94, 96, 125] mentioned in Subsection 2.3.
Since these tree-level contributions are quantitatively unknown, supplementary Lattice QCD
input is required to compute the single-nucleon EDMs. In fact, dn and dp have been computed
recently [96,98] by fitting to currently available Lattice QCD data [126–128]:

dθn = θ̄ · (2.7± 1.2) · 10−16 e cm , dθp = −θ̄ · (2.1 ± 1.2) · 10−16 e cm . (206)

The signs were adjusted to our convention e < 0. These predictions for the single-nucleon
EDMs and the results for the other coupling constants of leading P - and T -violating vertices,
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Eqs. (146)-(148) and Eq. (151), can be inserted into Eqs. (199)-(201) to obtain predictions for
the EDMs of the deuteron, helion and triton with well-defined uncertainties [25]:

dθ2H = θ̄ ·
{[

(0.56 ± 0.01± 1.59)
]
− (0.62 ± 0.06 ± 0.28) − (0.28 ± 0.05 ± 0.07)

}

· 10−16 e cm

= −θ̄ · (0.3± 1.6) · 10−16 e cm , (207)

dθ3He = θ̄ ·
{[

(2.44 ± 0.04 ± 1.08) + (0.06 ± 0.01 ± 0.03)
]

− (0.006 ± 0.002 ± 0.001) + (1.72 ± 0.20 ± 0.21) − (0.48 ± 0.06 ± 0.22)

− (0.22 ± 0.05 ± 0.05) ± 0.2
}
· 10−16 e cm

= θ̄ · (3.5 ± 1.2) · 10−16 e cm , (208)

dθ3H = θ̄ ·
{[

−(0.08 ± 0.02± 0.04) − (1.93 ± 0.03± 1.10)
]

− (0.006 ± 0.002 ± 0.001) − (1.68 ± 0.20 ± 0.21) − (0.47 ± 0.06 ± 0.21)

− (0.22 ± 0.05 ± 0.05) ± 0.2
}
· 10−16 e cm

= −θ̄ · (4.4± 1.2) · 10−16 e cm . (209)

The sequences of terms in these equations are the same as in Eqs. (199)-(201). In each set of
parentheses, the first uncertainty is the nuclear uncertainty, while the second uncertainty is the
hadronic one. The contributions of P - and T -violating NN contact interactions have been added
in quadrature and regarded as an additional uncertainty.

The dominating nuclear contributions to the deuteron EDM are induced by gθ1 and its one-loop
correction ∆θ

3 fg1 . In the cases of the helion and triton, the leading nuclear EDM contribution
is generated by gθ0, whereas gθ1 and its one-loop correction yield contributions of a factor of
1/4 and 1/8 smaller, respectively. Furthermore, the isospin-conserving and isospin-violating
NN contributions interfere destructively in the helion case, while they add up constructively
in the triton case. The effect of the irreducible three-nucleon P - and T -violating potential is
unexpectedly small and may be disregarded.

The uncertainties of the total EDM results are driven by the hadronic uncertainties of the
single-nucleon EDMs. The uncertainties of the pure nuclear contributions, especially in the
deuteron case, are thus significantly smaller [25]:

dθ2H − 0.94
(
dθp + dθn

)
= −θ̄ · (0.89 ± 0.30) · 10−16 e cm , (210)

dθ3He − 0.90 dθn + 0.03 dθp = θ̄ · (1.01 ± 0.42) · 10−16 e cm , (211)

dθ3H − 0.92 dθp + 0.03 dθn = −θ̄ · (2.37 ± 0.42) · 10−16 e cm . (212)

Since the spins of the two protons in the hellion and of the two neutrons in the triton couple to
zero for the case of relative S- or D-waves, the total single-nucleon contributions to the hellion
and triton EDMs approximately equal the neutron and proton EDMs, respectively.

3.3.2 EDMs of light nuclei from the FQLR-term

The FQLR-term is the only effective dimension-six source for which the coefficients g0 and g1
can be expressed as functions of just one common parameter, ∆3, at leading order. Furthermore,
the NN potential operators induced by the C3,4 vertices define in this case the leading EDM
contributions from NN -contact interactions, since the C1,2 contributions are suppressed by ex-
plicit isospin-violation. If the functions for g0,1 and C3,4 of Eq. (173) and Eq. (174), respectively,

41



are inserted into Eqs. (199)-(201) and (203)-(205), the nuclear contributions to the EDMs of the
deuteron, helion and triton equal [25]

dLR2H − 0.94
(
dLRp + dLRn

)
= ∆3 · [(1.37 ± 0.13 ± 0.41) + (0.75 ± 0.14) ± 0.1] e fm

= ∆3 · (2.1± 0.5) e fm , (213)

dLR3He − 0.90 dLRn + 0.03 dLRp = ∆3 ·
{
(0.017 ± 0.006) − (0.013 ± 0.002 ± 0.002)

+(1.07± 0.14 ± 0.32) + (0.61 ± 0.14) ± 0.1
}
e fm

= ∆3 · (1.7± 0.5
)
e fm , (214)

dLR3H − 0.92 dLRp + 0.03 dLRn = ∆3 ·
{
(0.017 ± 0.006) + (0.013 ± 0.002 ± 0.002)

+(1.04± 0.14 ± 0.31) + (0.60 ± 0.14) ± 0.1
}
e fm

= ∆3 · (1.7± 0.5
)
e fm . (215)

The leading nuclear contributions, which here are of the same sign, are now generated by g1 and
its one-loop vertex correction, ∆3fg1, in all three cases. The nuclear contributions generated by
g0 as well as the one induced by the P - and T -violating 3N potential can both be neglected.

3.3.3 EDMs of light nuclei from the qCEDM

Due to the existence of comparable isospin-conserving as well as isospin-violating components
of the qCEDM effective dimension-six source, the leading coefficients in Eq. (9) are no longer
expressible as functions of just one parameter in this case. In fact, the dominating coefficients
induced by the qCEDM are g0 and g1. If comparable strengths of the parameters δ̃0,3G in Eq. (4)
at the scale Λhad are assumed, they both define the leading coupling constants of P - and T -
violating hadronic vertices. EDM contributions induced by g0 and g1 might thus be relatively
larger than their θ-term counterparts. This would naively imply a significant enhancement of
the nuclear contributions to the EDMs of the deuteron, helion and triton with respect to their
single-nucleon EDM contributions. However, explicit computations show, as noted in [21, 25],
that the EDM contributions from P - and T -violating one-pion exchanges turn out to be smaller
than expected. The enhancement of g0,1 contributions is, therefore, probably less profound than
power counting and NDA suggest.

The P - and T -violating 3π vertex only enters through the second axial rotation during the ad-
justment of the ground state. The 3N contributions that this vertex induces are of subleading or-
ders. The C1,2- and C3,4-induced NN contact interactions are both of the same order and are ex-
pected to scale as the suppressed g0,1-induced two-pion exchanges, i.e. C1,2(3,4)∼O(g0(1)/(Fπm

2
N ).

Therefore, the dominating EDM contributions most likely emerge from the g0,1-induced one-
pion exchange diagrams and the d0,1-induced single-nucleon EDM contributions. The qCEDM-
induced single-nucleon and light nuclei EDMs are then functions of these four coupling constants
up to NLO.

3.3.4 EDMs of light nuclei from the qEDM

Since in the case of the qEDM all coupling constants of P - and T -violating vertices without
the photon field are suppressed by at least a factor of αem/(4π), the EDMs of the deuteron,
helion and triton approximately equal their single-nucleon contributions. Assuming that the
absolute values of the parameters of the isospin-conserving and isospin-violating components of
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the qEDM, namely δ̃1,3F in Eq. (5), are comparable, the isoscalar and isovector single-nucleon
contributions are expected to be of the same order. The EDMs of single nucleons and light
nuclei are, therefore, determined by just two coupling constants, dn and dp, up to NLO.

