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(from RIA web page)

Motivation

(SN1987a)

experimental programs: Isolde, ISAC, FAIR, FRIB, ... 
more reliable theoretical predictions are required 
!
but: predictions are difficult

?

2

Why theoretical nuclear physics?

• stable nuclei ✔

• nuclear drip line for light nuclei ✔

!

• complex, unstable nuclei ?

• nuclear dripline ?
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Nuclei from QCD?
Quantum Chromo Dynamics            binding of nuclei!

        but: QCD is non-perturbative at energies relevant for nuclei 

              confinement: observed degrees of freedom are hadrons

!
Lattice QCD            masses of hadrons  ✔ 

                          selected few-(two-)nucleon observables (?)

 

  
!
                 

!
!
!
!
!
!
!
“microscopic” description of nuclei: 

    nuclear potential  +  non-relativistic  Schrödinger equation

 


mud, corresponding toMp ≅ 135MeV, are difficult.
They need computationally intensive calculations,
withMp reaching down to 200 MeVor less.

5) Controlled extrapolations to the contin-
uum limit, requiring that the calculations be
performed at no less than three values of the
lattice spacing, in order to guarantee that the
scaling region is reached.

Our analysis includes all five ingredients
listed above, thus providing a calculation of the
light hadron spectrum with fully controlled sys-
tematics as follows.

1) Owing to the key statement from renor-
malization group theory that higher-dimension,
local operators in the action are irrelevant in the
continuum limit, there is, in principle, an un-
limited freedom in choosing a lattice action.
There is no consensus regarding which action
would offer the most cost-effective approach to
the continuum limit and to physical mud. We use
an action that improves both the gauge and
fermionic sectors and heavily suppresses non-
physical, ultraviolet modes (19). We perform a
series of 2 + 1 flavor calculations; that is, we
include degenerate u and d sea quarks and an
additional s sea quark. We fix ms to its approxi-
mate physical value. To interpolate to the phys-
ical value, four of our simulations were repeated
with a slightly different ms. We vary mud in a
range that extends down to Mp ≈ 190 MeV.

2) QCD does not predict hadron masses in
physical units: Only dimensionless combinations
(such as mass ratios) can be calculated. To set the
overall physical scale, any dimensionful observ-
able can be used. However, practical issues in-
fluence this choice. First of all, it should be a
quantity that can be calculated precisely and
whose experimental value is well known. Sec-
ond, it should have a weak dependence on mud,
so that its chiral behavior does not interfere with
that of other observables. Because we are con-
sidering spectral quantities here, these two con-
ditions should guide our choice of the particle
whose mass will set the scale. Furthermore, the
particle should not decay under the strong in-
teraction. On the one hand, the larger the strange
content of the particle, the more precise the mass
determination and the weaker the dependence on
mud. These facts support the use of theW baryon,
the particle with the highest strange content. On
the other hand, the determination of baryon dec-
uplet masses is usually less precise than those of
the octet. This observation would suggest that
the X baryon is appropriate. Because both the
W and X baryon are reasonable choices, we
carry out two analyses, one withMW (theW set)
and one withMX (the X set). We find that for all
three gauge couplings, 6/g2 = 3.3, 3.57, and 3.7,
both quantities give consistent results, namely
a ≈ 0.125, 0.085, and 0.065 fm, respectively. To
fix the bare quark masses, we use the mass ratio
pairs Mp/MW,MK/MW or Mp/MX,MK/MX. We
determine the masses of the baryon octet (N, S,
L, X) and decuplet (D, S*, X*, W) and those
members of the light pseudoscalar (p, K) and

vector meson (r, K*) octets that do not require
the calculation of disconnected propagators.
Typical effective masses are shown in Fig. 1.

3) Shifts in hadron masses due to the finite
size of the lattice are systematic effects. There
are two different effects, and we took both of
them into account. The first type of volume de-
pendence is related to virtual pion exchange be-
tween the different copies of our periodic system,
and it decreases exponentially with Mp L. Using
MpL >

e
4 results in masses which coincide, for

all practical purposes, with the infinite volume
results [see results, for example, for pions (22)
and for baryons (23, 24)]. Nevertheless, for one
of our simulation points, we used several vol-
umes and determined the volume dependence,
which was included as a (negligible) correction at
all points (19). The second type of volume de-
pendence exists only for resonances. The cou-
pling between the resonance state and its decay
products leads to a nontrivial-level structure in
finite volume. Based on (20, 21), we calculated
the corrections necessary to reconstruct the reso-
nance masses from the finite volume ground-
state energy and included them in the analysis
(19).

4) Though important algorithmic develop-
ments have taken place recently [for example

(25, 26) and for our setup (27)], simulating di-
rectly at physical mud in large enough volumes,
which would be an obvious choice, is still ex-
tremely challenging numerically. Thus, the stan-
dard strategy consists of performing calculations
at a number of larger mud and extrapolating the
results to the physical point. To that end, we use
chiral perturbation theory and/or a Taylor expan-
sion around any of our mass points (19).

5) Our three-flavor scaling study (27) showed
that hadron masses deviate from their continuum
values by less than approximately 1% for lattice
spacings up to a ≈ 0.125 fm. Because the sta-
tistical errors of the hadron masses calculated in
the present paper are similar in size, we do not
expect significant scaling violations here. This is
confirmed by Fig. 2. Nevertheless, we quantified
and removed possible discretization errors by a
combined analysis using results obtained at three
lattice spacings (19).

We performed two separate analyses, setting
the scale with MX and MW. The results of these
two sets are summarized in Table 1. The X set is
shown in Fig. 3. With both scale-setting proce-
dures, we find that the masses agree with the
hadron spectrum observed in nature (28).

Thus, our study strongly suggests that QCD
is the theory of the strong interaction, at low

Fig. 3. The light hadron
spectrum of QCD. Hori-
zontal lines and bands are
the experimental values
with their decay widths.
Our results are shown by
solid circles. Vertical error
bars represent our com-
bined statistical (SEM) and
systematic error estimates.
p, K, and X have no error
bars, because they are
used to set the light quark
mass, the strange quark
mass and the overall
scale, respectively.

Table 1. Spectrum results in giga–electron volts. The statistical (SEM) and systematic uncertainties
on the last digits are given in the first and second set of parentheses, respectively. Experimental
masses are isospin-averaged (19). For each of the isospin multiplets considered, this average is
within at most 3.5 MeV of the masses of all of its members. As expected, the octet masses are more
accurate than the decuplet masses, and the larger the strange content, the more precise is the
result. As a consequence, the D mass determination is the least precise.

X Experimental (28) MX (X set) MX (W set)
r 0.775 0.775 (29) (13) 0.778 (30) (33)
K* 0.894 0.906 (14) (4) 0.907 (15) (8)
N 0.939 0.936 (25) (22) 0.953 (29) (19)
L 1.116 1.114 (15) (5) 1.103 (23) (10)
S 1.191 1.169 (18) (15) 1.157 (25) (15)
X 1.318 1.318 1.317 (16) (13)
D 1.232 1.248 (97) (61) 1.234 (82) (81)
S* 1.385 1.427 (46) (35) 1.404 (38) (27)
X* 1.533 1.565 (26) (15) 1.561 (15) (15)
W 1.672 1.676 (20) (15) 1.672

21 NOVEMBER 2008 VOL 322 SCIENCE www.sciencemag.org1226

REPORTS

(Dürr et al., Science 2008)

nucleons (p,n) are more 
suitable for the 
description on nuclei
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Signatures of  3NFs in light nuclei and neutron-
deuteron scattering

• neutron-deuteron scattering is the most important tools to study 3NFs 
!

• phenomenological models of the nuclear force require significant 3NFs    
!

• models fail to describe data

4
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Models to describe NN data
NN force models (AV18, CD-Bonn, Nijmegen, ...) 

describe the data ( ~ 4000) up to Tlab ~ 300 MeV (plab ~ 700 MeV) perfectly (χ2/datum ∼ 1) 

!

!
!
!
!
!
!
!
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Figure 5. Selected neutron–proton phase shifts for various potentials in comparison with the Nijmegen [89] (filled circles) and Virginia
Tech [90] (open triangles) PWA. The band for EGM N3LO corresponds to a variation of the cutoffs in the natural range providing a (rough)
estimate of the theoretical uncertainty at this order, see [88] for more details.

potentials from Nijmegen [54], AV18 [53], CD-Bonn [52] and
from Gross and Stadler [60]. We emphasize that the chiral
expansion of the two-nucleon scattering observables within
the formulations of [87, 88] is expected to converge at energies
well below the pion-production threshold. To extend to higher
energies, it is necessary to explicitly take into account the
momentum scale Q ∼

√
mNMπ associated with real pion

production. This has not been pursued so far for two-nucleon
scattering. For a detailed discussion of the convergence of the
chiral expansion for NN scattering the reader is referred to [88].

