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Presentation Outline 

► The role of the self-adjoint operators in quantum 
mechanics 

► Self-adjoint extension of an operator 

► Classical precursors of self-adjoint extension  

► Simple example: electron capture by the dipole field of the 
polar molecules  
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► (a) If            , then A is called a Hermitian 
(symmetric) operator and one writes        . 

► (b) If            , then A is called a self-adjoint operator 
and one writes     . 
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Operator 
 

 has the self-adjoint extension, if there exists a 
symmetric extension 
  

 of 
 

, such that 
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► Theorem. For an operator A with definciency indicies                       
there are three posibilities: 

► (1) If            then A is self-adjoint. 

► (2) If              thenAA has infinitely many self-adjoint 
extensions. 

► (3) If        then A has no self-adjoint extension.  
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Classical interpretation of self-adjoint extension. 

 
 

The time evolution of the wave function must be effected by a 
unitary transformation. 
 
The generator of such a unitary transformation, which we 
identify with the Hamiltonian (up to constants), must be self-
adjoint. 
 
If there is no full time classical solution, then there should be 
no full time quantum solution, and that is exactly what 
happens. 
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 electron capture 
 

 weakly bounded state
 

 
 
 

unstable molecular anion 
 

 enhanced scattering cross-section  

                                                   (anomalous scattering) 
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Electron capture by the dipole field of the polar molecules. 

G. S. Hurst, L. B. O’Kelly and J. A. Stokdale, Nature 195, 66 (1962). 
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 -  “fall to the center”  condition , bound 

states with infinite negative energies. 
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- dimensionless coupling constant 

Debye 

or 

0
4

1
or 0DD - no ground state due to scale 

invariance.  

Radial Hamiltonian 
 

 is not self-adjoint , unless the domain                          

of self-adjointness is specified.  
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Operator 
 

 is Hermitian if  the  boundary term  in the 

following condition is zero  
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According to von Neumann’s approach 
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Construction of the domain of self-adjointness 
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- self-adjoint extension parameter, wich classifies      
inequivalent boundary conditions at the origin. 
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Boundary states 
 

 scale invariance is broken due to quantization 



Thank You for attention 