3.3.5 EDMs of light nuclei from the gCEDM and 4q-term

Since the gCEDM and the 4q-term are both chiral singlets, these two effective dimension-six
sources are indistinguishable by chiral symmetry considerations. The difficulties in assessing
their hierarchies of single-nucleon and nuclear EDM contributions are compounded by the emer-
gence of P - and T -violating 4N and γNN interactions at leading order. The nuclear contribu-
tions of the one-pion-exchange NN potential operators are suppressed by a factor of M2

π/m
2
N

according to Goldstone’s theorem. In total, most of the first seven vertices in Eq. (9) contribute
at the same order to single-nucleon and light nuclei EDMs up to NLO for these sources of P and
T violation.

Lattice QCD predictions for the unknown LECs that emerge in amended χEFT might in
the future allow for improved assessments of the hierarchies of single-nucleon and nuclear EDM
contributions [54,55].

4 Conclusion and Outlook

BSM theories such as supersymmetry, multi-Higgs scenarios and left-right symmetric models
give rise to effective quark multilinears at the energy scale Λhad & 1GeV. In order to study
the impact of BSM physics on low-energy systems in full generality without limiting the scope
to one particular theory, the set of all possible quark multilinears at Λhad and their induced
hadronic interactions below the energy scale ΛQCD ∼ 200 MeV have to be considered. The focus
of this paper has been twofold: we investigated the connection between quark multilinears at
the energy scale Λhad and their induced hadronic operators in Section 2. We presented a general
scheme to derive the terms in the effective low-energy Lagrangian induced by arbitrary quark
multilinears within the Gasser-Leutwyler formulation of χEFT. Effective quark multilinears that
do not appear in the SM Lagrangian induce effective hadronic operators which are analogously
beyond the realm of standard χEFT. Since new and independent quark multilinears can be
regarded as an amendment of the QCD Lagrangian, we call the modified low-energy chiral
effective field theory amended χEFT. The amended χEFT contains in general a set of new and
independent LECs that are quantitatively unknown, which has also been pointed out in [46,53].
These LECs yield only minor contributions to measurable P - and T -conserving observables,
such as the strong part of the proton-neutron mass difference. This renders any attempt to
disentangle them from the conventional LECs impossible. We demonstrated that all chiral
structures (effective terms modulo their source fields and LECs) that are induced by arbitrary
quark multilinears are in principle already encountered in the standard χEFT Lagrangian. The
terms generated by a specific effective quark term can thus be extracted from the standard χEFT
Lagrangian by a suitable replacement of LECs and source fields. The orders at which particular
chiral structures occur are in general different for different effective quark multilinears. We stress
that our techniques will be of general use in the study of BSM physics in hadronic systems.

Terms of the amended χEFT Lagrangian derived within our scheme can be exploited to com-
pute single-nucleon and nuclear form factors which are induced by arbitrary quark multilinears.
To this end, we also presented in Section 3 the derivation of scattering (two-nucleon systems)

43



and Faddeev equations (three-nucleon systems) on which our numerical computation of these
form factors of two- and three-nucleon systems is based. These equations will also be useful for
other observables that require to sum reducible contributions in intermediate states.

One application for which these concepts have been primarily developed and which is the
focus of this paper are the EDMs of single nucleons and light nuclei, i.e. the deuteron, helion
and triton. As EDMs of single nucleons and light nuclei are P - and T -violating observables, the
focus of this paper was on P - and T -violating quark multilinears and their induced hadronic
interactions. The P - and T -violating QCD θ-term, FQLR-term, qCEDM, qEDM, gCEDM and
4q-term defined in Eq. (1) and Eqs. (2)-(8), respectively, served as the starting point of our
analysis, which is therefore completely general and does not depend on a particular BSM model.
We presented our investigation of the connection between quark multilinears and their induced
hadronic interaction by focussing on the above-stated sources of P and T violation and gave
explicit expressions for the coefficients of induced hadronic vertices in Eq. (9). The hadronic
interactions modify the nuclear potential and we derived the resulting scattering and Faddeev
equations.

The final results of our independent analysis of the induced P - and T -violating effective
operators are in complete agreement with those obtained within the Weinberg formulations of
χEFT [30, 46, 53]. The advantage of our derivation is the efficient compilation of higher-order
effective terms and the straightforward generalization to SU(3) χEFT once particular quark
multilinears with strange quark content have been specified. The findings derived in this paper
are the basis of the results of the complete and consistent χEFT computation of the nuclear
contributions to the EDMs of the deuteron, helion and triton presented in [25], which we briefly
summarized at the end of of the previous section.

For the cases of the QCD θ-term and the FQLR-term, the three leading induced coupling
constants, ∆3, g0 and g1, are functions of only one but in χEFT itself unknown parameter
at leading order in the standard chiral counting. The unknown parameter is specific either
to the θ-term or the FQLR scenario. This observation led to quantitative predictions of the
nuclear contributions to light-nuclei EDMs as functions of one common parameter for both of
these cases, respectively. The consistent treatment within χEFT yielded controlled nuclear and
hadronic uncertainties of our results as shown in [25], which provides the basis for experimental
tests of these two sources of P and T violation.

In the case of all the other dimension-six sources of P and T violation, the coupling constants
in Eq. (9) depend on more than one LEC at leading order. These LECs are in general the
counterparts of the LECs li, ci, ei, C̄i etc. in the standard χEFT Lagrangian. Lattice QCD
has the capacity to accurately compute these LECs and close the connection between effective
quark multilinears at the energy scale Λhad ∼ 1 GeV and their induced hadronic interactions.
In the absence of any such Lattice QCD results, order-of-magnitude estimates may be obtained
by Naive Dimensional Analysis (NDA). These estimates are already sufficient to reveal distinct
hierarchies among single-nucleon and nuclear EDM contributions for some sources of P and
T violation. The qEDM yields EDM contributions which are functions of the two generically
independent single-nucleon EDMs, dn and dp. The leading coupling constants generated by
the qCEDM are g0 and g1. Since the one-pion-exchange contributions induced by g0,1 prove
to be smaller than expected by explicit computation, d0,1-induced contributions might also be
significant for light-nuclei EDMs. The indistinguishable (by chiral-symmetry considerations)
chiral-singlet sources, the gCEDM and the 4q-term, give rise to almost all vertices in Eq. (9)
at the same level, including the short-range C1,2 interactions. All these conclusions have also
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been pointed out in [21]. The specific hierarchies can be falsified by EDM experiments, but the
EDM measurements of single nucleons, the deuteron and helion do in general not suffice to learn
more about these sources of P and T violation. EDM measurements of more systems such as
the triton and atoms or measurements of other electromagnetic moments are required in these
cases to fix the relevant coupling constants in Eq. (9).