The consistency of the Weinberg power counting for short-
range operators has been questioned by several authors, see e.g.
[91, 92]. The meaning of the non-perturbative renormalization
of the Schrödinger equation in the context of chiral EFT and
the implications on the power counting are currently under
discussion, see [93–98] and references therein for a sample of
different views on this issue. Note that while several different
schemes have been proposed in the literature, a real alternative
to the Weinberg approach for practical calculations is not yet
available.

IB contributions to the nuclear force have been extensively
studied in the framework of chiral EFT. Within the Standard
Model, isospin violation has its origin in the different quark
masses and the electromagnetic interactions. Chiral EFT is
well suited to explore the implications of these two effects
which lead to a string of IB terms in the effective hadronic

Lagrangian which are proportional either to the quark mass
difference or the fine structure constant. IB contributions to
the nuclear forces can then be worked out straightforwardly
leading to a similar hierarchy for many-body forces as in
the isospin-symmetric case. We emphasize, however, that
different counting rules are used in the literature to relate the
additional expansion parameters for IB contributions (i.e. the
quark mass difference and the fine structure constant) toQ/"χ .
In the 2NF, the dominant IB contribution is due to the different
pion masses, Mπ0 ̸= Mπ± , in the one-pion exchange. The
resulting potential is charge-symmetry conserving, i.e. of class
II. Charge-symmetry breaking forces of classes III and IV
are considerably weaker and are, to a large extent, driven
by the proton-to-neutron mass differences in the one- and
two-pion exchange contributions and the short-range terms
[99–102]. The power counting suggests the hierarchy of
the 2NFs with ⟨V I

2N⟩ > ⟨V II
2N⟩ > ⟨V III

2N⟩ > ⟨V IV
2N ⟩ [103]

which is consistent with observations. It should also be
emphasized that the purely electromagnetic contributions are
strongly enhanced under certain kinematical conditions (low
energies and/or forward angles) due to their long-range nature.
For a more comprehensive review on various contributions to
the nuclear force the reader is referred to the recent review
papers [14, 16, 17].

All the developments described above are based on
the EFT with pions and nucleons as the only degrees of

6

(from Kalantar-Nayestanaki et al., 2012)

1π-exchange  
       + short-range
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3N system based on NN forces

Many low energy few-nucleon observables are well  & model independently 
described ! 
!
!
!
!
!
!
!

(see e.g. Witała et al., 2001)

3 MeV

6

Approximation to the nuclear 
Hamiltonian does not seem to 
be too bad, but .....
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3N system based on NN forces
Binding energies are not model-independent  

& the results do not agree with experiment

3 4

CD-Bonn -8.013 -26.23

AV18 -7.628 -24.25

Nijm I -7.741 -24.99

Nijm II -7.659 -24.55

Expt -8.482 -28.30

(see e.g. A.N. et al., 2002)

3NF’s are quantitatively important for binding energies. 
!
Cancelation of kinetic and potential energy! 
Small parts of the nuclear Hamiltonian are relevant

7
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Phenomenological 3NF’s
NN interactions can be augmented by phenomenological 3N interactions 
based on 2π-exchange 
  
(Fujita-Miyazawa, Tuscon-Melbourne, Urbana, Illinois, ...) 
!
!
Adjust  so that the 
 3H / 4He binding energy is described correctly  (remember Tjon-line correlation)           

                          binding energy problem and “Sagara discrepancy” was resolved        

    

!

!

!

!
!
!

135 MeV

8
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FIG. 17. Fractional discrepancy of the cross-section mini-
mum, Acr = (o' ' —o'"~)/cr'"~. The present p+ d data are
compared with the Faddeev calculations [16] using either the
original Paris NN potential (solid circle) or the Paris NN
potential whose LS force is modified (open circle).

sible for the discrepancy. At 2.5 MeV, Coulomb force in
the p+d scattering has been treated nearly correctly [15].
The "correct" height of the p+ d A„peak is about 12%
lower than that calculated in the approximate treatment
of Coulomb force. Hence, AA„in a correct Coulomb cal-
culation using the modified potential at 2.5 MeV would
become —6% which is 12% below the value predicted
in the approximate Coulomb calculation. The "correct"
AA& at 18 MeV is expected to be even smaller than the
"approximate" value of —15% (see Fig. 16), because the
correct treatment tends to lower the A„peak height in
the present energy region as discussed in the next sec-
tion. Hence, it is certain that there remains an energy-
dependent discrepancy which cannot be attributed to the
inadequacy of the treatment of Coulomb force. Existence
of the energy-dependent discrepancy for the n + d scat-
tering can also be seen in Fig. 16, though the situation
is not so clear due to the long error bars of the n + d
data [3—7]. To eliminate the energy-dependent discrep-
ancy in the A„peak, some other improvements on the
NN potential would be necessary.
The fractional discrepancy for the cross-section mini-

mum, b,o = (o' l' —o'"~)/n'"~, was also evaluated in
the same manner as shown in Fig. 17. It is to be noted
that 40 takes even large values at both the ends of the
energy range of the measurement, and is strongly energy
dependent. The width of the variation in the range 2—
18 MeV is 43'%%uo which is larger than the width for AA„
(27%%uo) calculated from the original NN potential. The
approximate Coulomb calculation is not considered the
main cause for this discrepancy, because the cross-section
minimum predicted in the "correct" Coulomb calculation
[15] deviates &om the approximate Coulomb calculation
only by about 5% at 2.5 MeV and the difference is ex-
pected to be within several % in the whole energy range
2—18 MeV. The modification in the short range part of
the LS potential, which has been effective for AA„,seems

to have essentially no effect on A0 as shown in Fig. 17.
The large discrepancy in the cross section might indicate
that some improvement is necessary also in the scalar
part of the NN potential.

VI. COMPARISON MITH n+ d DATA

The difference between the n+ d and the p+ d systems
is in the presence of different pairs of interacting particles
of nn and pp. If the difference in the physical observables
between the n + d and the p+ d systems cannot be fully
attributed to the presence of Coulomb force in the p +
d system, it necessarily indicates the charge symmetry
breaking (CSB) in the nuclear force. The comparison
between the heights of the n+ d and the p+ d A& peaks
is of special interest in studying the difference between
the n + d and the p + d systems, because (a) the two A„
peaks appear at almost the same scattering angles, (b)
the difference between the peak heights is large, and (c)
the peak heights can be measured accurately.
The p+ d A„peakheights have already been evaluated

&om the Legendre fit to the present experimental data
in Sec. IV. The n+ d peak heights were evaluated from
the n + d A„data in Refs. [3—7] in the same manner as
used for deriving the p+ d A„peak heights. In this fit,
the present p+ d cross section data were used for o. in
Eq. (7), because the n + d cross-section data are lacking
and have large experiment errors. An excellent fit was
obtained for the n + d A„.The differences between the
n+d and the p+d A„peakheights evaluated for the same
beam energies are shown in Fig. 18. Since the present
experiment provides enough accurate data on the p+ d
A„,the errors in the differences come mainly from the
scale uncertainties (3—6%) of the n + d A„data. Figure
18(a) shows that the absolute value of the difference has
a tendency to increase with the energy, while Fig. 18(b)
shows that the relative value seems to be nearly constant
above 5 MeV.
The difference predicted by the Faddeev calculation

with the approximate Coulomb treatment for the p +
d system in Ref. [31], is also shown by dashed curves
in Fig. 18. Although the relative energy dependence
seems to be qualitatively reproduced. by the calculation,
the absolute value is much smaller than the experiment
in the whole energy range 3—14.1 MeV. The difference
at 2.5 MeV predicted by the Faddeev calculation with
the nearly exact Coulomb force [15] is also shown by the
open circles in Fig. 18. The predicted value is much
larger than the approximate Coulomb calculation, and
seems to be close to the experimental value. However,
the large experimental uncertainty at 3 MeV obscures
the conclusion to be drawn on CSB.
VFhen the NN potential used in the calculation is

changed from the original Paris potential to the IS-
modified potential, the A„peak height is increased by
about 23% as described in the pre~ious section. How
ever, the difference between the n + d and the p + d A„
peak heights was found to remain essentially the same.
This might indicate that CSB can be most effectively
studied from the peak height difference.

Sagara et al. (1994)

with 3NF
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Phenomenological 3NF’s
But: none of the phenomenological models describes all the data! 

        

    

!

!

!

135 MeV

9
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Figure 12. Overview of the observables measured at various laboratories with beams of neutrons (gray/red squares), protons and deuterons
(gray/blue circles) with different energies (in units of MeV per nucleon). The size of each circle or square roughly represents the angular
coverage for a particular observable at a given energy. A large circle or square refers to a (nearly) complete angular coverage, whereas for a
small circle or square only a limited angular range was measured. Open circles refer to data that are presently being analyzed and not yet
published.