Im summary, this paper provides a thorough investigation of hadronic interaction generated
by the QCD θ-term and P - and T -violating effective multi-quark terms within the framework
of SU(2) χEFT. Our investigation is easily extendible to other effective multi-quark terms that
conserve or violate discrete symmetries and to SU(3) χEFT. We explicitly considered the induced
EDMs of the deuteron, helion and triton as an application and derived the scattering and
Faddeev equations required to compute photon-nucleus form factors to this end. Our general
findings can be used to study manifestations of specific P - and T -violating models in light nuclei.
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A Quark multilinears

The quark multilinears considered in Section 2 are quark bilinears and quark quadrilinears. A
chiral SU(2)L×SU(2)R transformation of the left-handed and right-handed quark fields in quark
multilinears induces a transformation in the space of quark multilinears. It will be shown in
this appendix that a quark multilinear in general admits a decomposition into quark multilin-
ears which transform as basis states of particular irreducible representations of O(4), for which
SU(2)L×SU(2)R is the double covering group. In order to provide a systematic study of quark
bilinears and quadrilinears, the connection between the representation theory of O(4) and quark
multilinears is explained and the set of all quark bilinears and quark quadrilinears (relevant for
this work) which transform as basis states of irreducible representations of O(4) is compiled.

We will explain that the relationship between quark multilinears and the representation theory
of O(4) is established by the set of SU(2)L×SU(2)R group actions on (symmetric) tensor products
of elements of the quaternion algebra H4. There is a one-to-one correspondence between the
quaternion algebra H4 and the real vector space of matrices spanned by the set {1, iτ1, iτ2, iτ3}
with τi being the Pauli matrices. A group action F of a group G and a space X is defined as
the group homomorphism of G into the group of homeomorphic maps from X onto itself:

F : G×X → X , (g, x) 7→ Fg(x) ,

Fg1 ◦ Fg2(x) = Fg1·g2(x) ∀g1, g2 ∈ G ,∀x ∈ X . (A.1)

The connection between SU(2)L×SU(2)R group actions on H4 and quark multilinears is based
on the following observation: when the quark field is defined to be the SU(2) flavor doublet of
the two lightest quark flavors (u, d), the space of quark bilinears is given by the symmetric
tensor product of the Clifford algebra of Dirac matrices (AD) and the algebra of the isospin
Pauli matrices (AI):

AD = {1, γµ, γµγ5, iγ5, σµν}, AI = {1, τ1, τ2, τ3} . (A.2)

Whereas the matrices in AD define the chiralities of the quark fields in a quark bilinear, the
isospin matrices in AI determine the quark flavors in a quark bilinear. Since quark bilinears
with elements of AD in Eq. (A.2) are hermitian, they have to be eigenstates of the parity trans-
formation P : (L,R) 7→ (R,L) which converts a right-handed quark field into a left-handed
quark field and vice versa. This is also true for quark quadrilinears and quark multilinears in
general which demonstrates the connection of quark multilinears to the representation theory of
O(4): a matrix in AD defines a particular SU(2)L×SU(2)R group action on the isospin algebra
AI , which can be identified with the quaternion algebra H4 (the above defined basis of the AI

is obtained from the standard basis of H4 by multiplication of each element by −i). The set AD

therefore corresponds to all possible SU(2)L×SU(2)R×Z2 group actions on AI ∼ H4, where Z2

denotes the group of parity transformations. This is, however, not a one-to-one correspondence,
since two different matrices in AD can in general define the same SU(2)L×SU(2)R×Z2 group
action, e.g. 1 and σµν . To illustrate this statement, consider the quark bilinear

iq̄τkγ5q = iq̄LτkqR − iq̄RτkqL . (A.3)

The Dirac matrix iγ5 defines the SU(2)L×SU(2)R group action on the element (i)τk of H4 which
is associated with a basis state of the (1/2, 1/2)+ representation (see Eq. (A.52) below).
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One has to emphasize the subtle difference between the parity transformation in relativistic
quantum field theory and the parity group action on H4: as shown below, the parity operation
on H4 amounts to a combination of the exchange (L,R) 7→ (R,L) of the elements of SU(2)L
and SU(2)R and the hermitian conjugation of the basis elements, such that all states of e.g. the
(1/2, 1/2)+ irreducible representation have the same parity eigenvalue. In the field theory case,
the requirement of hermiticity causes quark bilinears that transform under SU(2)L×SU(2)R×Z2

as basis states of a particular O(4) representation to have in general different parity eigenvalues.
This appendix is organized as follows: the well-known algebra of quaternions H4 is briefly

introduced in the first section of this appendix. The second section is concerned with the
investigation of SU(2)L×SU(2)R group actions on H4 and the representation theory of SO(4).
The third section of this appendix explains the connection between the representation theory
of O(4) and group actions on (tensor products of) H4, from which the set of all quark bilinears
and quark quadrilinears which transform as basis states of irreducible representations of O(4)
can be derived.

A.1 Quaternions

A detailed explanation of the quaternion algebra can be found in e.g. [129–131]. A few well-
known aspects are briefly summarized here. The quaternion algebra H4 is a four dimensional,
non-commutative, associative algebra over the real numbers. H4 is generated by {1, i, j, k} where
i, j and k obey

i2 = j2 = k2 = ijk = −1 . (A.4)

For a general element q ∈ H4, the conjugate q∗ ∈ H4 is defined by

q = a+ bi+ cj + dk → q∗ = a− bi− cj − dk . (A.5)

The quaternion algebra H4 is isomorphic to the associative algebra generated by {1, iτ1, iτ2, iτ3},
where τi denote Pauli matrices. The norm of a quaternion q ∈ H4 is defined by

||q|| =
√

q∗q =
√

a2 + b2 + c2 + d2 . (A.6)

Exploiting the isomorphism to the associative algebra generated by the set {1, iτ1, iτ2, iτ3},
the norm of a quaternion can be expressed in terms of the determinant of a complex 2×2 matrix:

det




a+ ib id+ c

id− c a− ib



 = a2 + b2 + c2 + d2 . (A.7)

This proves that the group of quaternions of norm equal to one – called unit quaternions – is
isomorphic to SU(2):

{q ∈ H4| ||q|| = 1} ≃ SU(2) . (A.8)

Let M be the isomorphism

M : a+ ib+ jc+ kd 7→




a+ ib id+ c

id− c a− ib



 , (A.9)
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and F be the group action of SU(2)L×SU(2)R on H4 defined by:

F : SU(2)L×SU(2)R ×H4 → H4 , q 7→ LM(q)R† . (A.10)

Since F preserves the norm for all q ∈ H4, this group action is an automorphism of SU(2)
if restricted to unit quaternions. For all g ∈ SU(2) the negative counter part, −g, is also an
element of SU(2), which implies that F is not injective on SU(2)L×SU(2)R since the pairs
(L,R), (−L,−R) ∈ SU(2)L×SU(2)R map onto the same homeomorphism of H4.

A.2 The representation theory of SO(4)

The connection between the group SU(2)L×SU(2)R and the Lie group SO(4) is drawn by
the well-known Cayley-Klein decomposition of SO(4) matrices (a detailed explanation of this
connection between the quaternion algebra and SO(4) is given in e.g. [129–134]). Let N denote
the isomorphism between R4 and H4:

N : R4 → H4 , (a, b, c, d) 7→ a+ ib+ jc+ kd . (A.11)

An SO(4) rotation matrix A can be re-expressed as (Cayley-Klein)

A ∈ SO(4) , x ∈ R
4 : Ax = (M ◦N)−1(LM ◦N(x)R†) , L,R ∈ SU(2)L,R , (A.12)

with the isomorphism M as defined in Eq. (A.9). This demonstrates that the group action
F of Eq. (A.10) defines a 2-1 homomorphism SU(2)L ×SU(2)R → SO(4), since the pairs
(L,R) ∈ SU(2)L×SU(2)R and (−L,−R) ∈ SU(2)L × SU(2)R map onto the same element
of SO(4).

Let D(j1,j2) be a representation of SU(2)L×SU(2)R of dimension (2j1+1)(2j2+1) for integers
or half integers j1, j2. In order for D(j1,j2) to be also a representation of SO(4), it has to obey

D(j1,j2)(L,R) = D(j1,j2)(−L,−R) , ∀ (L,R) ∈ SU(2)L×SU(2)R , (A.13)

which requires j1 + j2 to equal integer values. In general, multiple tensor products of (funda-
mental) two-dimensional representations of SU(2)L × SU(2)R,

D(1/2,0)⊗· · ·⊗D(1/2,0)
︸ ︷︷ ︸

m−times

⊗D(0,1/2)⊗· · ·⊗D(0,1/2)
︸ ︷︷ ︸

n−times

:

SU(2)L × SU(2)R × C
2 ⊗ · · · ⊗ C

2
︸ ︷︷ ︸

m−times

⊗C
2 ⊗ · · · ⊗ C

2
︸ ︷︷ ︸

n−times

→ C
2 ⊗ · · · ⊗ C

2
︸ ︷︷ ︸

m−times

⊗C
2 ⊗ · · · ⊗ C

2
︸ ︷︷ ︸

n−times

, (A.14)

are (not necessarily irreducible) representations of SO(4) if m + n is even. The group actions
corresponding to irreducible representations of SO(4) with m+ n ≤ 1 can be defined by

dim = 4 D(1/2,1/2) :M(q) 7→ LM(q)R† , (A.15)

dim = 4 D(1/2,1/2) : RM(q)L† , (A.16)

dim = 3 D(1,0) :M(q) 7→ LM(q)L† , (A.17)

dim = 3 D(0,1) :M(q) 7→ RM(q)R† , (A.18)

dim = 1 D(0,0) :M(1) = 1 7→ LM(1)L† , (A.19)

dim = 1 D(0,0) :M(1) = 1 7→ RM(1)R† , (A.20)
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for q ∈ H4 and (L,R) ∈ SU(2)L×SU(2)R. Note that the group action on H4 corresponding to a
particular irreducible representation of SO(4) (and SU(2)L×SU(2)R) is not necessarily unique.
All group actions defined in Eqs. (A.15)-(A.20) are formally different group actions.

Group actions F on the tensor product space of multiple copies of H4,

F : SU(2)L×SU(2)R × (H4 ⊗ · · · ⊗H4) → (H4 ⊗ · · · ⊗H4) , (A.21)

can constitute higher dimensional irreducible representations of SO(4). Let the notation (iτj)L
and (iτj)R, j = 1, 2, 3 , imply the following definitions of SU(2)L × SU(2)R group actions on a
subspace of H4:

dim = 3 : (iτj)L 7→ (LiτjL
†)L , (A.22)

dim = 3 : (iτj)R 7→ (RiτjR
†)R . (A.23)

The group actions on H4 ⊗H4 – subsequently referred to as the (rank 2) tensor product of two
elementary (rank 1) SU(2)L×SU(2)R group actions – corresponding to tensor products of the
representations D(1,0) and D(0,1) are then given by (the ’⊗’ is omitted for convenience below,
e.g. (iτj)L,R(iτk)L,R is meant to imply (iτj)L,R ⊗ (iτk)L,R)

(0, 1) ⊗ (0, 1) : (iτj)R(iτk)R 7→ (RiτjR
†)R(RiτkR

†)R , (A.24)

(1, 0) ⊗ (1, 0) : (iτj)L(iτk)L 7→ (LiτjL
†)L(LiτkL

†)L , (A.25)

(1, 0) ⊗ (0, 1) : (iτj)L(iτk)R 7→ (LiτjL
†)L(RiτkR

†)R , (A.26)

which do a priori not constitute irreducible representations of SO(4) and may decompose into
direct sums of irreducible representation of SO(4). The basis states of the lowest-dimensional
irreducible representations are obtained by identifying linear combinations of the basis vectors
(iτj)L/R(iτk)L/R with well-defined properties under exchanges of j and k (summation of identical
indices implied):

dim = 1 : (0, 0) : (iτm)L(iτm)L , (A.27)

dim = 1 : (0, 0) : (iτm)R(iτm)R , (A.28)

dim = 3 : (1, 0) : (iτj)L(iτk)L − (iτk)L(iτj)L , (A.29)

dim = 3 : (0, 1) : (iτj)R(iτk)R − (iτk)R(iτj)R , (A.30)

dim = 5 : (2, 0) : (iτj)L(iτk)L + (iτk)L(iτj)L − 2(iτm)L(iτm)L , (A.31)

dim = 5 : (0, 2) : (iτj)R(iτk)R + (iτk)R(iτj)R − 2(iτm)R(iτm)R , (A.32)

dim = 9 : (1, 1) : (iτj)L(iτk)R , (A.33)

dim = 9 : (1, 1) : (iτj)R(iτk)L . (A.34)

In order to explore the SU(2)L×SU(2)R group actions on H4⊗H4 corresponding to the tensor

product of representations D(1/2,1/2) ⊗D(1/2,1/2), the quantities (tα) and (t†α) are introduced to
imply the group actions on H4 defined by

dim = 4 : (tα) 7→ (LtαR
†) , (A.35)

dim = 4 : (t†α) 7→ (Rt†αL
†) (A.36)
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with
t0 = 1 , t1 = iτ1 , t2 = iτ2 , t3 = iτ3 . (A.37)

For gαβ = diag(1,−1,−1,−1),12 the basis states of the lowest-dimensional irreducible represen-
tations of SO(4) expressed in terms of tensor products of the four-dimensional group action
Eq. (A.35) are given by:

dim = 1 (0, 0) : (tα)(tβ) gαβ , (A.38)

dim = 3 + 3 (1, 0) ⊕ (0, 1) : (tα)(tβ)− (tβ)(tα) , (A.39)

dim = 9 (1, 1) : (tα)(tβ) + (tβ)(tα)− 2(tα)(tβ) gαβ . (A.40)

By replacing (tα,β) by (t†α,β) the lowest-dimensional irreducible representations of SO(4) ex-
pressed in terms of tensor products of the group action defined in Eq. (A.36) are obtained.

A.3 The representation theory of O(4)

The well-known connection between the quaternion algebra H4 and the Lie group O(4) is the
following [131, 133–135]: the group O(4) = SO(4) × Z2 consists of two copies of SO(4) and
is thus not connected. The parity transformation P defined as the spacial inversion of three
components of a general real four-vector,

P : R4 → R
4 , (x1, x2, x3, x4) 7→ (x1,−x2,−x3,−x4) , (A.41)

transforms an element of one connected component into an element of the other connected
component. By exploiting the isomorphism N of Eq. (A.11) between R4 and H4, the parity
transformation P is found to correspond to the following Z2 group action on H4:

P̃ = NPN−1 : Z2 ×H4 → H4 , 1 , iτ1 , iτ2 , iτ3 7→ 1 ,−iτ1 ,−iτ2 ,−iτ3 , (A.42)

i.e. to be equivalent to the conjugation of quaternions (or to hermitian conjugation of 1 and
iτ1,2,3). The composition of the parity transformation with an SO(4) matrix A then amounts
to an exchange of the left and right unit quaternion in the Cayley-Klein 2-1 isomorphism of
Eq. (A.12):

P Ax = (M ◦N)−1([LM ◦N(x)R†]†)

= (M ◦N)−1(R [M ◦N(x)]† L†) = (M ◦N)−1(RM ◦N(Px)L†) . (A.43)

Let D(j,j) be a representation of O(4) and v1 ⊗ v2 an element of the base space of D(j,j).
Equation (A.43) demonstrates that the representation of the element P has to obey

D(j,j)(P )D(j,j)(L,R) v1 ⊗ v2 = D(j,j)(P ) (D(j)(L) v1 ⊗D(j)(R) v2)

= D(j,j)(R,L)D(j,j)(P )v1 ⊗ v2 . (A.44)

Therefore, a representation D(j1,j2) of SO(4) is also a representation of O(4) if and only if it is
symmetric under an exchange of the indices j1 and j2. For arbitrary j1 and j2, the irreducible
representation D(j1,j2) of SO(4) induces the symmetrized representation D(j1,j2)⊕(j2,j1) of O(4),
which is irreducible if j1 6= j2 and decomposes into two irreducible representation of equal

12We do not distinguish between covariance and contravariance here.
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dimensions if j1 = j2. This observation implies that irreducible representations D(j1,j2) of
SO(4) with j1 6= j2 induce exactly one irreducible O(4) representation, whereas irreducible
representations D(j,j) of SO(4) induce two separate representations of O(4).