IUCF (135 and 200 MeV/nucleon) [255, 256]. Experiments at
much higher energies of up to 1.3 GeV were also performed
at SATURNE. In addition, neutron beams have been used at
PSI (up to 65 MeV) [193], Uppsala (at 95 MeV) [257] and
at LANSCe (140–240 MeV) [258] to study the three-body
system with the advantage of having no Coulomb effect, which
otherwise has to be accounted for in the calculations. The
obvious disadvantage of neutron beams is the quality and
the intensity of the beams. Elastic scattering, the break-up
reaction and radiative capture have been studied with these
beams.

An overview of what has been measured up until now
can be seen in figure 12. This figure is inspired by a graph
presented by K Sekiguchi at various conferences. As can
be seen from the figure, the density of the points is reduced
as one attempts to measure more complicated observables.
For instance, measurements at only a few energies have been
performed for the spin-correlation coefficients which requires
a polarized beam and a polarized target. This has been achieved
at the IUCF ring with very thin polarized gas-jet targets. Note,
however, that the spin-correlation coefficients, denoted by
Cij in figure 12, for the elastic Nd channel correspond to
10 observables measured over a wide angular range. The
density of the points is also higher for energies below the pion-
production threshold. This has to do with the fact that the
opening of this inelasticity complicates the calculations to the
extent to which it becomes difficult to draw any conclusions
about the nature of the 3NFs. Also the number of points
measured with the neutron beams is clearly less than that
measured with proton or deuteron beams due to the difficulty
in producing high-quality neutron beams.

3.4. A comparison of experimental data with various models

The wealth of the data in the three-body systems can be
presented in this short review neither in tabular form nor in
graphical form. To familiarize the reader with the observables,
several observables are first shown as a function of the
kinematical variable as they were originally published but
for a couple of energies. Out of all measured observables
presented in this paper, some of them clearly demonstrate that
ab initio Faddeev calculations based on phenomenological
NN potentials, even after including the Coulomb force, are
not capable of describing the data in the case only 2NFs are
included. In addition, it will be shown that for the same
observables, the addition of phenomenological three-body
forces is giving contradicting results. These conclusions will
then be globally presented in figures which we refer to as a
‘global analysis’. An attempt has been made to select all the
available data and compare them with the calculations on a very
global scale. In this way, the details of individual experiments
and possible problems with them will be obscured. However,
(new) features can be observed which would then point to
places where more attention has to be paid.

As illustrated in section 2.1, nuclear forces obey a certain
hierarchy implying that 3NF effects are much smaller, on
average, than 2NFs. This can be very nicely demonstrated
by the inclusive total np and nd scattering data measured at
Los Alamos [259] as shown in figure 13. First calculations
including the 3NF [260] have shown that current models of
the 3NF can explain approximately 1/2 of deviation of the
calculations from the data. Since a recent study of relativistic
effects [261] indicates that these cannot resolve the problem,
it can be expected that an improved 3NF will remove the

14

relativistic effects are small at these energies  
                                      (see e.g. Sekiguchi et al., 2005)  
!
Phenomenological combinations are very useful to  
identify signatures of 3NF’s 
!
triggered a lot of experiments for pd scattering  
                             (RIKEN, KVI, IUCF, ...) 

(Kalantar-Nayestanaki et al. RPP (2012))

so that the intermediate energy  
3N data base became quite extensive  
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Overview data & 3NF (elastic)

10

Rep. Prog. Phys. 75 (2012) 016301 N Kalantar-Nayestanaki et al
(e

xp
-t

he
or

y)
/th

eo
ry

 (N
N

+3
N

F)

0

0.5

1

1.5 Ω/dσd
E=65-150   MeV
E=150-250 MeV

(BC) Ω/dσd
°=30-90c.m.θ

°=90-180c.m.θ

(BC)

(exp-theory)/theory (NN)
0 0.5 1 1.5

(e
xp

-t
he

or
y)

/th
eo

ry
 (N

N
+3

N
F)

0

0.5

1

1.5 Ω/dσd (HL)

(exp-theory)/theory (NN)
0 0.5 1 1.5

Ω/dσd (HL)

ex
p-

th
eo

ry
 (N

N
+3

N
F)

-0.1

0

0.1

0.2
 (N)yA

E=50-150   MeV
E=150-250 MeV

 (N)yA
°=0-90c.m.θ

°=90-180c.m.θ

exp-theory (NN)
-0.1 0 0.1 0.2

ex
p-

th
eo

ry
 (N

N
+3

N
F)

-0.1

0

0.1

0.2
 (d)yA

exp-theory (NN)
-0.1 0 0.1 0.2

 (d)yA

Figure 20. Results of the calculations are subtracted from all corresponding data points available in the literature for elastic scattering for
the energy range 50–250 MeV and center-of-mass angles θc.m.>30◦ and plotted as a (relative) difference between experimental data and
calculations with only 2NF (x-axis) and with 3NF in addition (y-axis). The top four panels represent the relative differences for cross
sections: on the left for two different energy ranges in two different shades and on the right for two different angle ranges in different shades.
The label BC refers to a calculation from the BC group based on the CD-Bonn two-nucleon potential and the TM′ 3NF. The label HL refers
to a calculation from the HL group. A similar comparison is shown in the bottom four panels for the proton and deuteron vector analyzing
powers. In this case, only the calculations of the HL have been used and θc.m.>8◦.

describe the data reasonably well and that the effect of the
3NF is small. Many of these points stem, however, from the
measurement taken at the lowest energy (65 MeV/nucleon).
As the energy increases the length of the cluster around the
diagonal line increases. As opposed to the elastic-scattering
channel, the deviations extend on both sides of the origin:
in some regions, the calculations overestimate the data and
in others, they underestimate them. However, in almost all
regions, the effect of the 3NF is not large and certainly not
enough to remedy the differences. There is, however, a
slight tendency towards repairing the deficiencies. The larger
differences between the model predictions and the data come
from kinematics for which the relative energy of the outgoing
protons is large; see the top-right panel of figure 23 in which the
relative difference between the data and the model calculations

including 3NF is shown. The vector analyzing powers show
different behavior. For these observables, there are two bands:
one on the diagonal and close to (0, 0) where the 3NF effects
are small and a second band bending off from the diagonal
indicating that the addition of the 3NF makes the agreement
even worse. Further inspection of the data shows that these
points belong to kinematics where the relative energy between
the outgoing protons is small. This is illustrated in the right
panel of the figure for this observable. In the same panel,
one observes several branches towards a relative energy of
0 MeV. The reason for the split is partly due to the fact that
we have mixed data sets of two different beam energies (130
and 190 MeV/nucleon). Another reason is that in the analysis
of the data, one has chosen a coarse binning for the proton

21
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3NF models improve description  
of elastic cross sections and Ay
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Figure 22. Results of the calculations are subtracted from all corresponding data points available in the literature for tensor-analyzing
powers, spin-transfer and spin-correlation coefficients in elastic scattering for the energy range 50–250 MeV and angular range 15–175◦ (not
for all energies) and plotted as a difference between experimental data and calculations with only 2NF (x-axis) and with 3NF in addition
(y-axis). The data points for all energies are mixed together and are only distinguished for two angular ranges with different shades.

very precise partial waves making the structure of the force
very clear in terms of angular momenta.

It was only the precision in the two-nucleon sector and
the technical possibility of doing exact calculations in the
framework of Faddeev equations which made it possible to
undertake the efforts and to study the more complicated
systems starting with the three-body system. These studies
initially took place at lower energies already showing very
interesting features such as the the well-known Ay puzzle.
Also, the calculations proved to be easier and more practical
at lower energies. In the 1990s, the focus was shifted towards
intermediate energies and one tried to study various aspects

in the three-body systems. This owed itself, to a large
extent, to the fact that with large computational capabilities,
one could perform exact calculations including large angular
momenta for various observables up to energies below the
pion-production threshold.

The interest in studying three-nucleon systems at inter-
mediate energies required new detection systems and corre-
sponding techniques; an effort which was taken up at several
laboratories. The result of all the work in the past two decades
is a database for the hadronic reactions in the three-nucleon
system as shown in figure 12. The rich amount of available
data shows how well the field has matured and, as a result,

23

(Kalantar-Nayestanaki et al. RPP (2012))

But no improvement for many  
other spin observables !
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Figure 23. Results of the calculations are subtracted from all corresponding data points available in the literature for break-up reaction for
the energy range 65–190 MeV and various angle combinations and plotted, in the left panels, as (relative) difference between experimental
data and calculations with only 2NF (x-axis) and with 3NF in addition (y-axis). In the right panels, the differences between calculations
including a 3NF and the data are shown as a function of the relative energy of the two outgoing protons. The top row shows the differences
for cross sections, the second row, for the proton analyzing power, and the third row, for the deuteron vector analyzing power.

our understanding of the nuclear forces has been significantly
improved. The data in comparison with the state-of-the-art cal-
culations also show (major) deficiencies in the models of the
3NF. A natural question that now arises is whether it is possible
to also parametrize the 3NF as was done for 2NF in the past.
One could argue that once 2NF and 3NF have the right param-
eters, any observable in the hadronic two- and three-nucleon
sector will be described by the models as it should since the
parameters of the model would be fitted to the data. The size
of the database and the accuracy of the data would then deter-
mine how good our understanding of the underlying structure
of 3NF is. Recent analysis [241] shows that, once a large part
of the phase space is covered, one has a tool to study specific
aspects such as the isospin dependence of 3NFs.