For arbitrary half integers or integers j1, j2 with j1 + j2 ∈ N, the generalization of Eq. (A.44)
reads:

D(j1,j2)⊕(j2,j1)(P )D(j1,j2)⊕(j2,j1)(L,R) = D(j1,j2)⊕(j2,j1)(R,L)D(j1,j2)⊕(j2,j1)(P ) . (A.45)

The action of D(j1,j2)⊕(j2,j1)(P ) on an element of the base space v1 ⊗ v2 ⊕ v3 ⊗ v4 is required to
be

D(j1,j2)⊕(j2,j1)(P )(v1 ⊗ v2 ⊕ v3 ⊗ v4) = v4 ⊗ v3 ⊕ v2 ⊗ v1 , (A.46)

which can be proven by the following brief computation:

D(j1,j2)⊕(j2,j1)(L,R) (v1 ⊗ v2 ⊕ v3 ⊗ v4)

= [D(j1,j2)⊕(j2,j1)(P )]
2D(j1,j2)⊕(j2,j1)(L,R) (v1 ⊗ v2 ⊕ v3 ⊗ v4)

= D(j1,j2)⊕(j2,j1)(P )D(j1,j2)⊕(j2,j1)(R,L)D(j1,j2)⊕(j2,j1)(P ) (v1 ⊗ v2 ⊕ v3 ⊗ v4)

= D(j1,j2)⊕(j2,j1)(P )D(j1,j2)⊕(j2,j1)(R,L) (v4 ⊗ v3 ⊕ v2 ⊗ v1)

= D(j1,j2)⊕(j2,j1)(P ) (D(j1)(R)v4 ⊗D(j2)(L)v3 ⊕D(j2)(R)v2 ⊗D(j1)(L)v1)

= D(j1)(L)v1 ⊗D(j2)(R)v2 ⊕D(j2)(L)v3 ⊗D(j1)(R)v4)

= D(j1,j2)⊕(j2,j1)(L,R) (v1 ⊗ v2 ⊕ v3 ⊗ v4) . (A.47)

Due to
[D(j1,j2)⊕(j2,j1)(P )]

2 = 1 , (A.48)

D(j1,j2)⊕(j2,j1)(P ) must have eigenvalues ±1 and the basis states of the irreducible representations
have definite parity, p = ±1. It is convenient to refer to the two irreducible representations of
O(4) in D(j,j)⊕(j,j) by D(j,j)± .

A.3.1 Representations of O(4) and quaternions

Utilizing the notation introduced by Eq. (A.22), Eq. (A.23), Eq. (A.35) and Eq. (A.36) and defin-
ing

(0, 0) dim = 1 : (1)L 7→ (L1L†)R = (1)L , (A.49)

(0, 0) dim = 1 : (1)R 7→ (R1R†)R = (1)R , (A.50)

the group actions of SU(2)L×SU(2)R on H4 which correspond to the lowest-dimensional irre-
ducible representations of O(4) are given by:

(0, 0)± dim = 1 : (1)L ± (1)R , (A.51)

(1/2, 1/2)± dim = 4 + 4 : (t0)± (t†0) , (ti)∓ (t†i ) , (A.52)

(1, 0) ⊕ (0, 1) dim = 6 : (iτj)L + (iτj)R , (iτj)L − (iτj)R . (A.53)

For convenience, the tensor products (iτj)L,R ⊗ (iτk)L,R and (t
(†)
α ) ⊗ (t

(†)
β ) are denoted by

(iτj)L,R(iτk)L,R and (t
(†)
α )(t

(†)
β ), respectively. The basis states of the lowest-dimensional irre-

ducible representations of O(4) expressed in terms of tensor products of (iτj) read (which can
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also be proven by a direct computation):

(0, 0)± : (iτm)R(iτm)R ± (iτm)L(iτm)L , (A.54)

(1, 0) ⊕ (0, 1) : (δjlδkm − δjmδkl)[(iτl)L(iτm)L ± (iτl)R(iτm)R] , (A.55)

(2, 0) ⊕ (0, 2) : (δjlδkm + δjmδkl − 2δjkδlm)[(iτk)L(iτl)L ± (iτk)R(iτl)R] , (A.56)

(1, 1)+ : (iτj)L(iτk)R − (iτj)R(iτk)L − (j ↔ k) , (A.57)

(iτj)L(iτk)R + (iτj)R(iτk)L + (j ↔ k) , (A.58)

(1, 1)− : (iτj)L(iτk)R − (iτj)R(iτk)L + (j ↔ k) , (A.59)

(iτj)L(iτk)R + (iτj)R(iτk)L − (j ↔ k) . (A.60)

The tensor product of the two six-dimensional representations of O(4) decomposes into:

[(1, 0) ⊕ (0, 1)] ⊗ [(1, 0) ⊕ (0, 1)]

= [(2, 0) ⊕ (0, 2)] ⊕ (1, 1)+ ⊕ (1, 1)− ⊕ [(1, 0) ⊕ (0, 1)] ⊕ (0, 0)+ ⊕ (0, 0)− , (A.61)

i.e. into one 10-dimensional, two 9-dimensional, one 6-dimensional and two one-dimensional
irreducible representations of O(4), whose basis states with their implied group actions are
given by Eq. (A.54) and Eqs. (A.55)-(A.60).

The other relevant tensor products of irreducible representations of O(4) decompose into

(1/2, 1/2)± ⊗ (1/2, 1/2)± = (1, 1)+ ⊕ [(1, 0) ⊕ (0, 1)] ⊕ (0, 0)+ , (A.62)

(1/2, 1/2)± ⊗ (1/2, 1/2)∓ = (1, 1)− ⊕ [(1, 0) ⊕ (0, 1)] ⊕ (0, 0)− . (A.63)

Utilizing the notation for group actions defined by Eq. (A.35) and Eq. (A.36), the basis states
with implied group actions of the lowest-dimensional irreducible representations of O(4) ex-

pressed in terms of tensor products of (tα) and (t†α) are given by:13

(0, 0)± dim = 1 : [(tα)(tβ)± (t†α)(t
†
β)]gαβ , (A.64)

(1, 0) ⊕ (0, 1) dim = 6 : [(tα)(tβ)± (t†α)(t
†
β)]− [(tβ)(tα)± (t†β)(t

†
α)] , (A.65)

(1, 1)± dim = 9 + 9 : (gαρgβσ + gβρgασ − 2gαβgρσ)[(tρ)(tσ)± (t†ρ)(t
†
σ)] . (A.66)