Major investments for more experiments in these systems
would require theoretical justifications. However, as was the
case for the two-body system, the well-known parameters of

2NFs were changed (albeit at a fine level) with the latest
experiments from IUCF [274] in the proton–proton system.
The experimental and theoretical developments should,
therefore, go hand in hand. Following the success in the two-
body system, one obvious choice would be to perform a PWA
in the three-body system. The major challenge in performing
this task is, however, the lack of an appropriate theoretical
framework. A significant difference between the two-body
and three-body systems is the very low-energy threshold of
2.2 MeV which exists in the latter system. Already above this
energy, an asymptotic three-body state needs to be formulated.
This problem is not solved. Therefore, a PWA above this
energy is technically impossible at the present moment.

In the absence of a solid model-independent approach for
the three-nucleon system at higher energies, one would have
to rely on the models which exist in the literature and try to
refine them with the help of the data. These refined models

24

(Kalantar-Nayestanaki et al. RPP (2012))

But no improvement for breakup!
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(see e.g. Witała et al., 2001)
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[16] (the AV18 model), and (ii) the Argonne V18 NN po-
tential plus the Urbana IX 3N potential [10] (the AV18UR
model). The present calculations represent the first attempt
to study the effects of 3N forces on the p-3He scattering
observables at energies greater than zero. In this paper we
focus on low energies where the convergence properties of
our theoretical approach are more satisfactory and where
meaningful comparisons with the experimental data can be
performed.

The new measurements of the proton analyzing power
Ay for p-3He elastic scattering were obtained at Ec.m. !
1.20 and 1.69 MeV. The experiments were carried out
at the University of Wisconsin tandem accelerator labora-
tory. Polarized protons from a crossed-beam polarized ion
source [17] were accelerated, momentum analyzed by a
90± bending magnet, and transported to a 1-m scattering
chamber. The scattering chamber was filled with 43.4 Torr
of 99.95% purity 3He gas, and was isolated from the beam
line vacuum by a 4.44 3 1025 cm thick Ni entrance foil
located 1.27 cm from the chamber center.

Elastically scattered protons were detected by three rec-
tangular silicon surface-barrier detectors, 60 to 100 mm
thick, placed symmetrically on each side of the scattering
chamber. A slit assembly restricted the angular field of
view to 60.34±. The spectra were clean except for a small
contaminant peak that was well separated from the peak
of interest except at the most forward angle. At that angle,
background subtraction was performed.

After passing through the scattering chamber, the beam
entered a polarimeter in which the beam polarization was
determined using "p-a elastic scattering [18]. The po-
larimeter was filled with one-half atmosphere natural He
gas, and was separated from the scattering chamber by
a 2.54 3 1024 cm thick Havar foil. Because of the low
beam energies, we could not measure the beam polariza-
tion very accurately at the same time as data were being
taken. However, previous experience indicates that the
beam polarization does not normally change significantly
over time. Consequently, at least once a day we made a
careful measurement of the beam polarization by increas-
ing the beam energy to 4.0 MeV at the center of the po-
larimeter. At this energy, the polarimeter analyzing powers
are known to 2%. Each such careful measurement of the
beam polarization yielded a value between 0.79 and 0.84
with typical statistical errors of 60.01.

The new measurements are shown in Fig. 1. The error
bars include statistical uncertainties and also at the extreme
forward angle an estimate of uncertainty in the background
subtraction. There is also a scale factor uncertainty of 3%
due to beam polarization uncertainties.

We turn now to the theoretical calculations. Four-
nucleon scattering problems have been studied theoreti-
cally for a long time (see Ref. [19], and references cited
therein). Recently, increases in computing power have
opened the possibility for accurate calculations of the 4N
observables using realistic models for NN forces. These

0 30 60 90 120 150
θc.m. [deg]

0.00

0.02

0.04
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Ay
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FIG. 1. Measurements of the proton analyzing power Ay as a
function of the scattering angle at Ec.m. ! 1.20 MeV (panel a)
and 1.69 MeV (panel b). The theoretical estimates obtained
with the AV18 (solid curves) and the AV18UR (dashed curves)
interaction models are also reported.

calculations have been performed mainly by means of the
Faddeev-Yakubovsky (FY) approach [20,21] and the Kohn
variational principle [15,22]. In this Letter, the wave func-
tions of the scattering states are expanded in terms of the
CHH basis [14] and the complex form of the Kohn varia-
tional principle is applied [23,24].

The wave function (WF) of a 4N state with total angular
momentum J, parity P, and total isospin T , Tz (in the
present case T ! Tz ! 1) can be written as [15]

CJ
LS ! CJ

C 1 FJ
LS , P ! "2#L. (1)

The first term CJ
C of Eq. (1) must be sufficiently flexible

to guarantee a detailed description in the “internal region,”
where all the particles are close to each other and the mu-
tual interaction is large; CJ

C goes to zero when the distance
ri between the 3He and the unbound proton i increases.
This term in the WF is expanded in terms of CHH ba-
sis functions, following the procedure discussed in detail
in Ref. [25].

The second term FJ
LS describes the asymptotic configu-

ration of the system, for large ri values, where the nuclear
p-3He interaction is negligible. Let us introduce the sur-
face functions

V
"l#
LSJ !

4
X

i!1
$YL"r̂i# %C

3He
jk! xi&S'JJzR

"l#
L "ri# , (2)

where xi is the spin function of the unbound nucleon i

and C
3He
jk! is the 3He bound state WF. This latter function

is normalized to unity and is antisymmetric under the ex-
change of any pair of particles j, k, and !. C

3He has been
determined as discussed in Ref. [14] by using the CHH
expansion for a three-body system.

The functions R"l#
L "ri# of Eq. (2) are the ingoing

"l ! 2# and outgoing "l ! 1# radial solutions of the

3740

e.g. p - 3He Ay 

1.2 MeV 1.69 MeV

(Viviani et al., 2001)

Deviation 5 % level  
of cross section

Deviation from data without effects of 3NF at low energies

e.g. nd  Ay 

tially the Ay problem found at higher energies in Refs.
!27,53". At 3 MeV the clear discrepancy of all theoretical
predictions to the nd data of Ref. !54" is seen. At such a low
energy it is well known that Coulomb force effects are large
for Ay decreasing significantly its maximum when compared
to nd data !55". Thus also pd data lie very clearly #due to
much smaller error bars$ above all theoretical predictions.
We see that this very well known low energy Ay puzzle !56"
cannot be solved by the 3NF models we are using in this
article. A slightly increased maximum of Ay for TM! is far
too small to play any significant role and possibly the solu-
tion should be also sought in an improvement of the 3P j NN
force components !57" to which low energy Ay is very sen-
sitive. We would also like to point to the very recent result
based on chiral perturbation theory !14", where Ay can be
described quite well in next-to-leading order #NLO$. In that
order of the power counting 3NF’s do not yet contribute.
Those effective chiral NN forces are very different from the
conventional ones. But this NLO result is just an intermedi-
ate step and the final answer has to wait for higher order
contributions, which improve systematically the observables
in the 2N , 3N , . . . , systems at the same time.

For iT11 shown in Fig. 3 the two bands are distinctly
different and clearly the TM band is supported by the data at
the higher energies. In that case TM and TM! are close to-
gether and also TM and URBANA IX except around 120° at
the highest energy. The data shown in the figure for 190
MeV are taken at 197 MeV. Unfortunately they are absent
around 120°.
Next we regard the three tensor analyzing powers T20 ,

T21 , and T22 in Figs. 4–6. For T20 the situation is very chal-
lenging. At 135 MeV the data between about 120° –150° do
not agree with the overlapping bands and above 150° they lie
just between the two bands. At small angles they agree with
the overlapping bands and follow then the NN force predic-
tion. In addition at the higher energies TM and TM! differ as
well as TM and URBANA IX. The strong deviations of the
theory to the data at 3 MeV is simply caused by Coulomb
force effects !58".
For T21 the situation is different. The two bands are

clearly distinct. Again the different 3NF’s predictions devi-
ate strongly from each other. The data at 135 MeV follow
more band 1 than band 2 and at the small angles TM! or
URBANA IX are preferred. Clearly this is a rather contra-
dictory situation.
For T22 the bands differ but the special 3NF predictions

#dashed and solid lines$ are similar but lie outside band 2.