Note that the different relative signs in Eq. (A.65) define two identical (Fierz-equivalent) sets of
tensors (which are given explicitly by Eqs. (A.67)-(A.68) and Eqs. (A.71)-(A.72), respectively).
The basis states of the (1, 1)+ and (1, 1)− representations are given by Eq. (A.69)-(A.70) and
Eq. (A.73)-(A.74) below, respectively. The basis states of the irreducible representations of O(4)
in the decompositions of specific tensor products of four-dimensional irreducible representations
of O(4) read
(1/2, 1/2)± ⊗ (1/2, 1/2)± with i, j = 1, 2, 3, i 6= j:

(1, 0) ⊕ (0, 1) dim = 6 : (ti)(tj) + (t†i )(t
†
j)− (i↔ j) , (A.67)

(t0)(ti)− (t†0)(t
†
i )− (0 ↔ i) , (A.68)

(1, 1)+ dim = 9 : (ti)(tj) + (t†i )(t
†
j) + (i↔ j) , (A.69)

(t0)(ti)− (t†0)(t
†
i ) + (0 ↔ i) , (A.70)

13The basis states of the two (1, 1)± representations have been combined here for compactness.
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(1/2, 1/2)± ⊗ (1/2, 1/2)∓ with i, j = 1, 2, 3, i 6= j:

(1, 0) ⊕ (0, 1) dim = 6 : (ti)(tj)− (t†i )(t
†
j)− (i↔ j) , (A.71)

(t0)(ti) + (t†0)(t
†
i )− (0 ↔ i) , (A.72)

(1, 1)− dim = 9 : (ti)(tj)− (t†i )(t
†
j) + (i↔ j) , (A.73)

(t0)(ti) + (t†0)(t
†
i ) + (0 ↔ i) , (A.74)

where only the six “off-diagonal” (α 6= β) basis states for the (1, 1)± representations are shown.
The “off-diagonal” basis states of the (1, 1)± representations in terms of tensor products of

(tα) and (t†β) are given by (i, j = 1, 2, 3 and i 6= j):

(1, 1)+ dim = 9 : (t0)(t
†
i )− (t†0)(ti) + (t†i )(t0)− (ti)(t

†
0) , (A.75)

(ti)(t
†
j) + (t†i )(tj) + (t†j)(ti) + (tj)(t

†
i ) , (A.76)

(1, 1)− dim = 9 : (t0)(t
†
i ) + (t†0)(ti) + (t†i )(t0) + (ti)(t

†
0) , (A.77)

(ti)(t
†
j)− (t†i )(tj) + (t†j)(ti)− (tj)(t

†
i ) . (A.78)

The basis states of the (1, 1)+ representation in Eqs. (A.75)-(A.76) are identical (Fierz-equivalent)
to the basis states given in Eqs. (A.57)-(A.58) since they define exactly the same SU(2)L×SU(2)R
tensors. Phrased differently, representations of O(4) allow for different expressions in terms of
group actions on (multiple) tensor products of copies of H4. In fact, the existence of Fierz iden-
tities is a direct consequence of this statement. By the means of a Fierz-type projection [136] a
connection between them can be drawn: let

(Xs ⊗X ′
t)ijkl, (Yu ⊗ Y ′

v)ijkl , Xs,X
′
t, Yu, Y

′
v ∈ H4 , (A.79)

be two bases of the same space which can be expressed as a tensor product of two spaces in
more than one way. A scalar product B is defined by

B(Xs ⊗X ′
t, Yu ⊗ Y ′

v) =
∑

ijkl

(Xs ⊗X ′
t)ijkl(Yu ⊗ Y ′

v)
†
ijkl . (A.80)

For instance, two different expressions of the basis states of the irreducible (1,0) SO(4) repre-
sentation are given by

(iτs)R = (1)R(iτs)R , ǫs
′tu(iτt)R(iτu)R . (A.81)

The scalar product Eq. (A.80) of basis states from two different expressions in terms of tensor
products yields:

−i[(1)R]ij [(τs)R]kl[(τt)R]ij [(τu)R]klǫs
′tu/4 = 0 , (A.82)

−i[(1)R]kl[(τs)R]ij [(τt)R]ij [(τu)R]klǫs
′tu/4 = 0 , (A.83)

−i[(1)R]li[(τs)R]jk[(τt)R]ij [(τu)R]klǫs
′tu/4 = −δss′ , (A.84)

−i[(1)R]jk[(τs)R]li[(τt)R]ij [(τu)R]klǫs
′tu/4 = δss′ . (A.85)
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A.3.2 O(4) representations and quark multilinears

So far only the regular tensor product of basis states of SO(4) representations with implied
SU(2)L× SU(2)R group actions have been considered. However, quark multilinears which in-
clude more than two quarks constitute symmetric tensor products of basis states with implied
SU(2)L× SU(2)R group actions, since a general quark multilinear is the commutative product
of multiple quark bilinears. The symmetric tensor product, denoted by ’⊙’, is defined for n
vectors vi by

v1 ⊙ · · · ⊙ vn =
∑

σ

1

n!
vσ(1) ⊗ · · · ⊗ vσ(n) , (A.86)

where the sum is over all permutations σ(1), · · · , σ(n) of the index set {1, · · · , n}. The symmet-

ric tensor product of two irreducible representations of dimension d yields a representation of
dimension D = d+ (d− 1) + · · ·+ 1.

The interest of this paper is in the decompositions of the symmetric tensor products of the
lowest-dimensional irreducible representations of O(4). The symmetric tensor product of the
two 6-dimensional irreducible representations yields a reducible representation of dimension 21
which decomposes into the irreducible representations

[(1, 0) ⊕ (0, 1)] ⊙ [(1, 0) ⊕ (0, 1)] = (1, 1)+ ⊕ (2, 0) ⊕ (0, 2) ⊕ (0, 0)+ ⊕ (0, 0)− , (A.87)

where the basis states of the irreducible representations (1, 1)+, (2, 0) ⊕ (0, 2) and (0, 0)± are
given by Eq. (A.57), Eq. (A.56) and Eq. (A.54) with (iτj)L(iτk)R = (iτk)R(iτj)L. Note that the
basis states of the (1, 1)− can not be expressed in terms of symmetric tensor products of (iτi)L,R.
The symmetric tensor product of two identical 4-dimensional irreducible representations yields
a 10-dimensional reducible representation which decomposes into

(1/2, 1/2)± ⊙ (1/2, 1/2)± = (1, 1)+ ⊕ (0, 0)+ . (A.88)

The basis states of (0, 0)+ and (1, 1)+ are defined by Eq. (A.64), Eqs. (A.69)-(A.70) and Eqs. (A.75)-

(A.76) with AB = BA for A,B ∈ {(tα), (t†α) |α = 0, 1, 2, 3}. The decomposition of the symmetric
tensor product of two different 4-dimensional irreducible representations reads

(1/2, 1/2)± ⊙ (1/2, 1/2)∓ = (1, 1)− ⊕ (0, 0)− , (A.89)

where the basis states of the of (0, 0)− and (1, 1)− are defined by Eq. (A.64), Eqs. (A.73)-(A.74)

and Eqs. (A.77)-(A.78) with A,B ∈ {(tα), (t†α) |α = 0, 1, 2, 3}.
Based on the findings of this appendix, a list of all quark quadrilinears which transform

as basis states of particular irreducible O(4) representations can be compiled. The set of P -
and/or T -violating quark quadrilinears, the irreducible O(4) representation to which they belong
(first column) and the number of P - and/or T -violating quark quadrilinears each representation
contains (second column) is given by (i, j, k, l = 1, 2, 3, summation over i and j implied, k and l
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are fixed):

(0, 0)− 1 /P -state : q̄γµτiqq̄γ
µγ5τiq , (A.90)

(1, 1)+ 3 /P /T -states : ǫkij q̄γµτiqq̄γ
µγ5τjq , (A.91)

(2, 0) ⊕ (0, 2) 5 /P -states : (δikδjl+δjkδil−2δijδkl)q̄γµτiqq̄γ
µγ5τjq , (A.92)

(0, 0)− 1 /P /T -state : q̄qq̄iγ5q − q̄τiqq̄iγ5τiq , (A.93)

(1, 1)+ 3 /P /T -states : q̄qq̄iγ5τkq ± q̄τkqq̄iγ5q , (A.94)

(1, 1)− 6 /P /T -states : q̄τkqq̄iγ5τlq ± q̄τlqq̄iγ5τkq k 6= l ,

q̄τkqq̄iγ5τkq + q̄qq̄iγ5q with k = 1, 2, 3 . (A.95)

Note that the different relative signs in Eq. (A.94) and Eq. (A.95) define two different sets of
tensors which transform as two equivalent realizations of the same respective basis states of the
same representation.

The derivation of quark multilinears presented in this appendix immediately reveals Fierz
identities among quark multilinears. A Fierz identity between two quark multilinears exists
when they transform as the same basis state of the same irreducible representation and as
identical tensors. This is, e.g., the case for (summation over i, j implied, k is fixed)

q̄qq̄iγ5τkq − q̄τkqq̄iγ5q and ǫkij q̄γµτiqq̄γ
µγ5τjq , (A.96)

which transform as the same basis state of the (1, 1)+ representation and as identical tensors.

B The Weinberg formulation of SU(2) ChPT

The aim of this appendix is to demonstrate the connection between the two equivalent formu-
lations of SU(2) ChPT, by Gasser and Leutwyler [49] and by Weinberg [58], respectively. The
equivalence of these two formulations is based on the observation made in Appendix A: a chiral
SU(2)L×SU(2)R transformation of the quark fields in a quark bilinear induces a vector or tensor
SO(4) rotation on the set of quark bilinears. The chiral SU(2)L×SU(2)R transformation of the
quark fields and the induced SO(4) transformation are just two sides of the same coin. The
relationship between quark fields in a quark bilinears and the vector space of quark bilinears is
resemblant of the relationship between vector spaces and their dual vector spaces. The same is
true for quark multilinears in general.

In order establish the relationship between the two formulations of SU(2) ChPT, the deriva-
tion of the transformation properties of the Goldstone boson fields [49, 58, 64, 65] has to be
revisited. Let v0 ∈ B be the ground state in the field space B (i.e. the state without Goldstone
bosons) and let F : G×B → B be a group action of the group G on this space, with the ground
state v0 being invariant under the subgroup H ⊂ G:

Fg1g2(v) = Fg1(Fg2(v)) ∀v ∈ B , v0 7→ Fh(v0) = v0 ∀h ∈ H . (B.1)

F defines a one-to-one map from the set of left cosets G/H onto B:
F : G× B → G/H × B → B , F |G/H×{v0} : G/H × {v0} ↔ B . (B.2)

Since H ⊂ G is a subgroup of G, any product g1 · g2, g1, g2 ∈ G, equals g′ · h for some h ∈ H
and g′ ∈ G and the group action thus obeys

Fg1·g2 = Fg′◦h , (B.3)
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for all g1, g2 ∈ G and suitable g′ ∈ G, h ∈ H. Let {πi} be the set of Goldstone boson fields, which
are essentially the parameters of G/H whose elements act on the ground state v0. According to
Eq. (B.3), the Goldstone boson fields transform under G by

Fg̃ ◦ Fg({πi})(v0) = Fg′({πi},g̃) ◦ Fh({πi},g̃)(v0) = Fg′({πi},g̃)(v0) , (B.4)

where g′ and h depend on g̃ and g({πi}).
Eq. (B.4) is the starting point for both formulations of SU(2) ChPT. Both formulations

are now discussed in the exponential parameterization [137, 138] first. The realization of the
SU(2)L×SU(2)R group action on the ground state v0 chosen by Gasser and Leutwyler [49] is
defined by an axial rotation of the ground state v0 = 1:

Fg({πi})(v0) = u(~π)1u(~π) = U(~π) , u, U ∈ SU(2) , (B.5)

where U = u2 is the standard U matrix (the group action F for a general g=(L,R) is given by
1 7→R1L†). The matrix U = exp(i~π · ~τ) is essentially an axial SU(2)A rotation of the ground
state v0 = 1 parametrized by the Goldstone boson fields {πi}. For this definition of F – the
Gasser-Leutwyler realization – the transformation law of Eq. (B.4) reads

Fg̃ ◦ Fg({πi})(v0) = Ru(~π)1u(~π)L† = u(~π ′)V 1V †u(~π ′) = U(~π ′)

= Fg′({πi},g̃) ◦ Fh({πi},g̃)(v0) = Fg′({πi},g̃)(v0) , (B.6)

for V ∈ SU(2)V = H.
The other realization of the group action employed by Weinberg utilizes the induced SO(4)

transformation: since the Goldstone bosons map bijectively onto the quotient group G/H =
SU(2)L×SU(2)R/SU(2)V where SU(2)V is the diagonal vector subgroup {(V, V )|V ∈ SU(2)},
the elements {1,1} and {−1,−1} are in the same left coset. The spontaneous symmetry
breaking pattern SU(2)L×SU(2)R → SU(2)V is then equivalent to SO(4) → SO(3) because of

SU(2)/{1,−1} = RP 3 = SO(3) , (B.7)

where RP 3 is the real projective 3-space. Let the group action F on G now be explicitly
defined by the SO(4) rotations g ∈ SO(4) and h ∈ SO(3) ⊂ SO(4) which act on the ground
state denoted by the real four-vector v0. The Goldstone boson fields map bijectively onto
SO(4)/SO(3) and can be represented by an SO(4) matrix U4 (the Goldstone bosons parametrize
the S3 ∼ SO(4)/SO(3) manifold). The generators of SO(4) are readily obtained from the group
action of SU(2)L×SU(2)R on H4 defined in Eq. (A.12) and read

(T k)i4 = −(T k)4i = −iδki, (T k)ij = (T k)44 = 0 , (B.8)

(H l)ij = −iǫijl, (H l)i4 = (H l)4i = (H l)44 = 0 , (B.9)

where Hk are the generators of H ⊂G. A possible parameterization of the SO(4) matrix U4

corresponding to an axial transformation of the ground state (i.e. parameterizing SO(4)/SO(3))
is then given by:

U4 = exp











i











0 0 0 −iπ1/Fπ

0 0 0 −iπ2/Fπ

0 0 0 −iπ3/Fπ

iπ1/Fπ iπ2/Fπ iπ3/Fπ 0





















. (B.10)
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The four-vector v0 = (0, 0, 0, n), n ∈ R, represents a ground state which is invariant under H.
The transformation law of Eq. (B.4) for the Goldstone bosons then reads

F ∗
g̃ ◦ F ∗

g({πi})(v0) = g̃ U4(~π) v0 = U4(~π
′)h(~π, g̃) v0 = U4(~π

′)v0

= F ∗
g′({πi},g̃) ◦ F ∗

h({πi},g̃)(v0) = F ∗
g′({π},g̃)(v0) , (B.11)

where g̃ ∈ G and h ∈ H ⊂ G are SO(4) matrices. The map F in Eq. (B.4) has been replaced by
F ∗ here since the Weinberg realization of the group action can be regarded as the group action
induced by the Gasser-Leutwyler realization of F in the same manner as a map of the quark
fields in a quark bilinear induces a map on the vector space of quark bilinears. Note that with
the choice of the group action F defined in Eq. (B.6), compositions Fg2 ◦ Fg1 and their induced
compositions F ∗

g2 ◦ F ∗
g1 exhibit the same ordering for all g1, g2 ∈ G.