FIG. 2. The analyzing power Ay(N) for elastic Nd scattering.
Curves and the sequence of energies as in Fig. 1. Data at 3 MeV
from Refs. !61" (pd crosses$ and !54" (nd circles$, at 65 MeV from
Refs. !61" (pd crosses$ and !62" (nd circles$, at 135 MeV from
Refs. !27" (pd circles 150 MeV$, !64" (pd crosses 146 MeV$, !65"
(pd x’s 155 MeV$, and at 190 MeV from Refs. !27" (pd crosses
190 MeV$, !66" (pd circles 198 MeV$, !67" (pd squares 197 MeV$.

FIG. 3. The deuteron vector analyzing power iT11 for elastic Nd
scattering. Curves and the sequence of energies as in Fig. 1. pd data
at 3 MeV from Ref. !61", at 65 MeV from Ref. !68", at 135 MeV
from Refs. !22" #crosses$, !23" #circles$, and at 190 MeV from !26".
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Chiral nuclear interactions

systematic way to derive consistent NN and 3N forces 
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EFT of QCD: chiral perturbation theory

LQCD = q̄ i /D q −
1

2
Tr GµνGµν

− q̄ m q

QCD & approximate 
chiral symmetry

spontaneously & explicitly 
broken chiral symmetry

Goldstone bosons: pions

Effective Field Theory of QCD: 
     relevant degrees of freedom 
           nucleons & pions 
!
!
!
    expansion in         
!
!
!
                         
!
!
 Chiral Perturbation Theory (ChPT) 
      
    „power counting“  
      a systematic scheme to identify  
      a finite numbers of diagrams  
      contributing at a given order  

Q

Λχ

Q ≈ mπ, typical momentum

symmetries
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ChPT for A≥2
ChPT for A≥2 is non-trivial: 
!
       the problem is non-perturbative 

Weinberg’s observation:  
!
    purely nucleonic intermediate states enhance diagrams at low energies 
            (”reducible diagrams”)                
             

Weinberg’s suggestion: 
!
 apply ChPT to irreducible diagrams and sum these to all orders using a LS equation     
                                                                                                           (Weinberg, 1991) 

• the expected hierarchy of forces, 2N >>3N >> 4N ..., follows naturally 

• NN, 3N, ... interactions can be consistently derived  
                      & are connected to,e.g., πN scattering amplitudes 

• ChPT results in a potential 

• regularization required            introduces cutoff parameter           

16



T

T

T

T

T

July 10, 2014

NN, 3N and 4N sector

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• systematically improvable NN, 3N, 4N, ... interactions 

• qualitatively:  NN >> 3N  >> 4N ... 

• quantitatively successful 

• cutoff dependence can be used to estimate higher order effects

17

✔

✔

✔

✔

✔

(first calculations) (first calculations)

(from Epelbaum, 2008)

2 NN short range 
parameters

9 NN short range 
parameters

24 NN short range 
parameters

chiral SU(2) symmetry of QCD. The symmetry breaking pattern places stringent
constraints on the interaction of the Goldstone bosons. In particular, they do
not interact with hadrons at very low energies in the so-called chiral limit (i.e.,
the limit of massless up and down quarks). If the typical hadronic momenta in-
volved in a process are of the order of the pion mass, one is still sufficiently close
to this non-interacting limit in order for the scattering amplitude to be calculable in
perturbation theory (via the so-called chiral expansion). This method is applicable
in the Goldstone boson and single-baryon sectors and is referred to as chiral per-
turbation theory (ChPT), see [2] for a recent review. On the other hand, the in-
teraction between nucleons does not vanish and, in fact, remains strong in the
above-mentioned limit. Indeed, the appearance of shallow bound=virtual states
signals the failure of perturbation theory already at very low energies. One way
to circumvent this difficulty in the few-nucleon sector is to apply ChPT to the
irreducible part of the amplitude (i.e., the one which does not involve contributions
generated by iterations of the Schr€oodinger equation) which gives rise to the nuclear
forces [3].

In this talk, I discuss some recent developments in chiral EFT for few-nucleon
systems. In Sect. 2, I briefly outline the structure of nuclear forces in few lowest
orders of the chiral expansion. Selected applications to few-nucleon observables
are discussed in Sect. 3. I end with the summary and outlook in Sect. 4.

2 Nuclear forces in chiral EFT

The hierarchy of the nuclear forces in EFT without explicit delta degrees of free-
dom at lowest orders in the chiral expansion is depicted in Fig. 1. The diagrams

Fig. 1 Hierarchy of nuclear forces in chiral EFT based on Weinberg’s power counting [3]. Solid and

dashed lines denote nucleons and pions, respectively. Solid dots, filled circles and filled squares refer

to the leading, subleading and sub-subleading vertices, respectively. The crossed square denotes 2N

contact interactions with 4 derivatives

58 E. Epelbaum

(poor)

(fair)

(nice)

adjust to 2 few-body data
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Effects of chiral 3NFs on low energy observables

• accurate predictions are possible 

• predictions for 3N observables are currently restricted to low energy 

• significant  effects of leading 3NFs

18
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Description of NN data
NN force models (AV18, CD-Bonn, Nijmegen, ...) and chiral forces are phase equivalent 

Describe the data ( ~ 4000) up to Tlab ~ 300 MeV (plab ~ 700 MeV) perfectly (χ2/datum ∼ 1) 

!

!
!
!
!
!
!
!
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Figure 5. Selected neutron–proton phase shifts for various potentials in comparison with the Nijmegen [89] (filled circles) and Virginia
Tech [90] (open triangles) PWA. The band for EGM N3LO corresponds to a variation of the cutoffs in the natural range providing a (rough)
estimate of the theoretical uncertainty at this order, see [88] for more details.

potentials from Nijmegen [54], AV18 [53], CD-Bonn [52] and
from Gross and Stadler [60]. We emphasize that the chiral
expansion of the two-nucleon scattering observables within
the formulations of [87, 88] is expected to converge at energies
well below the pion-production threshold. To extend to higher
energies, it is necessary to explicitly take into account the
momentum scale Q ∼

√
mNMπ associated with real pion

production. This has not been pursued so far for two-nucleon
scattering. For a detailed discussion of the convergence of the
chiral expansion for NN scattering the reader is referred to [88].

The consistency of the Weinberg power counting for short-
range operators has been questioned by several authors, see e.g.
[91, 92]. The meaning of the non-perturbative renormalization
of the Schrödinger equation in the context of chiral EFT and
the implications on the power counting are currently under
discussion, see [93–98] and references therein for a sample of
different views on this issue. Note that while several different
schemes have been proposed in the literature, a real alternative
to the Weinberg approach for practical calculations is not yet
available.

IB contributions to the nuclear force have been extensively
studied in the framework of chiral EFT. Within the Standard
Model, isospin violation has its origin in the different quark
masses and the electromagnetic interactions. Chiral EFT is
well suited to explore the implications of these two effects
which lead to a string of IB terms in the effective hadronic

Lagrangian which are proportional either to the quark mass
difference or the fine structure constant. IB contributions to
the nuclear forces can then be worked out straightforwardly
leading to a similar hierarchy for many-body forces as in
the isospin-symmetric case. We emphasize, however, that
different counting rules are used in the literature to relate the
additional expansion parameters for IB contributions (i.e. the
quark mass difference and the fine structure constant) toQ/"χ .
In the 2NF, the dominant IB contribution is due to the different
pion masses, Mπ0 ̸= Mπ± , in the one-pion exchange. The
resulting potential is charge-symmetry conserving, i.e. of class
II. Charge-symmetry breaking forces of classes III and IV
are considerably weaker and are, to a large extent, driven
by the proton-to-neutron mass differences in the one- and
two-pion exchange contributions and the short-range terms
[99–102]. The power counting suggests the hierarchy of
the 2NFs with ⟨V I

2N⟩ > ⟨V II
2N⟩ > ⟨V III

2N⟩ > ⟨V IV
2N ⟩ [103]

which is consistent with observations. It should also be
emphasized that the purely electromagnetic contributions are
strongly enhanced under certain kinematical conditions (low
energies and/or forward angles) due to their long-range nature.
For a more comprehensive review on various contributions to
the nuclear force the reader is referred to the recent review
papers [14, 16, 17].

All the developments described above are based on
the EFT with pions and nucleons as the only degrees of

6

(from Kalantar-Nayestanaki et al., 2012)
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Elastic nd scattering using chiral forces
Current status: complete calculations up to N2LO
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Figure 19. Results for the cross sections and analyzing powers as a function of center-of-mass scattering angle at three different incident
energies. The bands are the results of the chiral EFT calculations at N2LO. Also shown are the calculations based on the CD-Bonn potential
combined with the TM 3NF. At 10 MeV, triangles refer to the neutron–deuteron data from [269] while circles are pd data from [8, 270, 271]
with the contribution due to the Coulomb interaction being subtracted. pd data at 65 MeV and 108 MeV are taken from [12, 233, 272].

scattering angle. These differences are shown in figure 21 for
the case when only the 2NFs are included in the calculations
(left panels), and for the case where the effect of 3NFs are
also taken into account via the HL calculations (right panels).
All three observables show a peak around the minimum of the
cross section. The peak for the cross section vanishes only at
very backward angles whereas for the analyzing powers, the
differences go through zero when the cross section passes its
minimum value and bend back towards zero at very backward
angles. The spread of the data around the peak position is
due to the various energies that are included in the same
figure. Generally, the higher the beam energy is, the larger
the differences between data and predictions.