While in the Gasser-Leutwyler formulation the leading kinetic term, for instance, of the
effective Lagrangian is given by

cGL〈∂µU∂µU †〉 = cGL2(∂µ~π)(∂
µ~π) + · · · , (B.12)

the leading kinetic term of the effective Lagrangian in the Weinberg formulation would read (see
section 19.5 of [58])

2cW (∂µU4v0)
T (∂µU4v0) = 2cWn

2(∂µ~π)(∂
µ~π) + · · · , (B.13)

for some real constants cGL and cW . The connection between both realizations of the group
action is established by the 2-1 homomorphism of SU(2)L × SU(2)R onto SO(4) Eq. (A.12).

There exists another more convenient parameterization for the Weinberg realization of the
group action which is based on the standard stereographic projection of the 3-sphere S3 (the
north pole is taken to lie on the fourth axis and π2=π21+π

2
2+π

2
3):

(
2π1/F0

1 + π2/F0
,

2π2/F0

1 + π2/F0
,

2π3/F0

1 + π2/F0
,
1− (π21 + π22 + π23)/F0

1 + π2/F0

)

, F0 = 2Fπ . (B.14)

This parameterization can be expressed as an (axial) SO(4) rotation given by the matrix

U4 =












1− 2π2
1/F

2
0

1+π2/F 2
0

−2π1π2/F 2
0

1+π2/F 2
0

−2π1π3/F 2
0

1+π2/F 2
0

2π1/F0

1+π2/F 2
0

−2π2π1/F 2
0

1+π2/F 2
0

1− 2π2
2/F

2
0

1+π2/F 2
0

−2π2π3/F 2
0

1+π2/F 2
0

2π2/F0

1+π2/F 2
0

−2π3π1/F 2
0

1+π2/F 2
0

−2π3π2/F 2
0

1+π2/F 2
0

1− 2π2
3/F

2
0

1+π2/F 2
0

2π3/F0

1+π2/F 2
0

− 2π1/F0

1+π2/F 2
0

− 2π2/F0

1+π2/F 2
0

− 2π3/F0

1+π2/F 2
0

1−π2/F 2
0

1+π2/F 2
0












, (B.15)

which acts on the north pole (0, 0, 0, n). This is the preferred parameterization in the Weinberg
formulation of SU(2) ChPT [58].

It has been demonstrated in Appendix A that quark multilinears can be regarded as basis
states of irreducible representations of O(4). In general, a chiral-symmetry breaking quark
structure Sq (i.e. a quark multilinear) exhibits the same transformation properties under G as
a corresponding structure Seff in the effective Lagrangian (e is the identity element):

Sq[{qi}] 7→ Sq[F
q
g̃ ({qi})] = F ∗

g̃ (Sq[{qi}]) ,
Seff [Fg({πi}), v0] 7→ Seff [Fg̃ ◦ Fg({πi}), v0] = F ∗

g̃ ◦ F ∗
g({πi})(Seff [Fe, v0]) , (B.16)
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where F q is the group action on the quark fields, F is the corresponding group action in the
effective theory (on the ground state or on the Goldstone boson fields) and F ∗ is – as before – the
induced map on the (vector-)space of chiral structures, which is identical for quark structures
and chiral structures in the effective field theory. The group action F is in general a group action
on an element of the set {1, τ1, τ2, τ3}. The equation in the second line of Eq. (B.16) reveals
the two equivalent methods of constructing chiral-symmetry breaking structures in the effective
field theory Lagrangian. In the Gasser-Leutwyler formulation, a chiral-symmetry breaking term
in the effective Lagrangian can be constructed from the Goldstone boson matrix U and its
hermitian conjugate to transform under SU(2)L×SU(2)R (or equivalently O(4)) identically to
the corresponding quark multilinear. As an example one may consider the isospin-violating
component of the quark-mass matrix and its leading counterpart in the pion-sector effective
Lagrangian, which read in the Gasser-Leutwyler formulation:

S[{qi}] = q̄Lτ3qR + q̄Rτ3qL 7→ S[F q
g̃ ({qi})] = q̄LL

†τ3RqR + q̄RR
†τ3LqL , (B.17)

Seff [Fg({πi}), v0] = 〈Uτ3 + U †τ3〉 7→Seff [Fg̃◦Fg({πi}), v0] = 〈RUL†τ3+LU
†R†τ3〉 . (B.18)

In the Weinberg formulation of SU(2) ChPT, a term without Goldstone bosons is constructed
which exhibits the same transformation properties underO(4) (or equivalently SU(2)L×SU(2)R)
as its corresponding quark multilinear. The Goldstone bosons are then introduced by an axial
SO(4) rotation (i.e. expressible in terms of U4 of Eq. (B.10) or Eq. (B.15)) which is paramterized
by the Goldstone boson fields:

Seff [Fe, v0] 7→ F ∗
g({πi})(Seff [Fe, v0]) . (B.19)

We demonstrate the Weinberg procedure of constructing chiral-symmetry breaking terms in
the pion- and pion-nucleon-sector effective Lagrangian for the quark bilinears in the 4-dimensional
(1/2, 1/2)+ representation of O(4). The fourth component of a vector in this representation
transforms as the isospin conserving component of quark-mass term, i.e. it transforms as a
scalar under H ⊂G. The other components of a vector in this representation transform as a
P - and T -violating three-vector under H ⊂G. The application of U4 of Eq. (B.10) to the four-
vectors in the pion sector and the pion-nucleon sector with the correct transformation properties
yields

(U4(0, 0, 0, 1)
T )4 = (~π/Fπ + · · · , (1− ~π2/(2F 2

π )) + · · · ) , (B.20)

(U4(0, 0, 0, N
†N)T )4 = (~π/Fπ + · · · , (1− ~π2/(2F 2

π )) + · · · )N †N , (B.21)

which is identical to the expressions obtained within the Gasser-Leutwyler formulation. A list of
a few further structures in the Weinberg formulation [30,58] with their corresponding structures
in the Gasser-Leutwyler formulation reads

N †N ↔ N †N , (B.22)

(U4(0, 0, 0, N
†N)T )4 ↔ 〈χ+〉N †N , (B.23)

(U4(N
†~τN, 0)T )3 ↔ N †χ̂+N = N †(χ+ − 〈χ+〉)N , (B.24)

eFµν

(

((U4)ik(U4)jl − (U4)jk(U4)il)N
†TklN

)

34
↔ N †f̂+µνN = N †(f+µν − 〈f+µν〉)N , (B.25)
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where the antisymmetric matrix T is given by

T =











0 0 0 τ1

0 0 0 τ2

0 0 0 τ3

−τ1 −τ2 −τ3 0











, (B.26)

and χ+ and f+µν are defined by Eq. (32) and Eq. (33), respectively.
Higher-order terms in the effective Lagrangian are tensor products of the lowest-dimensional

representations of O(4). They can be obtained in exactly the same manner by constructing
tensors without Goldstone bosons and with the correct transformation properties under O(4)
transformations. Whereas in the Gasser-Leutwyler formulation such structures in the pion
sector and pion-nucleon sector are easily obtained by the composition of fundamental building
blocks, the construction of higher-order structures in the Weinberg formulation proves to be
increasingly tedious. Furthermore, the simple extension of SU(2) ChPT to SU(3) ChPT in the
Gasser-Leutwyler formulation is not possible for the Weinberg formulation of SU(2) ChPT.
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