All other measured observables at intermediate energies
are shown in figure 22. For the tensor-analyzing powers, it is
difficult to make a general statement for all observables. For
T21, most data points agree rather well with the calculations
with and without the 3NFs and largest discrepancies occur at
backward angles. For T20, the inclusion of 3NFs seems to
improve the agreement with the data slightly. For T22, the
discrepancies are not removed by the inclusion of 3NFs. In
fact, the contribution of the 3NF for this observable seems to be
negligible. Also here, the largest discrepancies are observed at
backward angles. The energy dependence of the discrepancies
is very small for tensor-analyzing observables.

A detailed study of the spin-transfer coefficients revealed
similar behavior among various groups of coefficients when
comparing data with model calculations. Those coefficients
which showed similar trends were, therefore, combined in the
global analysis as depicted in the middle panels of figure 22.

The discrepancies are again very large, in particular for
scattering angles larger than 90◦. The different groups of
coefficients, however, show different behavior: Cx,z and Cz,z

show good agreement with calculations and the effect of 3NF
seem to be negligible in the calculations. For Cx,x , Cz,x , Cyz,x

and Cxy,x , there is a small effect due to the 3NF but the effect is
in the wrong direction according to data. This is the opposite
for Cy,y , Czz,y , Cxx−yy,y and Cxz,y , for which the addition of
3NF seems to bring the calculations much closer to the data.
For these coefficients, the trends are the same for the two sets
of measurements at different energies.

For K
y ′

y and K
y ′

yy , the number of data points in the
literature is limited due to the obvious limitation in the
secondary scattering of the outgoing particles. What is in the
literature for the intermediate energies (90 MeV/nucleon and
135 MeV/nucleon) are plotted in the same way in the bottom
row as for the other observables in figure 22. Here, one can see
that the discrepancies are generally small and that the effect
of the 3NF in the calculations is not significant (as could also
be observed in figures 14 and 15). Given the small number of
data points, it is difficult to draw strong conclusions for these
observables. For the points which show some deviations from
the calculations, it is clear that the addition of 3NFs is not
sufficient.

Figure 23 shows the results of a global analysis for
the break-up reaction at various energies (65, 130 and
190 MeV/nucleon) for a large combination of angles. Here,
the density of the data points is represented by the shade of
gray. It is clearly seen that a large number of data points reside
around (0, 0) indicating that the 2NF is already sufficient to

20

(from Kalantar-Nayestanaki et al., 2012)

cutoff dependence indicates that uncertainties are significant at energies above 60 MeV 
N3LO calculations & other regularizations are currently studied
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e.g. Ay of pd and nd elastic scattering         
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!
Ay deviation remains on the 1 % level ! 
Important N3LO contribution? No indication yet.  

ec.m. [deg]
0

0.01

0.02

0.03

0.04

0.05

A
y

Wood  [2002]
N3LO
N3LO/N2LO
Shimizu [1995]

ec.m. [deg] ec.m. [deg]

Ecm = 666 keV Ecm = 1.33 MeV Ecm = 2.0 MeV

Back to low energy puzzles
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(L.E. Marcucci et al., 2009)
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(Viviani et al.,2010, 
Viviani et al., 2013)

but p-3He Ay is affected !!!    

Back to low energy puzzles

Note that Ay deviation is finally on the 1 % level ! 
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Clear improvement of description compared to experiment.  

depending on the cD variation. This is due to the fact that
the structure of the two 1!0 states is exchanged depending
on cD. From Figs. 1 and 2, we can see that for cD <"2 the
4He radius and the 6Li quadrupole moment underestimate
experiment while for cD > 0 the lowest two 1! states of
10B are reversed and the 12C B#M1; 0!0! 1!1$ is over-
estimated. We therefore select cD % "1 for our further
investigation.

We present in Fig. 3 the excitation spectra of 11B as a
function of Nmax for both the chiral NN ! NNN, (top
panel) as well as with the chiral NN interaction alone
(bottom panel). In both cases, the convergence with in-
creasing Nmax is quite good especially for the lowest-lying
states. Similar convergence rates are obtained for our other
p-shell nuclei.

We display in Fig. 4 the natural parity excitation spectra
of four nuclei in the middle of the p shell with both the NN
and the NN ! NNN effective interactions from ChPT. The
results shown are obtained in the largest basis spaces
achieved to date for these nuclei with the NNN interac-
tions, Nmax % 6 (6@!). Overall, the NNN interaction con-
tributes significantly to improve theory in comparison with
experiment. This is especially well demonstrated in the odd
mass nuclei for the lowest few excited states. The cele-
brated case of the ground-state spin of 10B and its sensi-
tivity to the presence of the NNN interaction is clearly
evident. There is an initial indication in these spectra that
the chiral NNN interaction is ‘‘overcorrecting’’ the inad-
equacies of the NN interaction since, e.g., the 1!0 and 4!0
states in 12C are not only interchanged but they are also
spread apart more than the experimentally observed
separation.

Table I contains selected experimental and theoretical
results, including Gamow-Teller (GT) transitions, for 6Li
and A % 10–13. A total of 68 experimental data are sum-
marized in this Table including the excitation energies of
28 states encapsulated in the rms energy deviations. Note
that the only case of an increase in the rms energy deviation
with inclusion of NNN interaction is 13C and it arises due
to the upward shift of the 7

2
" state seen in Fig. 4, an
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FIG. 4 (color online). States dominated by p-shell configura-
tions for 10B, 11B, 12C, and 13C calculated at Nmax % 6 using
@! % 15 MeV (14 MeV for 10B). Most of the eigenstates are
isospin T % 0 or 1=2, the isospin label is explicitly shown only
for states with T % 1 or 3=2. The excitation energy scales are in
MeV.

TABLE I. Selected properties of 6Li, 10;11B, and 12;13C from
experiment and theory. E2 transitions are in e2 fm4 and M1
transitions are in !2

N . The rms deviations of excited state
energies are quoted for the states shown in Fig. 4 whose spin-
parity assignments are well established and that are known to be
dominated by p-shell configurations. The total energy rms is for
the 28 excited states from Fig. 4. Results were obtained in the
basis spaces with Nmax % 6 (8 for 6Li) and HO frequency @! %
15 MeV (13 MeV for 6Li, 14 MeV for 10B). In the NN ! NNN
column, we show sensitivity of selected observables to the
change of cD by &1 at fixed Nmax and @!. The experimental
values are from Refs. [14–21].

Nucleus/property Expt. NN ! NNN NN
6Li: jE#1!1 0$j [MeV] 31.995 32.63 28.98
Q#1!1 0$ [e fm2] "0:082#2$ "0:12#4$ "0:052
!#1!1 0$ [!N] !0:822 !0:836 !0:845
Ex#3!1 0$ [MeV] 2.186 2.47(8) 2.874
B#E2; 3!1 0! 1!1 0$ 10.69(84) 3.685 4.512
B#E2; 2!1 0! 1!1 0$ 4.40(2.27) 3.847 4.624
B#M1; 0!1 1! 1!1 0$ 15.43(32) 15.04(4) 15.089
B#M1; 2!1 1! 1!1 0$ 0.149(27) 0.08(2) 0.031

10B: jE#3!1 0$j [MeV] 64.751 64.78 56.11
rp [fm] 2.30(12) 2.197 2.256
Q#3!1 0$ [e fm2] !8:472#56$ !6:327 !6:803
!#3!1 0$ [!N] !1:801 !1:837 !1:853
rms (Exp-Th) [MeV] - 0.823 1.482
B#E2; 1!1 0! 3!1 0$ 4.13(6) 3.05(62) 4.380
B#E2; 1!2 0! 3!1 0$ 1.71(0.26) 0.50(50) 0.082
B#GT; 3!1 0! 2!1 1$ 0.083(3) 0.07(1) 0.102
B#GT; 3!1 0! 2!2 1$ 0.95(13) 1.22(2) 1.487

11B: jE# 3
21

" 1
2$j [MeV] 76.205 77.52 67.29

rp# 3
21

" 1
2$ [fm] 2.24(12) 2.127 2.196

Q# 3
21

" 1
2$ [e fm2] !4:065#26$ !3:065 !2:989

!# 3
21

" 1
2$ [!N] !2:689 !2:06#1$ !2:597

rms (Exp-Th) [MeV] - 1.067 1.765
B#E2; 3

21

" 1
2! 1

21

" 1
2$ 2.6(4) 1.476 0.750

B#GT; 3
21

" 1
2! 3

21

" 1
2$ 0.345(8) 0.24(1) 0.663

B#GT; 3
21

" 1
2! 1

21

" 1
2$ 0.440(22) 0.46(2) 0.841

B#GT; 3
21

" 1
2! 5

21

" 1
2$ 0.526(27) 0.53(3) 0.394

B#GT; 3
21

" 1
2! 3

22

" 1
2$ 0.525(27) 0.76(2) 0.574

12C: jE#0!1 0$j [MeV] 92.162 95.57 84.76
rp [fm] 2.35(2) 2.172 2.229
Q#2!1 0$ [e fm2] !6#3$ !4:318 !4:931
rms (Exp-Th) [MeV] - 1.058 1.318
B#E2; 2!0! 0!0$ 7.59(42) 4.252 5.483
B#M1; 1!0! 0!0$ 0.0145(21) 0.006 0.003
B#M1; 1!1! 0!0$ 0.951(20) 0.91(6) 0.353
B#E2; 2!1! 0!0$ 0.65(13) 0.45(1) 0.301

13C: jE# 1
21

" 1
2$j [MeV] 97.108 103.23 90.31

rp# 1
21

" 1
2$ [fm] 2.29(3) 2.135 2.195

!# 1
21

" 1
2$ [!N] !0:702 !0:39#3$ !0:862

rms (Exp-Th) [MeV] - 2.144 2.089
B#E2; 3

21

" 1
2! 1

21

" 1
2$ 6.4(15) 2.659 4.584
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depending on the cD variation. This is due to the fact that
the structure of the two 1!0 states is exchanged depending
on cD. From Figs. 1 and 2, we can see that for cD <"2 the
4He radius and the 6Li quadrupole moment underestimate
experiment while for cD > 0 the lowest two 1! states of
10B are reversed and the 12C B#M1; 0!0! 1!1$ is over-
estimated. We therefore select cD % "1 for our further
investigation.

We present in Fig. 3 the excitation spectra of 11B as a
function of Nmax for both the chiral NN ! NNN, (top
panel) as well as with the chiral NN interaction alone
(bottom panel). In both cases, the convergence with in-
creasing Nmax is quite good especially for the lowest-lying
states. Similar convergence rates are obtained for our other
p-shell nuclei.

We display in Fig. 4 the natural parity excitation spectra
of four nuclei in the middle of the p shell with both the NN
and the NN ! NNN effective interactions from ChPT. The
results shown are obtained in the largest basis spaces
achieved to date for these nuclei with the NNN interac-
tions, Nmax % 6 (6@!). Overall, the NNN interaction con-
tributes significantly to improve theory in comparison with
experiment. This is especially well demonstrated in the odd
mass nuclei for the lowest few excited states. The cele-
brated case of the ground-state spin of 10B and its sensi-
tivity to the presence of the NNN interaction is clearly
evident. There is an initial indication in these spectra that
the chiral NNN interaction is ‘‘overcorrecting’’ the inad-
equacies of the NN interaction since, e.g., the 1!0 and 4!0
states in 12C are not only interchanged but they are also
spread apart more than the experimentally observed
separation.

Table I contains selected experimental and theoretical
results, including Gamow-Teller (GT) transitions, for 6Li
and A % 10–13. A total of 68 experimental data are sum-
marized in this Table including the excitation energies of
28 states encapsulated in the rms energy deviations. Note
that the only case of an increase in the rms energy deviation
with inclusion of NNN interaction is 13C and it arises due
to the upward shift of the 7

2
" state seen in Fig. 4, an
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FIG. 4 (color online). States dominated by p-shell configura-
tions for 10B, 11B, 12C, and 13C calculated at Nmax % 6 using
@! % 15 MeV (14 MeV for 10B). Most of the eigenstates are
isospin T % 0 or 1=2, the isospin label is explicitly shown only
for states with T % 1 or 3=2. The excitation energy scales are in
MeV.

TABLE I. Selected properties of 6Li, 10;11B, and 12;13C from
experiment and theory. E2 transitions are in e2 fm4 and M1
transitions are in !2

N . The rms deviations of excited state
energies are quoted for the states shown in Fig. 4 whose spin-
parity assignments are well established and that are known to be
dominated by p-shell configurations. The total energy rms is for
the 28 excited states from Fig. 4. Results were obtained in the
basis spaces with Nmax % 6 (8 for 6Li) and HO frequency @! %
15 MeV (13 MeV for 6Li, 14 MeV for 10B). In the NN ! NNN
column, we show sensitivity of selected observables to the
change of cD by &1 at fixed Nmax and @!. The experimental
values are from Refs. [14–21].

Nucleus/property Expt. NN ! NNN NN
6Li: jE#1!1 0$j [MeV] 31.995 32.63 28.98
Q#1!1 0$ [e fm2] "0:082#2$ "0:12#4$ "0:052
!#1!1 0$ [!N] !0:822 !0:836 !0:845
Ex#3!1 0$ [MeV] 2.186 2.47(8) 2.874
B#E2; 3!1 0! 1!1 0$ 10.69(84) 3.685 4.512
B#E2; 2!1 0! 1!1 0$ 4.40(2.27) 3.847 4.624
B#M1; 0!1 1! 1!1 0$ 15.43(32) 15.04(4) 15.089
B#M1; 2!1 1! 1!1 0$ 0.149(27) 0.08(2) 0.031

10B: jE#3!1 0$j [MeV] 64.751 64.78 56.11
rp [fm] 2.30(12) 2.197 2.256
Q#3!1 0$ [e fm2] !8:472#56$ !6:327 !6:803
!#3!1 0$ [!N] !1:801 !1:837 !1:853
rms (Exp-Th) [MeV] - 0.823 1.482
B#E2; 1!1 0! 3!1 0$ 4.13(6) 3.05(62) 4.380
B#E2; 1!2 0! 3!1 0$ 1.71(0.26) 0.50(50) 0.082
B#GT; 3!1 0! 2!1 1$ 0.083(3) 0.07(1) 0.102
B#GT; 3!1 0! 2!2 1$ 0.95(13) 1.22(2) 1.487

11B: jE# 3
21

" 1
2$j [MeV] 76.205 77.52 67.29

rp# 3
21

" 1
2$ [fm] 2.24(12) 2.127 2.196

Q# 3
21

" 1
2$ [e fm2] !4:065#26$ !3:065 !2:989

!# 3
21

" 1
2$ [!N] !2:689 !2:06#1$ !2:597

rms (Exp-Th) [MeV] - 1.067 1.765
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21

" 1
2! 1

21

" 1
2$ 2.6(4) 1.476 0.750
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" 1
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" 1
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" 1
2$ 0.525(27) 0.76(2) 0.574

12C: jE#0!1 0$j [MeV] 92.162 95.57 84.76
rp [fm] 2.35(2) 2.172 2.229
Q#2!1 0$ [e fm2] !6#3$ !4:318 !4:931
rms (Exp-Th) [MeV] - 1.058 1.318
B#E2; 2!0! 0!0$ 7.59(42) 4.252 5.483
B#M1; 1!0! 0!0$ 0.0145(21) 0.006 0.003
B#M1; 1!1! 0!0$ 0.951(20) 0.91(6) 0.353
B#E2; 2!1! 0!0$ 0.65(13) 0.45(1) 0.301

13C: jE# 1
21

" 1
2$j [MeV] 97.108 103.23 90.31

rp# 1
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" 1
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Spectra of 10B and 13C
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3NF in nuclear matter

(Hebeler et al. PRC (2011))
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perturbative for low-momentum interactions, at least in the
particle-particle channel [10]. The difference at small densities
is not surprising: the presence of a two-body bound state
necessitates a nonperturbative summation in the dilute limit.
We note that below saturation density, the ground state is not
a uniform system, but breaks into clusters (see, for example,
Ref. [24]).

In chiral EFT without explicit deltas, 3N interactions start at
N2LO [21] and their contributions are given diagrammatically
by

π π π

c1, c3, c4 cD cE

We assume that the ci coefficients of the long-range
two-pion-exchange part are not modified by the RG. At
present, we rely on the N2LO 3NF as a truncated “basis”
for low-momentum 3N interactions and determine the cD and
cE couplings by a fit to data for all cutoffs [22]. In the future,
fully evolved three- and four-body forces in momentum space
starting from chiral EFT will be available (see Ref. [25] for
an application of evolved 3NF in a harmonic-oscillator basis).
The fit values of Table I are natural and the predicted 4He
binding energies are very reasonable. We have also verified
that the resulting 3NF becomes perturbative in A = 3, 4 (see
also Refs. [10,15,22]), i.e., the calculated individual 3NF
contributions are largely unchanged if evaluated for wave
functions using NN forces only.

The evolution of the cutoff ! to smaller values is accompa-
nied by a shift of physics. In particular, effects due to iterated
tensor interactions are replaced by three-body contributions.
The role of the 3NF for saturation is demonstrated in Fig. 2. The
two pairs of curves show the difference between the nuclear
matter results for NN-only and NN plus 3N interactions. It is
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FIG. 2. (Color online) Nuclear matter energy of Fig. 1 at the
third-order level compared to NN-only results for two representative
NN cutoffs and a fixed 3N cutoff.

evident that saturation is driven by the 3NF [10,15]. Even for
! = 2.8 fm−1, which is similar to the lower cutoffs in chiral
EFT potentials, saturation is at too high a density without
the 3NF. Nevertheless, as in previous results [10,15], the 3N
contributions and the cD, cE fits are natural, and the same is
expected for the ratio of three- to four-body contributions.

The smooth RG evolution used in the results so far is
not the only choice for low-momentum interactions. A recent
development is the use of flow equations to evolve Hamiltoni-
ans, which we refer to as the similarity renormalization group
(SRG) [27–29]. The flow parameter λ, which has dimensions
of a momentum, is a measure of the degree of decoupling
in momentum space. Few-body results for roughly the same
value of SRG λ and smooth Vlow k ! have been remarkably
similar (see, for example, Ref. [11]). With either RG method,
we can also change the initial interaction. The results presented
so far all start from a chiral EFT potential at a single order
with one choice of EFT regulator implementation and values.
There are several alternatives available [8,19,30], which are
almost phase-shift equivalent (but the χ2 is not equally
good up to Elab ≈ 300 MeV). Universality for phase-shift
equivalent chiral EFT potentials as ! decreases was shown for
smooth-cutoff Vlow k interactions in Refs. [9,20] in the form of
the collapse of different initial potentials to the same matrix
elements in each partial wave channel. An analogous collapse
has been found for N3LO potentials evolved by the SRG to
smaller λ [9].

Based on this universal collapse for low-momentum inter-
action matrix elements, it is natural to expect a similar collapse
for the energy per particle in nuclear matter. We consider
four different chiral NN potentials: the N3LO potential by
Entem and Machleidt [19] for two different cutoffs 500 and
600 MeV, and the N3LO NN potential by Epelbaum et al. [30]
(EGM) for two different cutoff combinations 550/600 MeV
and 600/700 MeV. The results for the energy are presented in
Fig. 3. The upper panel shows the energies for Vlow k NN-only
interactions derived from different chiral NN potentials (solid
lines) in comparison to Brueckner-Hartree-Fock (BHF) (which
means resummed particle-particle ladder) results based on
unevolved chiral potentials (dashed lines). For clarity, we
only display the two extreme BHF results. As shown in the
lower panel we find a model dependence of about 13 MeV for
the unevolved N3LO potentials around saturation density and
approximately 2 MeV for the Vlow k and SRG low-momentum
interactions, comparable to the cutoff variation in Fig. 1. The
latter spread reflects the residual RG/SRG dependence on the
initial interactions.

By supplementing the low-momentum NN interactions
with corresponding 3NFs we can probe the sensitivity of
the energy to uncertainties in the ci coefficients (see also
Refs. [16,31,32]). We consider three different cases: first, we
take low-momentum interactions evolved from the N3LO NN
potential EM 500 MeV (EM ci’s: c1 = −0.81 GeV−1, c3 =
−3.2 GeV−1, c4 = 5.4 GeV−1); second, low-momentum
interactions from the EGM 550/600 MeV potential (EGM ci’s:
c1 = −0.81 GeV−1, c3 = −3.4 GeV−1, c4 = 3.4 GeV−1);
and third, low-momentum interactions from the EM
500 MeV potential combined with the central ci values
obtained from the NN partial wave analysis [33] (PWA ci’s:
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FIG. 1. (Color online) Nuclear matter energy per particle versus Fermi momentum kF at the Hartree-Fock level (left) and including
second-order (middle) and third-order particle-particle/hole-hole contributions (right), based on evolved N3LO NN potentials and 3NF fit to
E3H and r4He. Theoretical uncertainties are estimated by the NN (lines)/3N (band) cutoff variations.

as in Ref. [22]. Our 3NF central fit values are given in Table I;
we estimate that cD has an uncertainty of approximately 0.4
due to the uncertainties of the charge radius in 4He. We use
a 3NF regulator of the form exp{−[(p2 + 3/4q2)/!2

3NF]nexp}
with nexp = 4, where the 3N cutoff !3NF is allowed to vary
independently of the NN cutoff, which probes the sensitivity to
short-range three-body physics. The shaded regions in Fig. 1
show the range of results for 2.0 fm−1 < !3NF < 2.5 fm−1

at fixed ! = 2.0 fm−1.
Nuclear matter is calculated in three approximations:

Hartree-Fock (left), Hartree-Fock plus second-order contribu-
tions (middle), and additionally summing third-order particle-
particle and hole-hole contributions (right). The technical
details regarding the treatment of the 3NF and the many-body
calculation are as for neutron matter in Ref. [16]. We first
construct a density-dependent two-body interaction from the
3NF by summing one particle over occupied states in the Fermi
sea (see also Ref. [23]). This conversion simplifies the many-
body calculation significantly and allows the inclusion of
all 3NF double-exchange terms beyond Hartree-Fock, which
were only approximated in Refs. [10,15]. Furthermore, we
have corrected the combinatorial factors at the normal-ordered

TABLE I. Results for the cD and cE couplings fit to E3H =
−8.482 MeV and to the point charge radius r4He = 1.464 fm (based
on Ref. [26]) for the NN/3N cutoffs and different EM/EGM/PWA
ci values used. For Vlow k (SRG) interactions, the 3NF fits lead to
E4He = −28.22 . . . − 28.45 MeV (−28.53 . . . − 28.71 MeV).

Vlow k SRG

! or λ/!3NF (fm) cD cE cD cE

1.8/2.0 (EM ci’s) +1.621 −0.143 +1.264 −0.120
2.0/2.0 (EM ci’s) +1.705 −0.109 +1.271 −0.131
2.0/2.5 (EM ci’s) +0.230 −0.538 −0.292 −0.592
2.2/2.0 (EM ci’s) +1.575 −0.102 +1.214 −0.137
2.8/2.0 (EM ci’s) +1.463 −0.029 +1.278 −0.078
2.0/2.0 (EGM ci’s) −4.381 −1.126 −4.828 −1.152
2.0/2.0 (PWA ci’s) −2.632 −0.677 −3.007 −0.686

two-body level of the 3NF from 1/6 to 1/2 in diagrams
beyond Hartree-Fock used in these references (see Refs. [9,16]
for detailed discussions of these factors, which are correctly
included in Refs. [3,5,16,17]). To our knowledge, previous
calculations in the literature of nuclear matter using normal-
ordered 3NF contributions need the same correction.

The dashed lines in the left panel of Fig. 1 (for ! =
1.8 and 2.8 MeV) show the exact Hartree-Fock energy in
comparison with the results obtained using the effective
two-body interaction (solid lines). The excellent agreement
supports the use of this density-dependent two-body ap-
proximation for symmetric nuclear matter. For the results
beyond the Hartree-Fock level we use full momentum-
dependent single-particle Hartree-Fock propagators. We have
checked that the energies obtained using a self-consistent
second-order spectrum overlap with the band of curves
in Fig. 1.

The Hartree-Fock results show that nuclear matter is
bound even at this simplest level. A calculation without
approximations should be independent of the cutoffs, so
the spread in Fig. 1 sets the scale for omitted many-body
contributions. The second-order results show a significant
narrowing of this spread over a large density region. It is
encouraging that our results agree with the empirical saturation
point within the uncertainty in the many-body calculation and
omitted higher-order many-body forces implied by the cutoff
variation (the greater spread compared to Ref. [15] is mostly
attributable to the corrected combinatorial factor). We stress
that the cutoff dependence of order 3 MeV around saturation
density is small compared to the total size of the kinetic energy
(≈23 MeV) and potential energy (≈−38 MeV) at this density.
Moreover, the cutoff dependence is smaller at kF ≈ 1.1 fm−1,
which more resembles the typical densities in medium-mass
to heavy nuclei (ρ = 0.11 fm−3). For all cases in the right
panel of Fig. 1, the compressibility K = 175–210 MeV is in
the empirical range.

The inclusion of third-order contributions gives only small
changes from second order except at the lowest densi-
ties shown. This is consistent with nuclear matter being
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Many-body calculations can be performed perturbatively if soft interactions are used 

• 3NF are essential for predictions 
• contribution of 3NF remains natural
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Summary & Outlook
• 3NF significantly impact nuclei and nuclear reactions 
• 3NF are not well understood 

• spin observables 
• nd breakup observables are a significant challenge  
!

• Chiral Perturbation Theory 
• systematic framework to develop consistent NN and 3N forces 
• Predictions for low energy data improve using chiral interactions at N2LO 
• Cutoff dependence at energies above 60 MeV is large 
!

• Theory needs to be developed further 
• full N3LO calculations (about to be achieved) 
• improved regularizations (implementation in progress) 
• ChEFT including explicit Δ (formulate) 
• fit of 3NF to 3N data  
!

• Data at energies below 60 MeV is scarce 
• more accurate theory 
• onset of 3NF effects 
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